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PREFACE, 


* 
‘THE Theory of Numbers is a subject which 


has engaged the attention and exercised the 
talents of many celebrated mathematicians, 
both ancient and modern; under the first of 
which classes, may bereckoned Pythagoras and 
Aristotle, the former of whom is said to have 
invented our present multiplication table, or 
the dbhacus Pythagoricus of the ancients; 
though what is alluded to under this designa- 
tion was probably a much move extensive table 
than that now in common use: Pythagoras 
also attributed to numbers certain mystical pro- 
perties, and seems first to have conceived the 
idea of what are now termed magic squares. 
Aristotle, amongst other numerical specula- 
tions, noticed the uniformity in almost all 
nations of dividing numbers into periods of 
tens, and attempted an explanation of the 
cause of this singular coincidence upon phi; 
Josophical principles. 

But the earliest regular system of numbers 
is that given by Huclid in the 7th, 8th, 9th, ang 
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10th books of his Elements, which, notwith- 
standing the embarrassing notation of the 
Greeks, and the inadequacy of geometry to the 
investigation of numerical propositions, is still 
very interesting, and displays, like all the other 
parts of the same celebrated work, that depth 
of thought and accuracy of demonstration for 
which its author is so eminently distinguished. 

Archimedes likewise paid particular atten- 
tion to the powers and properties of numbers, 
as may be seen by consulting his tract entitled 
‘¢ Arenarius,” in which some modern writers 
have thought they could perceive inculcated 
the principles of our presént system of lo 
garithms; but all that can be allowed on 
this head is, that the method by which 
he performed his multiplications and di- 
visions bears a considerable analogy to that 
which we now commonly employ in the 
multiplication and division of powers; that 
is, by the addition and subtraction of their 
indices. 

Before the invention of analysis, however, 
no very extensive progress could be made in 
a subject, which required so much generality 
of investigation; and, accordingly, we find 
but little was effected in it till the time of 
Diophantus, whose treatise of algebra con- 
tains many interesting problems in the more 
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abstruse parts of this science. But here, also, 
its author had to encounter the difliculties of 
a complicated notation, and a very deficient 
analysis, when compared with that of the 
present period; and, therefore, it cannot be 
expected that his work should contain a com- 
plete investigation of the theory of numbers. 
After Diophantus, the subject remained 
unnoticed, or at least unimproved, till 
Bachet, a French analyst of considerable 
reputation, undertook the translation of the 
abovementioned work into Latin, retaining 
also the Greek text, which was published by 
him in 162], interspersed with many marginal 
notes of his own, and which may be con- 
sidered as containing the first germ of our 
present theory. These were afterwards con- 
siderably extended by the celebrated Fermat, 
in his edition of the same work, published, 
after his death, in 1670,.where we find 
many of the most elegant thecrems im this 
branch of analysis; but they are generally left 
without demonstration, an enission which he 
accounted for by stating, in one of his notes, 
page 180, that he was himself preparing a 
treatise on the theory of numbers, which 
would contain many new and interesting 
numerical propositions ; but, unfortunately, 
this work never appeared, and most of his 
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theorems remained without demonstration 
for,a considerable time. 
* Atlength, the subjectwas again revived by 
Euler, Waring, and Lagrange, three of the 
most eminent analysts of modern times. The 
former, besides what is contained m the 
second volume of his ‘‘ Elements of Alge- 
bra,” and his ‘¢ Analysis Infinitorum,” has 
several papers in the Petersburg Acts, in 
which are given the demonstrations of many 
of Fermat’s theorems. What has been done 
by Waring on this subject is comprised in 
chap. v. of his ‘‘ Meditationes Algebraice; ”’ 
and Lagrange, who has greatly extended 
the theory of numbers, by the invention of 
many new propositions, has several interest- 
ing papers on this head, in the Memoirs of 
. Berlin, besides what are contained in his ad- 
ditions to Euler’s Algebra, 

it is, however, but lately that this branch’ 
of analysis has been reduced into a regular 
system, a task that was first performed by 
Legendre, in his ‘f Essai sur la Théorie des 
Nombres;’’ and nearly at the same time 
Gauss published his ‘‘ Disquisitiones Arith- 
metice:” these two works eminently display 
the talents of their respective authors, and con- 
tain a complete development of this interesting 
_ theory.» The Jatter, in particular, has opened 


? 
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a new field of inquiry, by the application of 
the properties of numbers to the solution of 
binomial equations, of the form 
xv’ —1=0, 

on the solution of which depends the division 
of the circle into » equal parts, as was 
before known from the Cotesian theorem. 
This solution he has accomplished in several 
partial cases, whence the division of the 
circle*into a prime number of equal parts 
is performed, by the solution of equations of 
inferior dimensions; and when the prime 
number is of the form 2"+1, the same may be _ 
done geometrically, a problem that was far 
from being supposed possible before the pub- 
lication of the abovementioned performance. 

From the foregoing historical sketch, it 
appears that the writers on this subject are 
far from being numerous; but the well esta- 
blished celebrity of those, who have investi- 
gated its principles, would be of itself suf- 
ficient to stamp it with a degree of importance, 
and to render it worthy of attention. Few 
persons, it is conceived, will be disposed to 
consider that a barren subject, which has 
so much engaged the attention of the above 
named celebrated writers; in fact, there is no 
branch of analysis that furnishes a greater 
variety of interesting truths tban the theory 
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of numbers, and it is therefore singular that 
it should have been so little attended to by 
English mathematicians. With the exception 
of what is contained im vol. ul. of. Euler’s 
Algebra, and the notes added to the second 
English edition of that work, there is nothing 
on this subject to be found in our language. 

This circumstance, it is conceived, will be 
deemed a suflicient apology for the appear- 
ance of the present volume; in which, if I 
have, in certain theorems, availed myself of 
what others have done on the same subject, yet 
it is presumed, that it will be found to possess a 
suficient degree of novelty, both in matter 
and arrangement, to exempt me from the 
umputation of being a mere copyrst. 

With the exception of a few theorems, what 
is contained in the first six chapters may be 
considered as new: in the latter of which will 
be found a demonstration of Fermat’s general 
theorem, on the impossibility of, the indeter. 
minate equation 

oe" ey" = 2, 
for every value of x greater than 2; the leading: 
principle of which I first demonstrated in the 
Appendix to Euler’s Algebra, and afterwards 
completed in vol. xxvii. of the Philosophical 
Journal. J] also consider as original what is 
contained in chapter x., with the exception 
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of that part relating to the arithmetic of the 
Greeks, for which I have been indebted 
to the Essay of Delambre, subjoined to the 
French translation of the works of Archi. 
medes. The methods of solving indetermi- 
nate equations of the first degree, and of as- 
cértaining, a priori, the nuniber of possible 
solutions, have likewise some claim to novelty. 
In the other parts of the work, there wiil alsa 
be found several new theorems, and many 
former ones differently demonstrated, where 
simplicity and: perspicuity could be attained 
by such alteration: this is particularly the 
case in the last chapter relating to Gauss’s 
celebrated theorem on the division of the 
circle. Perspicuity has, indeed, been one of 
my principal objects; for this treatise being 
intended for the instruction and amusement 
of those who may not possess a very ex- 
tensive knowledge of analysis, it became 
mecessary to make it as clear and intelligible 
as possible: but how far | may have suc- 
ceeded in my design, or what merit may be 
otherwise due to the performance in general, 
must be left to the decision of the public. 

it only remains now for me to mention a 
circumstance, that may probably be thought 
to stand in need of some explanation: it wiil 
be perceived that I have introduced two new 
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symbols, the necessity for which, however, will, 
| trust, appear upon a slight inspection of the 
work itself: the words of the form of recur 
very often, and the repetition of them would 
have been tedious and irksome to the reader, 
for which reason the double f (ff ) is intro- 
duced instead of them, but, for the sake of 
uniformity, it is placed lengthwise thus, =; 
this, therefore, can scarcely be considered as 
an innovation of a very.important rule laid 
down by modern analysts, ‘‘ Not. to multiply 
without necessity the number of mathematical 
symbols.” And the same apology may be made 
for the introduction of the other sign, for the 
words divisible by. These characters were 
adopted on the suggestion of Mr. Bonnycastle, 
Professor of Mathematics in the Royal Mili- 
tary Academy, to whose judgment and ex- 
perience I have been greatly indebted for 
many important remarks relating to the pre- 
sent performance, and on various other oc; 

casions. | | 


PETER BARLOW, 
/ 


Royal Military Academy, Woolkvich, 
October 1, 1811. 
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ERRATA. 


Page 20, line 2, for “factor,” read fraction. | 
24, 1.2 trom bottom, for “cor. 4,” read cor. 2. 
25, 1.10, for “of,” read as. 
35, 1.5, for © 2-4,” read 25. 
35, 1.9, for 2.3%. 444608,” read 2.3. 5411250. 
hm+i aay | bert l 
37, 119,.for “« —_-—_—,,”’ read 
a— |} b—1 
40, 1.7, add the sien =. 
ae Led, for." 10000, ” read 4000. 
, 1.8, 9, 10, 11, for “lf n=z1,” &e., read If a1, &e. 
th 1.5, place a comma between @ and +1. 
85, 1.9, for “to the squares,” read as the squares. 


x x 
89, 1.18, for “—,” read oe 


90, 1.5, for “is not a complete nth power,” read is a comi- 
plete nih power. — 

90, 1.8, for « 20,” read (3p-+-2)s. 

92, 1.19 and 20, for * cBqu2,” read i 5qu*. 

95, 1.2, for “7n'—6,” read Tn'-+-6. 

118, |. 3 from bottom, for “ 2r2,” read 23%. 

126, 11, for “of the same,” read of the same fourni: 
158, 1.2, for “x*—y",” read x*-Ly". 

178, 1. 2 from bottom, for “ art.89,” read art. OL. 
179, 1.23, fer “annunciation,” read enunciation. 
185, 1.21, for “x®-Laxy,” read x?+-axy. 

185, 1.24, for « —b?,” read +42. 

187, |. 1 of prop. 1, read If in the, &e. 

192, 1.15, for “ pr—y?*,” read pr—9q? 
260, 1.9 from bottem, for “ (n— 9)" read (a= 2)". 
284, 1.8, for “<u,” read u’. 


Explanation of the new Characters. 
- To be read “ divisible by.” 
+: To be read “ of the form of.” 
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DEFUENITIEON'S:. 


1. An Unit, or Unity, is the representation of 
any thing considered individually, without regard 
to the parts of which it is composed. 

2. An Integer, or Integral Number, is an unit, 
or an assembiage of units. 

3. A Fraction, is any part, or parts, of an unit. 

4. Factors, are those numbers from the multi- 
plication of which another number is produced. 

5. A Product, is that number, which is pro- 
duced by the multiplication of two, or more, factors. 

6. A Multiple of a number, is the product of 
that number by some integral factor. | 

7. An Even Number, is that, which can be di- 
vided, or separated into two equal integral parts. 

8. An Odd Number, is that, which cannot be 
divided into two equal integral parts; being greater 
or less than some even number by unity. 

9. A Composite Number, is any number that is 
produced, by the multiplication of two, or more, 
factors; or, it is a number which may be divided 
into two, or more, equal integral parts, each greater 
than unity. 

10. A Prime Number, is that which cannot be 
produced by the multiplication of any integral fac- 
tors; or it is a number, that cannot be divided into 
any equal integral parts, greater than unity. 

B 


2 Definitions. 

Commensurable Numbers, are such as have 
each the same common divisor; or that may be 
each exactly divided into the same number of equal 
integral parts. 

12. Incommensurable Numbers, or Numbers 
prime to each other, are such as haye no common 
divisor. 

13. A Square, or 2d Power, is the ao of 
two equal factors. 

14. A Cube, or 3d Power, is the product of 
three equal factors. 

15. The nth Power of a number, is the product 
of n equal factors, » representing any integral 
number whatever. 

16. The Exponent, or Index of a Power, is that 
number by which the power is expressed: thus, 
a” represents @ raised to the nth power, where 7 is 
said to be the Exponent, or Index of the Power. 

17. The Root of a Power, is that factor from 
the continued multiplication of which, a certain 
number of times into itself, the power is pro- 
duced. 

18. A Pe) rfect Number is that, which is equal 
to the sum of all its divisors, or aliquot parts: 


thus, 6 sai alr and is, therefore, a perfect 
number. 

Amicable Numbers, ave those pairs of in- 
tegers, each of which is equal to all the aliquot 
parts of the other: thus, 284 and 220 are a pair 
ef amicable numbers, for ; 

| 984 284 284) 284 . 284 


+ —— + ae + —— 4 = 220, and 
9 A Oe 442e. 284 / 
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40. Figurate Numbers, are all those, that fall 
under the general expression 


n.(m+1)(n+2)(n+3) &e.n+m 

10h Fie. AP Cee 
and they are said to be of the Ist, 2d, 3d, &c. 
order, according as m=1, 2, 3, 4, &c.: thus, 
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Wit. series, 14°23, 4. 3° 6; 'Sc. n 
. | nn+ 1 
iseord. 1. 306.4100 15. 21; .&c, pis 
n n+1ln+2 
2d ord... 1 4 10 20 35 56, &c) — 
: |g til) sais ie 
2.2+3 


3dord. 1 5 15 35 70 126, &c?L% + 1+ 


21. Polygonal Numbers, are the sums of. dif- 
ferent and independent arithmetical series, and 
are termed Lineal or Natural, Triangular, Qua- 
drangular or Square, Pentagonal, Hexagonal, 
&c. Numbers, according to the series from which 
they are. generated. 

22, Lineal, or Natural Numbers, are formed 
from the sum of a series of units; thus, 

Rime CNY POS OUR oF, Mee. 
Dictral -imibers $s > 2 8 Aas Gee, | &e: 

23. Triangular Numbers, are the successive sums 
of an arithmetical series, beginning with unity, the 
common difference of which is 1; thus, 

B2 
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24. Quadrangular, or Square Numbers, are the 
sums of an arithmetical series, beginning with 
unity, the common difference of which 1s 2; thus, 


Arith. series, he Go Oe ie Be) We. 


Quadrang. or 


square numb. Magee SAY ei 4: tig Tobie 9 By. 6 0 


25. Pentagonal Numbers, are the sums of an 


arithmetical series, beginning with unity, the com- 


mon difference of which is 3; thus, 


Arith. series, ba Bt Ne OY BS OG i Bee, 
Pentagonal 
numbers, 


} By eth B92 24) BD werd ORE, 

26. And universally, the m-gonal Series of Num- 
bers, is formed from the successive sums of an 
arithmetical progression, beginning with unity, the 
common difference of whieh is m— 2. 

27. The Forms of Numbers, or Formule, are 
certain algebratcal expressions, under which those 
numbers are contained. ‘Phus, 17 is of the form 
4n+1, that is, when divided by 4, the remainder 
is 1; and, for the same reason, 19 1s of the form 
4n+3, or 4n—1t; and this is expressed by the 
characters: thus 174241, 19%4n-1. 

28. A Modulus, is that number by which the 
forms of numbers are compared, thus, the forms 
4n+ 1, are compared by modulus 4, and G+ 1, by 
modalus 6, 

29. Numbers of the same Form, are all those 
that are contained under the same algebraical ex- 
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pression, by changing the value of the indetermi- 
nate letter, or letters, that enter therein. Thus, 
19 and 27 are of the same form, with respect to 
modulus 4; being each expressed by the same for- 
mula, 492-1. 

30. A Function of a Quantity, is any algebraical 
expression, into which that quantity enters; and it 
is said to be rational, irrational, or integral, ac- 
cording as the expression is of either of those kinds. 


AXIOMS. 


i. Every Even Number is of the form 2z. 

2. Every Odd Number is of the form 2+ 1, 

3. The Sum, Difference, and Product of any 
number of integer numbers, are integers, 

4. A number cannot be a divisor of another 
number less than itself. 

5. Any number (a) taken once, or one time, is 
equal to unity, or 1, taken 4 times. Or, the pro- 
auct 1 < A= Ax 1, 
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On the Sums, Differences, and Products of 
Numbers in general. 


PROPOSITION I. 
1. The sum, or difference, of any two even num- 
bers, is an even number. 
For all even numbers are of the form 2n (ax. 1), 
and, therefore, the sums and differences of even 
numbers will be represented by 


Inte Dr 2 ick  \en hs 
which is evidently an even number, being of the 
form 2n.—@. E. D. 


Cor. The sum of any number of even numbers, 
is an even number, 


PROP. II. 
2. The sum, or difference, of two odd numbers, 
is even; but the sum of three odd numbers, is odd. 
For all odd numbers are of the form 27+1 
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(ax. 2.); and, therefore, the sum, or difference, of 
two odd numbers, will be represented by 

(29n+ 1) + (2n'+1)=2(ntn'+1)2n", 
which is evidently an even number, being of the 
form 2n. 

But the sum of three odd numbers will be ex- 
pressed by 

(2n+1)+ (2n’# 1) + (2n”41)= 
Qnt+n’+n’+1)+ 1 2n'” + 1, 
and is, therefore, an odd number. — a. E. p. 

Cor. 1. The sum of any even number of odd 
numbers is even; but the sum of any odd number 
of odd numbers is odd. 

Cor. 2. The sum or difference of an even and an 
odd number is an odd number, for 

Onc (2n' + 1) = W(nean’) + 1 2n” + 1, 
which js, therefore, an odd number. 


PROP. III. 


3. The product of an even and an odd number, 
or of two even numbers, is even. For 
2n x (2n’ +1) = 2(2nn’+- n)s2n”, and 
2n x 2n'’ = 2(2nn’) 2n”; 
which are both even forms. — a. E. D. 
Cor. 1. If an even number be divisible by an odd 
number, the quotient is an even number. 
Cor. 2. The product of any number of factors is 
even, if any one of them he even. 
Cor. 3. An odd number cannot be divided by an 
even number. For if 
ont] 


Sate any integer number, then 


Qn’ x m= Qn+1; 
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that is, an even number equal to an odd number, 
which is absurd; therefore, an odd number cannot 
be divided by an even number. 

Cor. 4. Any power of an even number is even; 
and, conversely, the root of any complete power is 
an even number, if the power be so. 


PROP. IV. 


4. The product of any two odd numbers is an 
odd number. For 
(Qed) «(20-1 ) = Ann’ + On On’ ft he 
NI’ + wen yas teen 1, 
which is evidently an odd number, being of the 
form 2n+1.—a@. E..D. . 

Cor. 1. If an odd number be divisible by any 
number, the quotient is an odd number. 

Cor. 2. The product of any number of odd num- 
bers is odd. 

Cor. 3. Every power of an odd number is odd; 
and, conversely, the root of any complete power is 
an odd number, if the power be so. 

Cor. 4. Since every power of an even number is 
even (cor. 4, prop. ul.), and every power of an odd 
number is odd, by the foregoing corollary ; there- 
fore, the sum, or difference, of any power and its 
root, is an even number; that is, if a be any num- 
ber, and x the exponent of any integral power, 
then will a*+ a be an even number. 


PROP. V. 


5. If an odd number divides anjeyen number, 
it will also divide the half of it. 
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for if an even number be divided by an odd 
number, the quotient is even (cor. 1. prop. iii.); we 
have, therefore, 


2n ba | 
—>7 , =2n’, and, consequently, 
Qn +1 

a ‘ 

——- =n’, an integer: 

DT is a | 


therefore 2, which is half the even number 2n, is 
divisible by (2+ 1), if 22 be so.—a. k, D. 

Cor. If an even number be divisible by an odd 
mumnber, it will also be divisible by double that 


number. 


PROP. VI. 


6: If a number, p, divide each of two other ’ 
mambers, a and Bb, it will also divide the sum and 
difference of those numbers; or the sum and dif- 
ference of any multiples of them. For let 


a b 

—=q, and —=q’, then will. 
p q ? G 

a b at+b 

-t-= =qiq;, 

PE Mare Fe 


and since g and q’ are each integers by the hypo- 
thesis, therefore, g+q is also an integer (ax. 3); 
and, consequently, a+ 6 is divisible by p. Again, 
if ma, and 2b, represent any multiples of a and 4; 
then, since ae g, and fas q’, therefore, i mg 
Bee ae P 


na : | ma nb mat+nb 
and —=nq’; consequently —=— = aA 


p P eye 
mg+nq’. And because both g and gy, as also m 
and , are integers, therefore mg + nq’ is likewise an 
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integer (ax. 3), and, consequently, ma-+t-nb, is di- 
visible by p.—- a. E. D. 

Cor. 1. Hence, if a number divides the whole of 
another number, and a part of it, it will also divide 
the other part. 

Cor. 2. Hence, also, if a mumber consists of 
many parts, and each of those parts have a com- 
mon divisor p; then will the whole number, taken 
collectively, be divisible by p. 


PROP. Vil. 

7. If aand b be any two numbers prime to each 
other, then will their sum, a+, be also prime te 
each of them. 

For if (a+ b) and a, had any common divisor p, 
then (a+ 6)—a and a, would also have the same 
common divisor (prop. vi.); that is, a@ and & 
would have a common measure, which is contrary 
to the supposition, because they are prime to each 
other; therefore (a+) and a, cannot have a com- 
mon measure. And in the same manner 1t may be 
shown, that (a+b) and 6, can have no common 
measure; and, consequently, if a and b be any two 
numbers prime to each other, their sum a+b is 
prime to each of them. — a. E. D. 

Cor. 1. In the same manner it may be demon- 
strated, if a@ and b be any two numbers prime te 
each other, that their difference (a—4) is prime to 
each of them, if (a@—6) > 1. 

Cor. 2. If a number, consisting of two parts, ax 
(a+b), be prime to one of its parts a, it will also 
be prime to the other part b, if b> 1. 

Cor. 3. If of two numbers, a and}, one of them 
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be divisible by a-third number p, but the other 
part not divisible by it, then neither the sum nor 
difference of those numbers (a+ )) is divisible by p. 

Cor. 4. If a number, consisting of many parts, 
have all those parts but one divisible by another 
number p, but the other part not divisible by it, 
then the whole number, taken collectively, is not 
divisible by p. 


PROP: Vill. 


8. Ifa and b be any two numbers prime to each 
other, then will their sum and difference, (a+ bd) 
and (a—6), be also prime to each other, or they 
will only have the common measure 2. 

For if (a+6), and (a—b), have any common 
measure, their sum and difference, 2a and 2b, will 
have the same (prop. vi.); but since a and } 
are prime to each other, 24 and 2b can only 
have the common measure 2; therefore (a+b) 
and (a—6), can only have the same common 
measure 2: and, consequently, if one of thos¢ 
quantities, a or b, be even, and the other odd, then 
(a+b) and (a—b), being both odd, cannot have 
the common measure 2; therefore, in this case, 
they are prime to each other. — a. £. pD. 


PROP. IX. 


9, The product of any two numbers is the same, 
which ever of the two is the multiplier; or ax b 
0. 

First, if a=, then it is evident that ab= ba; but 
if these factors are not equal, one of them must be 
the greatest: let, then, a>b, and make a=b+’, 
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in which @ is necessarily less than a, then 
ab = bb + a’b, and 
ba=bbh + ba’; 
if, therefore, ab is different from ba, so also is a’é 
different from ba’, for the equality of the products 
ab and ba, depends upon the equality of the pro- 
ducts wb and ba’. Now if in this last, a’= 06, the 
equality is established, as it is also if a’ =1, because, 
tx 0= Be 1b faxbs 
But if neither a@=6 nor @=1, then one of 
these factors is the greatest; let then )>a’, and 
make b=a’ + 0’, where b’ < b, and we have 
db=da+ab' 
— ba =aa' + Od, 
and the equality of the products a’b and ba’ now 
depends upon the equality ef the products a’é’ and 
b’a’, and, therefore, the equality of the first products 
ab and ba, depends also upen the equality of these 
last; and if in this, b’=«a’, or b’=1, the equality is 
established; but if not, by proceeding as above, we 
may show, that the equality of these products de- 
pends upon others still less, and so on. 
Now it is evident, that in the preducts a6, ba; 
ab, ba’; ab’, ’a, &e., in which we have a’ <a, 
a’<a, b’<b, b” <0’, &c.; we must necessarily 
arrive at a case in which the terms of the product 
are equal, or in which one of them is equal to 
“unity; and in either case the identity of the original 
products is established, from what is said above 
and by ax.5; and, consequently, the product ab 
= ba,— a. EB. D. 
Cor, In a similar manner it may be shown, thatthe 
product of any number of factors, ab ¢ d, &c., is the 
same, in whatever order they are multiplied together. 
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PROP. X. 

Io. If a and p be any two numbers prime te 
each other, then may either of these numbers, as @, 
be expressed by the formula 
a=np+ry, 

im which 7 shall be less than p, and also prime to 
it. 

For, first, if a< p, we may make n=0, or 

aA=OxKpPr?r, OT @=P7;. 
and, since a< p, and r=a, therefore r<p. But if 
a>p, let a be divided by p, giving a quotient », and 
remainder r, which makes a=xp+r; and since 7 
is the remainder arising from a divisor p, it 1s 
evident that we may have r <p. 

Again, ris also prime to p; for if p and r 
had a common measure, then »np+r and p would 
have the same common measure (prop. vi.), but 
a=np +r, therefore « and p would have a common 
measure, which is contrary to the supposition, be- 
cause a and p are prime to each other; therefore, 
in the formula, a=np+r, n may be so assumed, 
that 7 <p, and it 15 necessarily prime to it.—a@. E. D. 

Cor. Hence, also, it appears, that a and p being 
prime to each other as before, we may always 
make 

a=nprr, 
so that r shall be less than 1p, and also prime to it. — 
For, by the foregoing proposition, the formula 
a=np+r 
is always possible, so that r<p. And if at the 
same time 7<1p, It agrees with the enunciation of 
this corollary; but ifr >+p, then (p—r)=?r’ <ip; 
and it is evident that 


atk 


Nuwnbers in General. 15 


=np+r=(n+1)p—(p—r)=n'p—r, 
by making n+ 1=7', and (p—r)=r’, in which, as 
we have seen above, p—r, or 7 < ip: therefore, in 
the formula 
a=npxryr, 

n may always be so assumed, that r<-tp; and that 
it is prime to it, is evident from what has been eb- 
served in the proposition. 

Cor. 2. This formula, a= npr, is equally true 
of numbers not prime to each other, except that 
here p and r are not necessarily prime to each 
other, and r may also, in this case, become zera, 
which cannot be in the former. 


PROP. XI. 

il. If @ and p be any two numbers prime to 
each other, there cannot be another number &, 
prime to p, that renders the product ab divisible 
by p. Or if a number, p, be prime to two other 
numbers, aw and 4, it will also be prime to their 
product ad. 

First, it is evident, that if there be such a number 
b, prime to p, it is either the only one, or there are 
others besides itself; in either of which cases, we may 
suppose b to be the least of all those numbers that are 
prime to p, and that renders the product aé divisible 

~by p. Now since 6 is prime to p, we may make 
panbdeV,. 
in which fermula, &’ <0, and also prime to both 
p and 6 (prop. x.); also & cannot be o, because p is 
prime to 6. Again, multiplying both sides of this 
formula by a, we have . 
ap=nab + ab’, or 
ap —nab= ab’, 
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And here it is evident, that if the product ab be di- 
visible by p, the first side of the above equation, 
ap—nab, will be so likewise (prop. vi.); and, con- 
sequently, the equal quantity ab’, will be divisible 
by p: but b’< bd, and bd is the least of all numbers 
that renders the product ab divisible by p; whereas 
we have now found a less, which is absurd. There 
cannot, therefore, be a number, which is the least 
of all those, that render the product ab divisible by 
p; but if there were any such numbers, one of them 
must necessarily be the least; therefore, there are 
no such numbers; and, consequently, if p be prime 
to two other numbers, @ and b, it is also prime to 
their product ab.—a. E. D. 

Cor. 1. If a number p be prime to any number 
of quantities or factors, a, b, c, d, &c., it is also 
prime to their product, abcd, &c. And if p be 
prime to any number a, it is prime to every factor 
of a. 

Cor. 2. Hence a product can only be divided by 
those numbers, or factors, from the multiplication of 
which it is produced; and, therefore, if ab be divisi- 
ble by p, it is divisible by every factor of p. 

Cor.3. If incor. 1 the factors are equal, that is, if 
a=b=e=d, &c., then the continued product, abcd, 
becomes some power of a, as a”; and, therefore, if 
p be prime to a, it is prime to every power of a. 

Cor. 4. A power of any number, as a”, can only 
have the same prime divisors as a. 

Cor. 5. If p be a divisor of the product ab, and 
be prime to one of its factors, as a, it will be a 
divisor of the other factor b. And if there he any 
number of factors, a, b, c, d, the product of which 
abcd, be divisible by p, and of which quantities one 
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of them, as a, be prime to p, then will the product 
of the other factors bed, &c., be also divisible by p. 

Cor. 6. If abe prime to p, and 6 less than p, 
then, whether 6 be prime or not to p, the product 
ab is not divisible by p. 

Cor. 7. If there be any number of quanitities 
a, b, c, d, &c., and also any number of other quanti- 
ties, p, g, 7, 8, &c.; and of which all the former are 
respectively prime to each of the latter, then will 
the products of those sets of factors be prime to 
each other. 

Cor. 8. If a product ab, be divisible by p, and 
one of those factors, as a, be prime to p, then will 
the quotient be divisible by a. For, by cor. 5, if ab 
be divisible by p, and a prime to p, then is 5 divisible 


; | 
by p: let, therefore, mh q, then will “= ag, and, 


consequently, the quotient aq is divisible by a. 


_ PROP. XII. 


12. The coefficient of every term of the ex- 
panded binomial (a+ 6)", is an integer number, 
when nis an integer. 

First, we know from the binomial theorem, that 

each of those terms is of the form 

n.(n—1)(n—2)(n—3) - - - (n—r) 

Si emit ier aa tetee Weide tas ( ake an 
Now n must be of one of the forms 2n’, or 2n’ +1; 
and, therefore, one of the first two factors is divisible 
by 2. Again, m must be of one of the forms 3n’; 
3n’+1, or 3n'+2; and, therefore, one of the first 
three factors, in the numerator, must have the 
form 3n’; that is, one of those terms is divisible by 3. 

G 
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Also 2 must be of one of the forms 4n’, 42+ 1, 
An’ + 2, or 4n’+3, and, therefore, one of the first 
four terms is of the form 4n’; that is, one of those 
terms is divisible by 4; and in the same manner it 
may be shown, that one of the first five terms is 
divisible by 5, and so on; and, there being as many 
terms in the numerator as in the denominator, and 
each term in the denominator being a divisor of 
some one term in the numerator, it follows, that 
the whole product of the former terms is a divisor 
of the whole product of the latter; and, conse- 
quently, as the coefficient of each term is of the 
above form, it is an integer. — a. E. D. 

Cor. 1. If be a prime number, then each of the 
coefficients, except the first and last, in the ex- 
panded binomial (a+ 6)", is divisible by . For 2 
being a prime number, it is prime to every factor 
in the denominator, these being all less than n, and, 
consequently, 2 is prime to the whole product in 
the denominator; that is, calling the product of all 
the terms in the numerator, except the first, nN; and 


y 


. oe TIN . 
those in the denominator D; we have > 


oT ° * / . MN 
teger : but since 7 1s prime to D, the quotient — = 
D 


q, is divisible by 2 (cor. 8, prop. xi.); that is, each of 
the coefficients, except the first and last, is divisible 
by x, when » is a prime number. And, therefore, 
in any case, where the nature of the investigation 
requires such a substitution, we may put for the co- 
efficients of the expanded binomial (2 +y)", when n 
is a prime, the series 
1, n, na, nb, &c. nb, na, n, 1, 
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and in which we shall always have a, 6, c, &c., in- 
tegral numbers; but such a substitution cannot be 
generally made, if x be a composite number. 


PROP. XIII. 


13. Neither the sum nor the difference of two 
fractions, which are in their lowest terms, and of 
which the denominator of the one contains a factor 
not common with the other, can be equal to an in- 
teger number: 


a b - : ° 
Let a and srt be any two fractioris in their lowest 
terms, and of which the denominator of the one, 
as contains a factor ¢, that is not contained in 4; 


then I say, that 


an integer, is, in all such cases, impossible. For, 


ab « apt+ gb 


aaa BE ABE 


> 


and if this expression can be equal to an integer, 
the numerator apé+ 4b, must be divisible by the de- 
nominator aBé; and, consequently, by each of its 
factors a, B, and ¢ (cor. 2, prop. x.); but it can- 
not be divisible by ¢, for if it was, -+ ab must be di- 
visble by f, because the other part apt is divisible 


by it (cor. 1, prop. vi.): but simce a7 iS nits lowest 


terms, bis prime to Bf, and, therefore, necessarily 

prime also to ¢, and a is likewise prime to ¢ by the 

hypothesis, consequently a is not divisible by f 
C 2 
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(prop. x1.). Since, then, the numerator aBpf+ ab 
is not divisible by the denominator, the factor 
apt + ab | 


ee or its equal ~ 


Bt’ 
cannot be equal to an integer. — a. E. D. 
Cor. 1. The same is also true, if the first 


mah te eas s ae 
fraction —, be not in its lowest terms, providing 
A 


. b ) * * 
the other fraction a be in its lowest terms, and the 
B 


factor ¢t, of this last, not common with a; for we 
should still have, in this case, ¢ prime both to a and 
6, and, consequently, also to the product ab, and 
likewise to the numerator apé+ ab; and, therefore, 


coc or its equal = ee —¢ 
a es _ _ — 
Abt” 1 Bij ane 
an integer, is impossible. 
Cor. 2. Inthe same manner it may be shown, 
if there be several fractions, as 


| | b ab | 
and one of them, as re be in its lowest terms, and 
B 


contain a factor ¢, in its denominator, that is not 
common to all the ether denominators; that these 
fractions cannot, however they may be combined, 
be equal to an integer; that is, 


an integer, is imp le under the specified fimi- 
tations. . 
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Cor. 3. The sum, or difference, of two fractions, 
both being in their lowest terms,.is also in its lowest 
terms, if the denominators of the given fractions be 
prime to each other. 


a b 
For let —, and be both in their lowest terms; 
A 


then is their sum, or difference, 


a 6b aptba . 
AB AB 


also a fraction in its lowest terms: because @B is 
prime to a, and + ba prime to B. ‘ 


a b ¢ : Be 
Cor. 4. If—, and—, be two fractions in their 
A B 7 


u ab aihy 
lowest terms; then is their product Ys also in its 


lowest terms, as is evident by cor. 7, prop. xi, 


PROP. XIV. 


14, Every number p, without exception, may be 
represented by the formula a"b"c', &c. 

For if p be a prime number, then we shall have 
b=1, c=1, &c., and n=1, which makes p=a. 
And if p be a composite number, and a, b, c, &c., 
its prime factors, let it be divided by the highest 
powers of a contained in it, as a"; and the quotient 
. by the highest powers of b contained in it, as 6"; 
and the quotient again by the highest powers of ¢ 
contained in it, as c’; and so on, as long as division 
can be made, so shall we have 


DOOR Q. E. D. 
Cor. 1. From the foregoing proposition it ap- 
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pears, that the least divisor of every number is a 
prime number. 

Cor. 2. It follows, also, from the above proposi- 
tion, and cor. 2, prop. xi., that any number p being 
resolved into the form.a"h"c’, &c., its divisors will 
be all of the same form, viz. a’b'c', &c.; in which 
form, no one of the exponents r, s, 4, &c., can ex- 
ceed the corresponding exponents n, m, g, &c.; be- 
cause no number can be divided but by those fac- 
tors, from the multiplication of which the number 
‘is produved (cor. 2, prop. xi.). 

Cor. 3. Hence, also, we see how the greatest 
common divisor of two or more numbers is ob- 
tained ; for, having resolved them into their factors, 
as above, the greatest common measure will be the 
greatest power of those factors that enter into each 
number: this method is, however, rather theoretical 
than practical, being by no means so ready in appli- 
cation as the rule generally given for this purpose 
in books of arithmetic. 

Cor. 4. Since every number p=ea'b"c’, &c., every 
square number p*sna"b"c™, &c.; and, therefore, if 
p=a'b’c!, &c., and any one of the exponents n, m, 
g, &c., is an odd number, that number p is. not 
a square, but may be represented by the form 
p=arabe, &c. 

In the same manner, every cube number 
pwa"b’"c", &c., and, consequently, if any number 
p=a'b"c’, &c., and any one of the exponents n, m, 
q, &c., be not divisible by 3, that number is not a 
cube. 

Cor. 5. If p be a square number, all the powers 
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of its factors, a, b, c, &c., are even; for let p”=p, 
and resolve p’ into its factors, as p’=a™b", &c., then 
p? or p=a"b’", &c., that is, the powers of a, b, 
&c., are all even. And hence again, if p be nota 
square, those powers will not be all even, but p will, 
in this case, be of the form abcd, or a’cd, where 
cand d are prime numbers. 


PROP. XV. 


15. If a square number be either multiplied or 
divided by a square, the product, or quotient, is a 
square; and conversely, if a squaré number be 
either multiplied or divided by a number that 
is not a square, the product, or quotient, is not a 
square. 

For let p* be the proposed square, and let p be 
resolved into its factors, as in the foregoing propo- 
sition; viz. make p=a"b"c!, &c., then p’=a"b"c™, 
&c.; and if p” be the proposed square divisor, then 
(cor. 2, prop. xiv.) p’ must contain some one, or 
more, of the prime factors of p; namely, a, b, c, 
&c., therefore, resolving p’ into its factors, we 
shall have p’=a’'b'c’, &c.; and p”=a"b*c*, &c.; 
also 

Dion Gslig cin 2-7) 5¢ BRM=D ye CHA-D 
p av bc 5) 
which is evidently a square. 

And, with respect to the product, it is obvious 
that p* x p°= p’p”, is a square, its root being pp’. 

Again, if the multiplier p’ be not a square, then 
I say, that p*p’ is not a square, for if p> x p’=7°, 


Vien 


P 
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2 
then hn p’ would be a square by the foregoing 


part of the proposition, which is contrary to the 
supposition ; therefore, p’p’ is not asquare. Neither 
SS 2 
1S *% a square; for if ri r*, then would p?=r°p’, 
2 2 


or, p=, but — is a square, therefore p’ is a 
square, which is contrary to the supposition, and, 


2 


consequently, : ; is not a square. — @. E. D. 


Cor. In the same manner it may be shown, 
3 


that p* x p® and We are both cubes: but p’ x p’, and 


ae are not cubes, if p’ be not acube. And generally, 


n 


p"x p’ and ai are both nth powers, if p’ be an nth 


power, but otherwise they are not. 


PROP. XVI. 


16. Ifthe square of a number, as p*, can be di- 
vided once, by some other number, as p’, and after 
that, neither by p’, nor by any factor of p’, then will 
p’ itself be a complete square. 

For let p be resolved into its factors, making 

p=ab"c, &c., orp abet: 
and since p* is divisible by p’, p’ must contain some 
one, or more, of the prime factors of p (cor. 4, 
prop. xiv.); that is, p’ must be of the form a’b’, &e, ; 
and hence 
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oy éi a" b*"c", &e. 
py a’ bi, ee. 


¥ qt *he"~*¢%, 
which quotient will evidently be still divisible by 
some one of the factors of p’, unless r=2n, and 
$=2m; and since by the supposition this quotient 
is not again divisible, either by p’ or by any factor 
of p’, therefore it follows, that p’=a"b’"=(a'b")’; 
that is, p’ is itself a complete square. — @. E. D. 
Cor. Inthe same manner it may be shown, if p* be 
divisible once by some other number of p’, and after 
that, neither by p’ nor by any factor of p’, that p’ is 
a complete cube. And generally, if p* be divisible 
once by p’, and after that, neither by p’ nor by any 
factor of p’, then will p’ be a complete nth power. 


PROP. XVII. 


17. The product arising from two different prime 
numbers cannot be a square number. 

For let p and ¢ represent any two-prime numbers, 
that are not equal to each other, and, if possible, 


ft 


let also pg=m’*; or —=m. But a number can 


only be divided by nae prime factors from the 
multiplication of which it is produced (cor. 2, 
prop. xi.); therefore, pg being divisible by m, either 
mM=p, orm=q: let m=p, then eat butt =m; 
therefore also m=g, which is aia since m=p, — 
and p and g are unequal numbers; therefore pq =m? 
is impossible, when p and q are two unequal prime 
numbers. — @. E. D. 

Cor. 1. In the same manner it appears, that the 


F 
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product of any number of unequal al numbers 
can never produce a square. 

Cor. 2. By means of this proposition, it may also 
be Pow) that the product of any two numbers 
prime to each other cannot produce a square, unless 
each of those numbers be a square. 

For every number p, that is not a square, may be 
represented by the formula p=a’cd, c and d being 
prime numbers (cor. 5, prop. xiv.): let, there- 
fore, p and g be two numbers prime to each other, 
and not both squares, and make 

p=arcd, and g=a”tv; 

then pg =a’a”cdtv, one part of which product is a 
square, and the other part prime numbers, all dif- 
ferent from each other, because p is prime to q; 
and, therefore, this latter part cdtv, cannot be a 
square, by cor. 1, and consequently the product of 
A”a* x cdév is not a square (prop. xv.); that is, 
pq is not a square. ‘The case in which one of 
the numbers, as p, 1s a square, needs no demon- 
stration. | 

Cor. 3. All that has been demonstrated in this 
proposition and its corollaries, is equally true for 
cubes, and all higher powers; namely, the produet 
of two numbers p and q, prime to each other, can 
never produce an nth power, unless each of those 
numbers be complete nth powers. 

Cor. 4. If the product of two numbers be a 
square, each of those numbers is a square, or they 
are each the same multiple of squares: and if the 
product of the two quantities mn=ay’, a being 
a prime, then must m=ast*, and n=st”, or 
the contrary, n=last? and m=st"; and if 
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« = be, then must m= bs#’, and n=cst”; or m= best’, 
and n=st”, or the contrary, as is evident. 

Cor. 5. Hence, also, the product of the square 
roots of two numbers not squares, and prime to each 
other, cannot produce an integer: for if yp x Vs 
or V pq=r, then pg=r", which we have seen is im- 
possible when p and gq are prime to each other. 
And the same is also true of any number of quan- 
tities, ypx vqx vr, &c., if p, g, rT, &c., be prime 
to each other, and not all square numbers. 


PROP. XVIII. 


18. The square root of an integer number, that 
is not a complete square, can neither be expressed 
by an integer, nor by a rational fraction. 

For let a represent any integer number, that is 
not a complete square, then it is evident that it can 
have no integral root, from the definition of square 
numbers; and it is to be demonstrated, that neither 
can it have any rational fractional root. 


Now, if it be possible, let Vaz, the fraction 


i) a feat 
ae being supposed to be in its lowest terms, so that 


: 2 mv 

m is prime to n; then pos and, consequently, 
m* must be divisible by »*; but since m is prime to 
n, the product, or square, m* is also prime to 


n’ (cor. 7, prop. xi.); therefore, m° cannot be di- 
m? 
visible by n°, or ee is impossible, and conse- 


: m 
quently so is also .a =—-—@. E. D. 
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Cor. 1. In the same manner it may be shown, 
that the cube root of an integer, that is not a com- 
plete cube, can never be represented by any rational 
fraction; and generally, if a be an integer, and 
’*/@ cannot be represented by an integer, it is also 
impossible to represent it by any rational fraction. 

Cor. 2. The product of the square root of two 
numbers prime te each other cannot be expressed 
by any rational fraction. For if p and q were two 


m 
numbers prime to each other, and yvpx ”q=— 
3 n 2 


m wie it hae : 
we should have also VPY= > which is impossible 


_ by the above proposition, because the product pq 
is not a square (cor. 2, prop. xvii.). 

Cor. 3. In the same manner it may be shown, that 
the product of the cube roots of two numbers prime 
to each other, and not both cubes, cannot be repre- 
sented by any rational fraction; and generally, if 
p and q be any two integer numbers, prime to each 
other, then the product ‘px 4/q, cannot become 
equal to any rational quantity, unless p and qg be 
each complete nth powers, and in this case the 

roduct is an integer. : 

Cor. 4. All that has been demonstrated in the 
above two corollaries, of two quantities prime to 
each other, is equally true of any number of quan- 
tities under the same restrictions. 


PROP. XIX. 


19. Neither the sum, nor difference, of the square 
roots of two quantities, prime to each other, can be 
represented by any rational quantity; nor by the 
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square root of any rational quantity; unless each 


_ of those numbers be a complete square. 


For let p and g be any two such numbers, and, if 
it be possible, let also 
MP EIN TAG, 
¢ representing any rational quantity, or the square 
root of any rational quantity; then, by squaring, we 
have 
(vpt vq) =C=pt gt 2 vpg; 
and since c is either rational, or the square root of 
a rational quantity, c° is in either case rational; and, 
consequently, also 
C—p—q=+2 /pq, or 
C—p— 
/pq = oe : f, 
is also a rational fraction, which is impossible 
(cor. 2, prop. xvili.)’; and, consequently, 
Jp /g=C, oY ='V/C, 
is also impossible. — a. FE. p. 

Cor. It may likewise be demonstrated, by means 
of this proposition, p and q, being prime as be- 
fore, and not both squares, that neither the sum nor 
difference of their roots can be represented by the 
sum or difference of the roots of any other two 
integral quantities whatever, that are prime to p 
and g; that is, 

/pt VQ MP AS 
is impossible. 
For, by squaring, we have 
Ptgn2 Mpgrrtst2 vrs, or 
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Now either rs is rational, or it is not; if it be 

rational, so also must be 
r+s—p— 
“fe V/ PY = ed — A'S, 

which it cannot be (cor. 2, prop. xviil.); therefore, 
,/rs cannot be rational. 

Again, if rs be not rational, then we should 
have 


TS pg 


9 b) 


a 


MPG /rs= 


a rational quantity; which is also impossible by the 
above proposition, because pg and rs are prime to 
each other, and, consequently, 


Jp /Q= Vr V/s 
is impossible, under the specified limitations.—-@.E.p. 


PROP. XX. 


20. If in any equation whatever, higher than 
the first degree, the coefficient of the first term be 
unity, and those of the other terms integral num- 
bers, then no one of the roots of such an equa- 
tion can be equal to a rational fraction. 

Por leta’ + an*? + ba"? +. &e:, hao: represent 
a general form of equation; and, if it be possible, 


let a= the fraction 7 being supposed already in 


its lowest terms; then, by substituting dies x, the 
ay, q 


equation becomes 


n ap" ' bp"-* ye 
a Tih + 1 ke _ Ohi This &e., +r=0; or, 


— 
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p’t+agp"-'+ bg*p"* + Capri ‘ Srey 


7" = +1; or, 
p+ g(ap"-* + bgp"? + "a Dy eat 7 &e.) i 
q 


Now as this is equal to 7, an integer, it follows 
that the numerator is divisible by g"; and, therefore, 
also by q; but since the part 

q(ap*"' + bgp"* + eq’p’* +, &c.) 
is divisible by q, it is evident that p” must also be 
divisible by g, if the whole quantity be so (cor. 1, 
prop. vi.); but this is impossible, because p is prime 
to g, therefore the numerator is not divisible by g; 


and, consequently, aa is impossible. — @. E. D. 


CHAPEL 


On Divisors, and the Theory of Perfect, Amicable, 
and Polygonal Numbers. 


PROP. I. 

21. Any number wn being reduced to the form 
n= a"b'c'd', &c., the number of its divisors will be 
_ expressed by the formula ~ 

.(m+1)x (n+1)x (p+1), &e. 

For it is evident, that n will be divisible by a, 
and every power of a, to a”; that is, by each of 
the terms 

TG, Oy 0s aee., 2s 

Also by b, and every power of 6, to b’; that is, 

by every term in the series 

0p BF; SC 0. 
And, in the same manner, n is divisible by ec, and 
every power of c, to c?; by d, and every power of 
d, to d', &c.; and also by every possible combina- 
tion of the respective terms of the above series; 
that is, by every term of the continued product, 

(l+a+@+, &c., a")x(14+b4+4+, &c., b") x 

(l+c+e?t+, &c.,c?)x (1+d+a@ +, &c., d’). 

But the number of terms of this product, since 
no two of them can be the same, is truly expressed 
by the formula 


(m+1) x (n+1) x (p+1)x (q+1), &e.; 
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therefore, the number of the divisors of n is also 
expressed by the same formula. — a. E. D. 
Remark. Tt will readily be observed, that, in the 
above formula, x is considered as a divisor of itself. 
Ex. 1. Having given the number 360, to find 
the number of its divisors. 
First, 360 = 2°.3°.5'; therefore, n= 3, m= 2, and 
pr l..:krence, 
(8+1)x(2+1)xA+1)=4x3x 2=24, 
the number of its divisors. 
Ex. 2. It is required to find how many numbers 
there are, by which 1000 is divisible. | 
First, 1000= 2°. 5°; or m=3, and n=3; there- 
fore, ($+1)x(3+1)=4x4=16: that is, there 
are 16 numbers by which 1000 is divisible. 

Cor. 1. As the number of divisors of any given 
number, N= a"b"c’, &c., isrepresented by the formula 
(m+1)x(n+1)x(p+1), &e., 
itis evident, that the number of ways, in which the © 
given number N may be resolved into two factors, 

will be represented by , 


l p 
5 x (m+1)x (n+ 1)x(p+1), &e., 


because every divisor has its reciprocal factor; and, 
therefore, the number of ways, in which a number 
may be resolved into two factors, is equal to half 
the formula, that expresses the number of its divi- 
sors. But if the given number n be a square, then 
all the exponents, m, m, p, &c., will be even, an¢, 
therefore, 
(m+1)x(n+1) x (p+), &e., 
will be odd; and the formula, representing the num- 
: D 


e 
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ber of ways that x may be resolved into two factors, 
will be 
(n+ +N) (n+1)x(pt+t), &e., C, +1 a 
2 
because, in this case, two of the pets are ily 
Cor. 2, If it be required, in how many ways a 
number, N=a"b"c’, &c., may be resolved into two 
factors prime to each other, it is evident, that this 
number no longer depends upon the value of the 
exponents m, 7, p, &c., but will be the same as if 
N was simply resolved into the factors a, 6, c, &c.; 
and is, therefore, equal to 
| (Dad Cl HAGA 1) hoe 
F AMOR T ST STEN TT TE Tee 
hence, if & represents the number of prime factors, 


a, b, c, d, &c., then will 2*-' be the number of — 


ways in which n may be resolved into two factors 
prime to each other. ‘Thus, for example, 360 
has twenty-four divisors (example 1), and, con- 
sequently, may be resolved into factors twelve 
diffetent ways (cor. 2); but it has only three 
prime factors, 2, 3, and 5, and can, therefore, be 
resolved into factors prime to each other only, 
2°= 4, different ways. 


PROP. II. 
22. ‘To find a number that shall have any given 
number of divisors. 

Let w represent the given number of divisors, 
fmd resolve w into factors, as w=uxxyx 2%. 
Take m=x—-1, n=y—1, p=z—1, &c.; so shall 

Papo Ke. 


be the number required, as is evident from the 


—— 
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foregoing proposition, where a, b, c, &c., may be 
taken any prime numbers whatever. 
Ex. Find a number that shall have thirty di- 
visors. | 
First, 30=2 x3 x5; that is, r=2, y=3, z= 43 
or, m=1, n=2, p=4; therefore, 
. abc? 
is the number, having thirty divisors, as required. 
Ifa=2, b=3, c=5; then 2. 3°, 4°= 4608. 
Nae. oo. te then oa ie 720, 
Ifa=5, b=2, c=3; then 5. 2°. 3'=1620. 


Each of which numbers has thirty divisors, and 
it is evident, that various other numbers might be 
obtained that would have the same property, by 
only changing the value of a, b, and c. 

Remark. If it were required to find the least 
number of all those that have a given number of 
divisors, it is manifest, that we must proceed with 
more caution, as our formula would not then have 
that unlimited form that is given above. It will, 
therefore, be proper to enter, here, into an investi- 
gation of this particular case. , 

First, it is evident, that the value of our number 
depends upon two different operations : Ist, the 
resolution of w into its factors, which in the fore- 
going problem is arbitrary; and, 2dly, on the as- 
sumption ofthe quantities ay b,.0)-&c. 

Now if w be a prime number, it cannot be re- 
solved into any other factors than 1x w; and, 
therefore, a”~' is the only forr 
when the number of its divisorgis a prime number ; 
and, therefore, the less value sve give to a>1, the 

p 2 


, a number can have 
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less the number will be: and, consequently, the 
least of all is when a=2; thus, the least number 
that has seven divisors is 2°=64, and the least 
having eleven divisors is 2'°= 1024, and so on. 
Again, when w is not a prime number, but equal 
to the product of two prime factors, as w=ay, then 
the only variation in its resolution will be w=2 x y, 
and w=1x ay; and, consequently, the only two 
forms of numbers will be a*~'b’~', and a™~', that 
have the required number of divisors, anditis obvious 
that the first form is that which gives the least 
value of the number required; because a may, in 
both forms, be equal to 2, and b may be taken 
equal to 3; and, whatever be the numbers 2 and y, 
it is evident, that 27~' x 3%"'< 2”"': for if even we 
make b=4, in which case 2*~' x 4 ham ( 2)? oat 
is still less than 2*~', for (a+ 2y— 2) < ay, because 
both w and y are >1, and x may also be supposed 
the greater of the two, that is, x>y. Therefore, 
a*~'b’-* is that form which produces the least numi- 
bers, and it is manifest, that the least nambers in 
this form are thosein which a=2, and 6=3, x-1 
being supposed the greatest exponent; and, in the 
same manner, it may be shown, tliat if w be re- 
solvible into any number of factors; that will be the 
least form, in which w is resolved into the greatest 
number of factors, and the lowest number of any 
such form, as a"b"c?, &c., is obviously that in which 
the greatest exponent has the least root, the next 
ereater exponent the next less root, and so on. 
Therefore, when it is required to find the least 
number that has Be given number of divisors, we 
nrust resolyé the given number into its greatest 
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number of factors, and then proceed in given values 
toa, b, c, &c., according to the rule above given; 
viz. to the greatest exponent, the least root, &c. 
Suppose, for example, it were required to find the 
least number that has twenty divisors. ‘The greatest 
number of factors is when 20 = 2 x 2x 5; therefore, 
a'h'c' is the least form: and by making c=2, b=8, 
a=5, we have 2*.3.5=240, which is the least 
number of all those that have twenty divisors. If 
we had resolved 20 into the factors 4 and 5, then 
a’ would have been the form, and, by making a=2 
and b=3, we should have had 2'3°= 432, for the 
least number in that form; and the same for all 
others. 


PROP. II. 
~23. If xn=a"b'c’, &c., represent any integer, 

then will the sum of all the divisors of n be ex- 
pressed af the formula 

Cesc ea ap at 

a—1 C=1 

For, by art. 21, every divisor of N is contained in 
the product 

(l1+a+a@, &e., a")x (14+0+B, &c., b") x 

(l+et+c’, &c.,c?)x (1+d+d’, &c, d’). 
And, by the common rule for summing a geome- 
trical progression, we have 


1 stay eee | 
lt+at+@ --- *=— 
+ at Wee 
ie | 
14604+6 --- #=——, &c:; 
a-—l 


and, consequently, this product is equal to 
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edit id Mee AG 2 
bear )s por) ) 
Ct 


which, Hane expresses the sum of all the divi- 
sors of N.— a. E. D. 

Cor. In this expression, N is considered as a di- 
visor of itself; because, from the developement of 
the above product, the last term will evidently be 
a"b'c’, &c.; that is, the last term of the product 
will be the number n itself; and, therefore, when 
N is to be excluded by the condition of the problem, 
as is the case in finding perfect and amicable num- 
bers, it must be Heder from the above formula. 

Ex. Required the sum of all the divisors of 360. 

ae B00= 2) "375: ee 


linge 
1 43. 631170" 
3-1 


ick 3 is Ge: sum of all i san of 360, itself 
being considered as one of them, 


PROP. IV. 


94. Jf n=a"b’c’&e., represent any number, 
at, b,c, &e., being its prime factors, then will 


atl tebe)! ot ¥ 
x——, ke: 
a bh PE Nt a 


express the number of integers that are less than 

s, and also prime toit. | | 
First, if N be a prime number, or X =a, then we 

know, that all numbers less than a are also prime 


. a1 
to it; and, consequently, n x 


= ~~ ) ag tae 


real expression for the number of them in this 
case. 
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And if n be any power of a prime number, or 

w=a", then, in the series of numbers 
Buds ray 4s die.fa™ 
every ath term is a multiple of a, these forming of 
themselves the series 
IG, Sy AGN OA CLO. Os 

and, therefore, from the a” terms in the first series, 
we must deduct the a”~' terms in the last, and the 
remainder will be the number of those terms in the 
first, that are prime to N, or to a"; that is, a"—a"™’ 
are the number of integers prime to N; but since 
N=a" we have 
a—1 a—I| 


‘= Q" x7 = NX j 
a al 


™ 


a 


M+ 


—f 


for the number of those integers, which is likewise 
the form in question. 
Again, if Nn=a’b", it is evident, from the same 
consideration as before, that we shall have 
a"~*b", terms divisible by a; 
a"b"-*, terms divisible by 0; 
a"~'b"-*, terms divisible by ab. 
But as the first expression includes all numbers di- 
visible by a, and the second all those divisible by 0, 
it follows, that the latter expression is included in 
each of the former; and, therefore, we have 
a”-'b” — a”~'b""', terms divisible by a only; 
a”b’~' — a"~'b"~", terms divisible by 6 only; 
a”"~'b"-*, terms divisible by ab: 
and these, together, include all those terms of the 
series 


1, 2, 3, 4, 9, &e,, ab", 
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that have any common divisor with a”b", or with 
nN; and, consequently, their sum, taken from nN, will 
be the number of those that are prime to it: hence, 
then, we have 


“ Wey a ee + ed | 
(a” —a”~*)b"— (a"—a”"') b= 
(a”" —a”~') x (b" — b"-') 


,a-1 yee TN aH) Geb Ts IbBPN 
a” x ‘- x x j =NX 5 4 oe 


which is again the formula in question. 
Let, now, N= a@"b"c’, then, on the same principles 
as above, we shall have 


PQ" pe: terms divisible by a; 
Aim OT 0" terms divisible by 6; 
R=CDC >. terms divisible by c; 


s =a”"'b""'c’, terms divisible by ab; 
tT =a"~'b’c’"', terms divisible by ac; 
v =a"b""'c?-', terms divisible by bc; 
w=a"~'b"-'c?-', terms divisible by abc. 


But since all the terms w are necessarily included 
in those of s, T, and v; and these last again in 
p, a, and R, we shall have, by subtraction, 

s —w, divisible by ab only; 

T —w, divisible by ac only; 

v —w, divisible by bc only: 

and then again, 
EAS 3 T a Wee OTe 
Pp —S—T+W, divisible by a only; 
a—s—v-+w, divisible by 6 only; 
R—-T—v+w, divisible by ¢ only; 
w, divisible by abe only. 
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And, consequently, the sum of all these ex- 
pressions will be the number of terms that have 
a common divisor with a™b"c’, or with nN; and, 
therefore, N minus this sum will be the number of 
integers prime to Nn, and less than itself; which, 
by addition and subtraction, will be expressed as 
follows: 

N—P—Q—R+S+T+V_-W. 
And by reestablishing again the values of Pp, a, rR, 
&c., it becomes 
(a™b"c? — a" *b"c”) — (ab 'c? — a" *b" 0?) — 
(a"b"c?-* — a™"'b’c?-") + (abc?! a be?) = 
(a” — a") (b'c? — bc? — bc? 4+ Beh YS 
{a"—a™"') x (F°—B") . (P-cP) = 
a@—-1 b-1 cl 


x x 
a b » sie 


N X 


the same form as before. 

And, exactly in the same manner, if N was the 
product of a greater number of factors, we should 
still find, that the number of integers less than, and 
prime to n, would be represented by 

eat bead gS ad al 
x 


Where it is only necessary to observe, that unity is 
included as one of those integers. — a. E. D. 
Ex. 1. Find how many numbers there are un- 
der 100, that are prime to it. 
First, 100=2°5°; therefore, 
Dit Ral 
5 x 5 = 40, 


the number sought: these being as follows; viz. 


100 x 
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P1827 639% ily 63he77i0.89 
Be PE 29 ecdberer3 eb7 Vk 70h 91 
719 981.0435. 57) 696281) ~G3eer 
Q 21 8816 47.6959)°71e 683 97 
1 523.837) 2490; bd 73.0 BreeGO. 
Ex. 2. How many numbers are there less than 
860, that are also prime to it? 


360 = 2°3°5; therefore, 


2—1),°3-—-1 "5-1 
x x 


360 x 
3 5 


= 96, 


the number sought. , 


PROP. Ve 


25. To find a perfect number, or such a number 
n, that shall be equal to the sum of all its aliquot 
parts, or divisors. 

Find 2"—1,° a prime number, then will 
2”"*(2”1) =n be a perfect number. 

For, by art. 23, and its corollary, the sum of 
the divisors of the formula 2"-'(2”—1) will be re- 
presented by 


(2"—1)?—1 
AN a he (fae come 
because 2”—1 is a prime number by hypothesis. 
But, in this expression, 1 is considered as a divisor, 
and, consequently, N enters therein as an aliquot 
part of itself, which is to be excluded by the de- 


finition of a perfect number; and, therefore, ex- 
clusive of x, the formula becomes 


. 
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n % Q 
BCP) ig 2 
» A 2-1 (2"—1)—1 
(2"—1) x (2".—14+1)—2""'(2"—1)= 
2(2"—1) , 2"-'—2""1(2"— 1) = 9""1(2"— 1) =n; 
that is, the sum of all the aliquot parts of N=yn, 
and, therefore, it is a perfect number. -— a. E. D, 
Cor:* Jt 
n= 2, then 2 (2° —1)=6; 
Ros, Wel 2 (2 3 1) 28 
n= 5, then 2* (2° —1)=496; 
n= 7, then 2° (2" —1)=8128; 
n=13, then 2%(2°—1)=33550336; 
n=17, then 2"°(2'7— 1)=8589869056; 
n= 19, then 2'*(2"—1)= 137438691328; | 
m=31, then 2°°(2°'— 1) = 2305843008139952128, 


Which are all perfect numbers, 


The difficulty, therefore, of finding perfect num- 
bers, arises from that of finding prime numbers, of 
the form 2"— 1, which is very laborious. Euler ascer- 
tained, that 2°*— 1 = 2147483647 is a prime num- 
ber; and this is the greatest at present known. to be 
such, and, consequently, the last of the above per- 
fect numbers, which depends upon this, is the 
greatest perfect number known at present, and 
probably the greatest that ever will be discovered ; 
for, as they are merely curious without being use- 
ful, it is not likely that any person will attempt 
to find one beyond it. It may not be amiss to ob- 
serve, that the reason for employing the powers of 
2in this research, to the exclusion of all other 
numbers, arises from this, that 2 is the only even 
prime; and, therefore, if we made use of any other 
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prime, as a, then (a@*—1) would not be a prime 
number; and, if we employed an even number, 
then the formula above given w ould not truly ex- 
press the sum of the divisors of ~ 


PROP. VI. 


26. To find a pair of amicable numbers n and m, 
or such a pair of numbers, that each shall be re- 
spectively equal to all the divisors of the other. 

Make n=a"b'’c’, &c., andmM=a'B’y7, &c.; then, 
from the definition of amicable numbers, and what 
has been demonstrated (art. 23), it follows that we 
must have 


4 seal b*- ewe yy ee 
ee i) rome ne (< Sine: and 
c—] 
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yah these a include the whole numbers 
w and M, as divisors of themselves (Remark, art. 23), 
whereas, in amicable numbers, they are excluded 
by the definition. 

Wesee, therefore, m order that the numbers n 
and m may be amicable, that these formule must be 
equal to each other, and each equal to n+™m. Now 
this is apgorplished by finding such a power of 2 
as 2", that 3.2"—1, 6.2"—1, and 18.2”—1, may 
be all prime AiR ae ; or, making 2’=w, we 
must have 3w—1=6, 60—1=c, and 18w*—1=d, 
all prime numbers; then will 

n= 2'*'d, and M=2'+'be, 
be the pair of amicable numbers sought. 
For, if we represent ON the sum of the divi- 
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sors of x, and by ¢M the sum of the divisors of m, 
we shall have (by cor. 1, art. 23) 


ON (> x (5 d*— =)- gtd= 


(2"*?_}) x (d+1)— ord = 
(Aw —1) x 18w* — 2wzw(18w*?—1)= 
2. 18w* — 18w* + 20 = 2w(3w—1)(0w—1)= 
PO aM. 
Therefore the sum of the divisors of N is equal to 
the other number Mo. 


And again, by the same art. and cor., we 
have 


ws dete ="). — seal 
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{2°t? — i x bs 1)x “ae 1)-—2'*be= 

pi 1) x 3w x 6w — 2w(3w—1) x (6w—1)= 
18w*(4w — 1) — 20(18w* —9w+1)= 
Qw x 18w*+1=2"*'d=Nn. 


‘Therefore, the sum of the divisors of M=N; and 
we have seen, that the sum of the divisors of N=: 
consequently, N and Mm are a pair of amicable num- 
bers. — @. E. D. | 
Scholium. By making r=1, or 2”=w=2, 
we have’ 3w—1=)=5, 6w~—1=c=11, . and 
18w*—1=d=71; and, consequently, 
id= 44/1 —284Nn, 
Boat Ak 6 KLE S290 = M, 
which are the least pair of amicable numbers, the 
next two pair being 
17296 and 18416, 
9363583 and 9437056. 
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The difficulty, therefore, of finding gical 


numbers, is connected with that of finding the 
above specified conditions of w, and for which 
no rule has yet been discovered. The reason for 
taking w some power of 2 is, that 2 is the only even 
prime; for if w was the power of any odd number, 
then Sw—1, 6w—1, 18w*—1, would not be primes, 
and if w was the power of an even number, not a 
prime, as 2m, then | 


(2m)"?—1 og —1 cl 
2m — I c—1 
would not be the true amie for the sum of the 


divisors of M: and, therefore, 2 is the only number 
that can be employed for this purpose. 


EROP. Vil. 


27. If the nth term of any order of figurate 
numbers be added to the n+ 1 term of the next in- 
ferior order, the sum will be the n+1 term of the 
same order as the former. And the nth term of any 
order is equal to the m first terms of the preceding 
order. 

In our definition of figurate numbers, we have 
given the form of each of the orders}. because it is 
more simple to deduce the generation 6f figurate 
numbers trom the form of them, than to deduce 
their forms from their generation. We have, there- 
fore, to demonstrate, that the numbers falling un- 
der the forms we have given are generated one 
from ae r, as announced in this proposition ; 
and this wil! be manifest immediately, by repeating 
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here again those series of figurate numbers, and 
their general terms, as given at definition 26; 


VIZ. 
General term. 
Nat.series,1 2 3 4 5, &c. n 
Istord.1 3. 6 10 15, &e. 1.04 1) 
| pp 
n.(nt+1).(n+ 2) 
9d ord. 1°4 10 20 35, &c. Somat tare 


3dord. 1 5 15 35 70, &c. ne n(n + 1).(w+ 2 (n+ 2).(2+3) 
thy 


Qe. tb: Gi Me ide 
n.(n+1).(n+ 2).(n+3), &c., (fe) 
SRB AAS POON, tah als Cee (m+1) 1)" 


Now it is evident, that 2+ 1, which is the n + 1th 
n.(n+1) 


2 


mth order, 


term of the natural series, being added to 


2 


which is the xth term of the first order, gives 


n.(n+1) (2 +1).(2+ 2) 
————— $n 4+ = 
Maa? | 53 AS. Ve 


which is the n+ 1¢h term of the first order. 


Again, to ieee E) 


- , the nth term 2d order, 


4 m+1).(2+2 
adding eat ae the n+ 1th term Ist order, 


(n+ 1).(% 4+ 2).(n+3) 


gives —————_-__—__—-, the v + 1thterm 2d order. 
Be eel. to 
And, generally, to 
n+1).(n+2).(2+3) - nm+m 
inant . )-{ Me = 2 oe =nth term 
l . . 3 . 4 _ ae Pn in +] 


» mth order, adding 
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nm+t1j)éim4t2).(n+3).(n+4) - - - (n+m 

(n+ 1)(n42)(n4a)nt4) - = - (mem) 

Ge RP TE OB ee Rod --- ™m™ 

term m— ith order, gives 

(2+1).(2+2).(n+3)\.(m+4)--(2+1+m . 

nt i)(n+2){n+3)(n+d) ~~ (n+ 1m) 
Pe Ne 2 iB eh ee ie m+ 


- 


term mith order. : 

Hence, then, we have the general law of forma- 
tion; namely, to the nth term of iny order, add the 
+1 term of the inferior order, and the sum will be 
the succeeding term of the former order. And, there- 
fore, since the second term of any order is equal 
to the sum of the two first terms of the next in- 
ferior order, the third term will be equal to the 
sum of the.three first terms of the preceding order; 
and, generally, the nth term of any order is equal 
‘to the sum of the first ~ terms of the next inferior 
order. — @. E. D. 

Scholium. In this proposition we have, after 
Legendre, inverted the order of proceeding, hy de- 
ducing the law of generation from the forms of the 
successive series, instead of ascertaining the forms 
of those series from their law of generation, which 
has the advantage of greater simplicity, and leads 
us at once to the demonstration of one of Fermat’s 
theorems, that he considered as one of his princi- 
pal numerical propositions, and which is this: 

if the nth term of the natural series be multiplied 
by the n+1¢h term of any order m, the product 
will be equal to 7 + 2 times the nth term of the order 
m+. i 
Thus, taking the fifth and sixth term, of the fore- 
going series, we have 
hx 6=2 15; 5x 2533 x 35; 5 x 56=4 x 70, &e. 


Divisors and Figurative. Numbers. 49 


This property is deduced immediately from our 
forms, for 7 


n.(at+ 1) 
n(n+1 2x rt 
+1).(n+ 2 (r+ 1).(n+ 2 
PGS MSE ALDT td Poe, de lsd Ag 
be #2832 eres 


and so on for any other order. 

This theorem, which is so remarkable simple in 
the way that we have considered these numbers, is 
very difficult to demonstrate by any other method; 
and that Fermat considered it as one of his most in- 
teresting propositions is evident, from what he says 
after the annunciation of it: “ Nec existimo pul- 
chrius aut generalius in numeris possé dari theorema, 
cujus demonstrationem margint inserere nec vacat 
nec licet” (Notes on Diophantus, page 16). 


PROP. VIII. 


28. Every polygonal number of the denomination 
m, or every m-gonal number, is expressed by the 
formula | 

(m—2)n?—(m—A4)n 
5 “ 


aed 


For, by definition 26, every m-gonal number is 
a sum of an arithmetical progression, beginning 
with unity, the common difference of which is m— 2; 
or, making m—2=d, it will be the sum of any 
number 2 terms of the series 


1+(1+d)+(1+2d)+(1+3d), &e., (1 + (n—1)d); 


which, by the common rules, is equal te 
VOL. I. E 
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(2+ (n—1)d)n 
manet slime 

or, since d=m— 2, if we substitute for d, we shall 

have 
(2+(m—1).d)n_ 2n+(nm’—n).(m—2) | 


> 


2p 
m—2)n°—(m—4)n Sede 


Cor. 1. Hence, by making successively m=3, 4, 
5, &c., we shall have the following results. All 


2 
: n+n 
Triangular numbers + ae aR 


S : Q2n*—on 
Squares - - - - ®—>— =0. 
‘I 2 
| 3n*—n 
Pentagonals - - pines 
An? — 2n 
Hexagonals - - rare ana 
4 Ke. &e. 


Cor. 2. By means of the general form 
(m—2)n>—(m—4)n 
2 3 
any polygonal number, of which: the root », and de- 
nomination m, is given, may be readily ascertained. 
Thus, by making m=3, m=4, m=5, &c.; and 
m each series 2=1, 2, 3, 4, &c., we have 
Series of triang. numb. 1 3° 6 10 15 21 28, &e. 


Series of squares -  - 
Series of pentagons - 
Series of hexagons - 


&e. 


14 9 16 25 36 49, &c. 
Lo) Pe uae oo. 517 ees 


1 6 15 28 45 66 91, &c.- 
&e. 
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Also any polygonal number, and, its denomina- 
tion being given, the root of the polygon is readily 
obtained. For let 

(m—2)n? —(m—4)n 
Rise tegraters cia ae 
represent any given polygonal, of which the deno- 
mination m is known: then, 
(m—2)n*—(m—A4)n=2P; or, 


m—A 2P . 
pe ( p = . Whence 


m—2 m—2 


— m—44N 2P(m— 2) + (m—4)? 
cea 2m—A4 4 

‘which is a general form for the root of any po- 
lygonal number. 

Remark. Fermat has given, at page 15, in one 
of his notes to the ninth proposition of Diophantus 
on Multangular Numbers, particular rules for 
finding the roots of given polygonals, without the 
extraction of the square root, but, as they are of 
little or no use, we have not inserted them. 


LIBRARY 
UNIVERS)Ty OF ILLING!s 


E 2 


CHA P.-TIl. 


On the Forms of Prime Numbers, and their 
most simple Properties. 


PROP. I. 


29. If a number cannot be divided by some other 
number, which is equal to, or less than, the square 
root of itself, that number is a prime. 

For every number p, that is not a prime, may 
be represented by p=ab. Now if a=b, then @ and 
b are each equal to vp; and, consequently, p, 
which is not a prime, is divisible by yp. Again, 
if a> vp, then will b< .p; for otherwise, 
we should have axb=ab>p, which is con- 
trary to the supposition; therefore, if a > yp, 
then will 6< yp; and if b> yp, then will 
a< p; and, consequently, since p is divisible 
both by a and 4, it is divisible by a number less 
than the square root of itself: and this is evidently 
true of all numbers that can be resolved into the 
form p=ab; that is, of all numbers that are not — 
primes: therefore, if a number cannot be so divided, 
that number is a prime. — a. E. D. 

Cor. Hence, in order to ascertain whether a 
given number be a prime number or not, we must 
attempt the division of it, by all the prime numbers 
less than the square root of itself; and if it be not 
divisible by any of them, it is a prime. It is obyious, 
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that we need only essay the division by prime num- 
bers, for if it be divisible by a composite number, 
it is evidently also divisible by the prime factors of 
that divisor. This method, however, although it 
admits of some contractions, is, notwithstanding, 
extremely laborious for large numbers; nor has 
any easy, practical rule been yet discovered, for 
ascertaining whether a given number be a prime or 
not. 

Scholium. The problem of finding prime numbers, 
was agitated so far back as the time of Eratosthenes, 
who invented what he called his xoxxsvoy, or sieve, 
for excluding those numbers that are not prime, 
and, consequently, thus discovering those that are. 
The principle of this method, which is the same 
that has since been employed by modern writers 
for ascertaining those numbers, is as follows : 

Having written down in their proper order all 
odd numbers, from 1 to any extent, required; as 

BES eh orig mais bela RAG 

31 23 25 27 29 31 33 35 37 (39 

ape 43°45. Az '4G) ST. 53.55 572 59 

61 63 65 67 69 71 73 75 77 79 
81 83 85 87 89 91 93 95 97 99. 
‘We begin with the first prime number 3, and over 
every third number, from that place, we put a point, 
because all those numbers are divisible by 3; as 9, 
15, 21, &c. 

Then, from 5, a point is placed over every fifth 
number, all these being divisible by 5; such are 15, 
25, 35, &c. | 
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Again, from 7 every seventh number is pointed 
in the same manner, such as 21, 35, 49, &c. 

And, having done this, all the numbers that now 
remain without points are prime numbers ; for there 
is no prime number between 7 and 100; and it 
is obvious, from what is said in the preceding 
corollary, that it is useless trymg any composite 
number; adding, therefore, to the above, the 
prime number 2, which is the only even prime, we 
have 


2 3 5 POOP EBT OLS Peo ZS 
82 OP a AB AZ be) 6g!) Or OF" 7A 

73° 79 ~=83 89 97, 
which are all the prime numbers under 100. 

By this means, assisted, probably, by some me- 
chanical contrivance, Vega has computed, and pub- 
lished, a table of those numbers from 1 to 400000. 
And as it will be sometimes useful in the following 
part of this work, to know whether a given number 
be prime or not, without the trouble of computing 
it, a table is given at the end of this volume, exhi- 
biting all the prime numbers from 2 to 10000, 


* | PROP. II. 

30. Every prime number, greater than 2, is of 
one of the forms 4n+1, or 4n—1. | 

For every number whatever is either divisible by 4, 
or, when the division by 4 is carried on as far as possi- 
ble, there will be a remainder, 1, 2, or 3; that is, 
every number whatever is inclided under one or 
other of the four forms 

4n, 4n+1, 4n+2, 4n+ 3, 
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- But the first and third of these forms are even num- 
bers, being of the form 2n, and, therefore, cannot 
contain any prime number > 2; and, consequently, 
all prime numbers greater than 2, are contained 
in the other two forms; and, therefore, every prime 
number is found in one or other of the two forms 
4n+1l,or4n+3; but 4n+3=4(n4+1)—1, R4n—-1; 
therefore every prime number is of one of the forms 
4An+ 1/—®. E. D. R = 

Cor. 1. Every prime number’ being of one of 
the forms 4n + 1, or 4n—1, and as », in these forms, 
_ must be either even or odd, we may subdivide them 
into the four following forms : 


1. If n be even, or of { 4n+1:%:8n'4+1; 


the form 27’, 4n—1+8n'’—1+:8n" +7. 
2. If nm be odd, or of ( 4n+18n'+5; 
the form 2n’+1, An—1+#8n'+3. 


Hence all prime numbers, greater than 2, with 
regard to 8 as a modulus, are of one of the 
forms 

8n+1, 8243, 8N+5, or 8n+7,. 


Cor. 2. The two forms 4n+1, separate prime 
numbers into two principal divisions, that are found 
to possess very distinct properties, which will be the 
subject of our future investigations ; we shall, there- 
fore, in this place, only give a few of those numbers, 
under each form, in order to render this classifica- 
tion the more familiar to the reader. 

Primes 4n+1, are 1 5 13 17 29 37 41 
53, &c. 

' Primes 34n—1, are 3 7 11 19 23 31 43, 
&e. 


The other four forms, also, which are obtained 


mK 
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in the foregoing corollary, and in which the above 
two are necessarily involved, lead, also, to another 
principal classification of prime numbers, each class 
possessing properties exclusively its own. Primes 
divided according to this modulus are as follows: 


8n+1--- 1 17 41 73 89 97 113. 
8n+3 --- 3.11.19 43 59 67 83. 
8n+5 --- 5 13 29 37 53 61 101. 
8n+7 --- 7 23 31 47 71 79 108. 


Which are evidently numbers distinct from each 
other, and, as we observed above, possess very dis- 
tinct properties, highly curious and interesting, 
many of which are demonstrated in the following 
chapters. 


PROP. Ill. 


31. Every prime number, greater than 3, is of 
one of the forms 6n+ 1, or 6n—1. 

For every number whatever is either exactly di- 
visible by 6, or when the division is carried on as 
far as possible, there will be a remainder 1, 2, 3, 4, 
or 5; that is, every number whatever is of one of. 
the forms 6n, 6n+1, 6n+2, 6n+3, 6n+4, 6n+5. 
But the first, third, and fifth, of those numbers, are 
divisible by 2, and the fourth is divisible by 3, and, 
therefore, no one of these forms can contain prime 
numbers greater than 3; and, consequently, all 
prime numbers, greater than 3, must belong to one 
of) the other two forms 6n+1, or 6n+5; but 
62+5:26n’—1; therefore, every prime number, 
greater than 3, is of one of the forms 62+1, or 
O0n—1.—@. E. D. 

Cor, Since every prime number is of one of the 


Prime Numbers. yf 


forms 6n+1, or 6x—1, and as 7, in these forms, 
must be either even or odd, these may be subdivided 
into the four following forms: 
6n+1#%12n’+1; 
~ 0 6n—112n’— 1 12n4+ 11. 
6n+112n'+7; 
6n— 1=812n' +-5. 

Hence every prime number, with regard to mo- 

dulus 12, is of one of the four forms 

12n+1, 12n+5, 122+7, or 12n+11: 
or, which is still the same, every prime number is 
of one of the forms 12+ 1, or 12n+ 5. 

Scholium. It should be observed here, that al- 
though all prime numbers are contained in one or 
other of the foregoing forms, derived from art. 30 
and 31, we must not conclude that the converse of 
the proposition is true also; namely, that all num- 
hers contained in these forms are prime numbers: 
this is evidently not the case in the form 4n+1, if 
n=6; nor in 4n—1,ifm=4; and similar exceptions 
may be found for every other form that may be de- 
vised: in fact, no formula can be found that shall 
express prime numbers only, as appears from the 
following proposition. 


1. If n2n’, - - 


2. If n2n' +1, 


PROP. IV. 

32. No algebraical formula can contain prime 
numbers only. 

Let p+getra®+sa°+, &c., represent any 
general algebraical formula, and it is to be demon- 
strated, that such values may be given to x, that 
the formula in question shall not produce a prime 
number, whatever values are given to p, g, 7, 8, &e. 
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For suppose, in the first place, that, by making 
az=m, the formula 
P=pt+gm+rm +sm+, &c., 
is a prime number. | 
And, if now we assume «=m + OP, we have 


BO eA ey SEG Se es enn ee 
> cima iAia ies ecb SeAR pil ce one Mm Eats! 
Tes = - = = = = = rm + QrmgP+rg'P* 
sP= - - - =sm’+3sm'or + 3sm’P* + sor" 
&e. 
Or, 


ptqetra’t+sav=(ptqm+rn’ +sm +, &e.) + 
_ P(g + 27rmd + 3sm’*G) + P*(rP’ + 3smg") + SPP’ = 
_ P+ P(Gh+ 2m + 38m’) + P'(rG* + 38mg") + SP’P’. 
‘But this last quantity is divisible by p; and, conse- 
quently, the equal quantity 
ptgqet+rxe’+sx+, &c., 
is also divisible by p, and cannot, therefore, be a 
prime number. Hence, then, it appears, that, in 
any algebraical formula, such a value may be given 
to the indeterminate quantity, as will render it di- 
visible by some other number; and, therefore, no 
algebraical formula can be found that contains 
prime numbers only. — a. E. D. 

Schohum. But although no algebraical for- 
mula can be found, that contains prime numbers 
only, there are several remarkable ones that con- 
tain a great many; thus 2°+.2+41, by making 
successively 7=0, 1, 2, 3, 4, &c., will give a series 
Al, 43, 47, 53, 61, 71, &c., the first forty terms of 
which are prime numbers. The above formula is — 
mentioned by Euler in the Memoirs of Berlin (1772. 


page 36). 
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We may likewise add the two following; viz. 
a®+a+17, and 2a°+29, of which the former has 
seventeen of its first terms primes, and the latter 
twenty-nine. 

Fermat, asserted, that the formula 2”+1 was 
always a while m was taken any term in the 
series 3,2, 4, 8, 16, &c.; but Euler found, that 
2° +1=641 x 6700417 was not a prime. These 
examples are sutfhcient for showing, how easily we 
are led into error from induction, and how little it 
is to be depended upon, in mathematical mvesti- 
gations. 


PROP. V. 
33. The number of prime numbers is infinite. 


For if not, let the number of them be represented 
by m, and the greatest of all those primes by p, then 
it is evident, that the continued product of all the 
prime numbers, not exceeding p, as 

2.3.5.7 .11 = - = p, 


will be divisible by each of those numbers, and, 
therefore, if 1 be added to it, it will be divisible byno 
one of them; and, consequently, if the formula 
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be divisible by any prime number, it must be by 
one greater than p; and if it be not divisible by any 
prime whatever, it is itself a prime number, which 
is necessarily greater than p; therefore, in either 
case, we must have a prime number greater than 
p; and, consequently, p is not the greatest ; 
neither is n the greatest number of them, and 
the same is true of all finite numbers p, and 7; 
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therefore, the number of prime numbers is in- 
finite *.—- @. E. D. | 


PROP. VI. | 
34. If a be any number whatever, and b, b’, 6”, 
-&c., all those numbers that are less than 2a, and 
also prime to it; then will all prime numbers be 
contained in one or other of the forms 


Aan + b, 4an+ b’, Aan+ b”, &c.: 

For every number, when divided by 4a, will 
leave for a remainder one of the terms in the 
series 

Of) 22).3i), 4c. 40 — a; 
‘or, which is the same, 
+ Gye rb By B53. + 45 13120. 


But it is evident, that, when any one of these re- 4 


mainders has a common divisor with 4a, the num- 
ber contained under that form is not a prime num- 
ber, it having the same common divisor as the 
remainder and modulus; rejecting, therefore, all 
those remainders that have divisors common with 
4a, and representing the others by 6, 6’, b”, &c., it 


* It has also been demonstrated by Legendre (art. 404, Essai 


sur la Theorie des Nombres), that every arithmetical progression, 


of which the first term and common difference are prime to eachi 
other, contains an infinite number of prime numbers. And, also, 
N 
number of prime numbers that are less than n, very nearly. We 
should have added here the demonstration of this very curious 
theorem, but that it depends upon a fluxional consideration, 
which could not be well introduced into an elementary work of 
this kind. 


that if N represent any number, thea will ; be the 
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is manifest, that all prime numbers will be con- 
tained in the forms 3 
4an+b, 4an+b’, 4ant+b”, &ce., 
at least all those that exceed the prime factors 
of a.—a. E. D. 
Cor.1. Hence we may deduce, generally, the forms 
obtained at art. 30 and 31; viz. 


Ifm=1, all prime numbers = 4n+1; 


ys te S82+1; 
If #= 2, all prime numbers “: Sn+3; 
a oD Bc aed Ge 
1f x= 3, all prime numbers “120+ 53 
*#16n+1; 

a +1lon+3; 
if x= 4, all prime numbers th1l6n+5; 
4162+ 7. 


The number of forms, therefore, to any par- 
ticular modulus, depends upon the number of in- 
tegers, that are less than half that modulus, and 
also prime to it; and we have shown (art. 24) 
how this number may always be ascertained. Sup- 
pose, for example, that 2n was the given modulus; 
‘make | 

N=a"b’c’, &c.; then 
Ta a Nc 
will represent the number of forms. 
Thus, if the modulus was 60, then we have 


N X 


30=2.3.5; and, consequently, 
2—1 3-1 5-1 i 

x x = 

2: 3 5 A 


the pumber of forms, which are as follows: 


30 x 
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6on+ 1 60n + 17 
:  6On+ 7 60n + 19 
60n+ 11 602+ 23 
60n+13 60n + 29. 

Aud hence it appears, that those numbers are to 
be preferred for moduli, that have the least number 
of integers less and prime tothemselves ; as we there- 
by exclude a greater number of quantities, that are 
not primes; or, which is the same, we have thus a 
less number of formule for expressing those that 
are primes. For example, if instead of modulus 
60, which has only eight forms, we had taken 61, 
as a modulus, we should have had thirty forms ; 
and under these thirty forms, every number what- 
ever, not divisible by 61, may be expressed; and, 
consequently, with this modulus, no number is ex- 
cluded; and, therefore, no advantage gained by the 
classification. 

Scholium. It may not be amiss, to add here a few 
remarks upon the probability of any number, falling 
under any one of the above forms, bemg a prime 
number, when taken between certain limits. In 
order to which, it will be proper to enumerate the 
number of prime numbers, under certain periods, 
as deduced from Vega’s Mathematical Tables, in 
which are given all prime numbers, from 2 ta 
400000; and by means of which the following 
tablet has been formed; which exhibits, at one 
view, the number of primes under and between the 
limits of every 10000 numbers. 
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No. of primes. No. of primes, 
Wader 10000 1230 Between 10000 and 20000 1033 
20000 * 22638 20000 30000 983 
80000 38246 80000 49000 958 
40000 4204 40000 ~~ 50000] + 93g 
50000 5134 50000 66000 924 
. 60000 6058 60000 70000 878 
70000 6936 T0000 $0000 901 
80000 7837 80000 90000 76 
90000 | 8713 e 
100000 9592 100000 150000 4257 
150000 |) 13849 150000 200000 4135 
- 200000 17684 200000 250000 4061 
250000 22045 250000 S0f000 39558 
300000 25998 300000 350008 3979 
350000 29977 350000 400000 3884 


400000 | 33861 


Now the number of i fnitepers falling under ene or 
other of the above eight forms to modulus 60, is, 
: 10000 x 8 - 
for every 10000, a 1333; and out of this 
number, for the first 10000, there are 1230, which 
are really primes ; whence the probability of a num- 
ber being a prime that falls under one ofthe above 
. . .1230 

forms is ——~ PENS, if it be under 10000. 

Probability. 


ff the number be between 10000 and 20000, — 
983 
958 
rece 
&ce. | &e. 
This calculation is made upon a supposition, 
that the number of primes, in the aboye eight forms, 
are equal to each other, which is not strictly true ; 
such an hypothesis, however, may be assumed, in 
a rough estimation of this kind, without affecting, 
in any great degree, the truth of the result. 


if the number be between 20000 and 30000, 


[f the number be between 30000 and 40000, 


GA Prime Numbers. 


PROP. VII. 


35. ‘Three prime numbers cannot be in arith- 
metical progression, unless the common difference 
of them be divisible by 2 x 3=6; except 3 be the 
first of the primé numbers, in which case there 
may be three prime numbers in arithmetical pro- 
gression, whose common difference is not divisible 
by 6, but there can be only three. 

For all prime numbers greater than 3 are of one 
of the forms 6n+1, or 6n+5. Also, if the com- 
mon difference be not divisible by 6, it must be of 
one of the forms 6m+1, 6m+2, 6m+3, 6m+ 4, or 
6m+5; or it may be otherwise represented by 
6m+7, r being any one of the numbers 1, 2, 3, 4, 
or 5. And, therefore, three numbers in arithmetical 
progression will be, either 


Ist, On+1, O(n+m)+7r41, 6(2+2m)+2r4+1; or 
2d, 6n+5, 6(n+m)+r+5, 6(n+2m)+2r+5. 


And it is to be proved, that some one of these 
terms, in both series, is divisible by 2, 3, or 6; and, 
consequently, that they are not all primes. 

First, let r=1, 2, 3, 4, or 5; then we have, in 
the first series, 


P+ Us8os SY 45.52 ore 
or +1 = 3," 0," 7-9; Olea. 


And here it is evident, that either 7+1, or the 
corresponding term 27+ 1, is divisible by 2, 3, or 6; 
and, consequently , one a the three terms in the | 
first series is also divisible by the same; and, there- 
fore, they are not all three primes. And we are - 
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Jed to the same result in the second series; for; by 
making r=1; 2, 3 4, 5, 
| eiheaty Fi. +85) 9% or 10: 
or+5=7, 9, 11, 13; or 15. 

Where, also, one or other of the two corre- 
sponding terms has a common measure with 6; 
and, therefore, these three terms are not all primes. 
Consequently there cannot be three prime numbers 
in arithmetical progression, unless their common 
difference be divisible by 6, if we except the 
case where the first term of the progression is 
3: And in this case there can be only three, for 
otherwise, by taking away the first, there would 
still remain three prime numbers in arithmetical 
progression, of which the common difference is not 
divisible by 6, which is contrary to what has been 
demonstrated above. — @. E. D. 


PROP. Vill. 
36. There cannot be five prime numbers in 
arithmetical progression, unless their common 
difference he divisible by 2x3x5=30; except 
when the first term of the progression is 5, in 
which case there may be five prime numbers in 
arithmetical progression, whose comimon difference 
is not divisible by 30, but there can be no more 
than five. 
For all prime numbers greater than 5 to modulus 
30, are of one of the following forms: 
30n+ 1, 30n+ 7, 30N+11, 30n+ 13, 
30n+17, 30n+19, 30n+ 23, 30n+ 29. 
And since, by the foregoing proposition, three 
VOL. Ie v4 F 
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prime numbers cannot be in arithmetical pro- 
gression, unless their common difference be divisible 
by 6, it follows a fortiori, that 5 cannot be so un- 
less the common difference be also divisible by 6; 
therefore, the common difference, in this case, as 
compared with modulus 30, must be of one of the 
forms 30m +6, 30m4+12, 30m+18, or 30m+ 24, — 
_all other forms being rejected as not being divisible 
by 6, which we have seen is a necessary condition. 
Assuming, therefore, 30n+7 for a general ex- 
pression for prime numbers, and 30m+6p a ge- 
neral expression for the common difference, our 
five terms of the progression will be 
30n+7T, 
30(n+ m) +7 + 6p, 
30(n+ 2m) +r+12p, 
30(n+ 3m) +r+18p, and 
_ 80(n+4m)+r+24p. | 
Now it readily appears, that whatever value is ‘ 
given to.r, of the above; viz. 1, 7, 11, 13, 17, 7 
19, 23, or 29; and to p of those which it repre- — 
sents; viz. 1, 2, 3, or 4; one or other of the ex~ 
pressions 7+ 6p, r+12p, r+18p, or r+ 24p, is di- 
visible by one of the numbers, 2, 3, or 5. Thus, 
Ifr=1, and p=1, then r+ 24p+*5. 
Ifr=1, and p=2, thear+12p+ 5. . 
Ifr=1, and p=53, thenr+18p— 5, 
Ifr=1, and p=4, thenr+ 6p— 5. 
And so on of any other values of p and r. 


* This character signifies divisible by, and is only employed 
to save the repetition of those words, , 
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Whience it follows, that these five numbers can- 
iiot be all prime numbers; that is, five prime num- 
bers cannot be in arithmetical progression, unless 
their common difference be divisible by 30, if we 
except the case in which the first term of the pro- 
gression is 5; which evidently is excepted in the 
demonstration, as our forms are for primes greater 
than 5: The two primes, 2 and 3, are also excepted ; 
and, with regard to the first, it is evident it cannot 
form the first term of such a progression, becatse it 
is an even number; but 3 may be taken for a first 
term, and, by giving to r this value, the sare im- 
possibility will appear. There cannot, therefore, 
be five prime numbers in arithmetical progression, 
unless their common difference be divisible by 
2x3x 5, excepting only the case where the first 
term is 5, andinthis case there can be only five; for if 
there were six, by taking away the first, there would 
still remain five prime numbers in arithmetical pro- 
gression, whose common difference would not be 
divisible by 30, which is Contrary to what has been 
shown above. — a. E. D. 

Cor. In the same manner it may be demon- 
strated that seven prime numbers cannot be in 
arithmetical progression, unless their common dif- 
ference be divisible by 2x 3x5x7=210; except 
the first of those prime numbers be 7, in which 
case there may be seven prime numbers in arith- 
metical progression, of which the common dif- 
ference is not divisible by 210, but there cannot he 
more than seven. And, generally, there cannot 
be n prime numbers in arithmetical progression, 
unless their common. difference be divisible by 

F 2 
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2x3x5x7x 11, &c., n; except the case in which 
w is the first term of the progression, in whiclr 
case there may be m such numbers, but not more. 


PROP. IX. 


37. The sum of any number of prime num- 
bers in arithmetical progression is a composite 
number. 

This is evidently true, if the number of terms 
in the progression be an even number, because then 
their sum will be even, and, therefore, composite. 
We have, therefore, only to consider the case, in 
which the number of terms in the progression is odd. 
Let, then, p be the first prime number, and d the 


common difference of the progression; then, if © 


we consider at first only three terms, they will be 
pt+(pt+d)+ (pt 2d) = 3p+ 3d, 

which is evidently divisible by 3, and, therefore, a 

composite number. If we take five terms, they 

will be | 


pt+(p+d)+(p+2d)+(pt+5d) + (p+4d)= 
5p + 10d, 


which is evidently divisible by 5; and, generally, - 


we may assume 
p+(pt+d)+(pt2d)+, &c., (p+ 2nd) 

for any progression, the sum of which is 

(1+ 2n)d x 2n 
2 


it will be divisible by. 2n+1, and is, therefore, a 
a as number. — @. E. D. 


(2n+1)p+— 


=(2n+1)p+(2n+1)nd; 
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PROP. X. 


38. If a@ and & be any two numbers prime to 

each other, and each of the terms of the series 

b, 2b, 3b, 4b, - - - (a—1)6, 
be divided by a, they will each leave a different 
positive remainder. 

For if any two of these terms, when divided by 
a, leave the same remainder, let them be repre- 
sented by xb and yb, and their common remainder 
by r; so that ab=na+r, and yb=mat+r; then it 
is evident, that 

xb—yb=na—ma 

will be divisible by a. But this is impossible, for 
xb—yb=bx (x—y); in which product the factor 
b is prime to a, and (x—y)<a; because both 
x and y are less than a, by the hypothesis; con- 
sequently, their difference must be so; but if, of two 
factors, one be prime and the other less than a third 
number, the product is not divisible by this number 
(cor. 6, art. 11); therefore, bx (x—y) is not di- 
visible by a; and, therefore, rb=na+r, and 
yb=ma+r, are impossible ; that is, no two of those 
terms can leave the same remainder, when both are 
divided by @.—a@. E. D. 

Cor.1. Since, then, the remainders arising from 
the division of each of the terms in the series 


b, 2b, 3b, 4b, - - - (a—1)b, 


by a, are different from each other and a—1 in 


number, also all of them necessarily less than a; 
it follows, that these remainders include all num-~ 
bers from 1 to a—1. 


‘S 


io) 
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Cor. 2. Hence, again, it appears, that some 
one of the abave terms will leaye a remainder 1; 
and that, therefore, if b and a be any two numbers 
prime to each other, a number 2 < a may be found, 
that will render br —1 divisible by a; or, the equa- 
tion bx—ay=1 is always possible, if a@ and b are 
numbers prime to each other. 

And it is always impossible if a and b have any 
common measure, as is evident; because one side — 
of the equation, br—ay=1, would be divisible by 
this comm 6n measure; but the other side, 1, would 
not be so: therefore, in this case, the equation 18 
impossible. 

Cor. 3. We have seen, in the foregoing corollary, 
that the equation br—ay=1 is always possible, 
when @ and 6 are prime to each other; and the 
same is evidently true of the equation br—ay= —1, — 
for a—1 is one of the remainders in the above © 
series, so that a value of x< a may be found, that — 
renders bx —(a—1) divisible by a; or the equation 
bx—ay=a—1 is always possible; but this is the © | 
same as bx—a(y—1)=—1; or, making y—1=y’, | 
bx — ay’ = —1 is always possible: and, consequent- | 
ly, the equation av—by= +1 is always possible, 
when « and 0 are prime to each other, 


PROP. XI. 
39. Ifa be any prime number, then will 
1.2.3.4.5--- (a4—1)+1 
be divisible by a. E | 
For, in cor. 2 of the foregoing proposition, it is 
demonstrated, that if a and b be any two numbers 
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prime to each other, another number # may be 
found <a, that renders the product be -1—a; or, 
which is the same thing, be = ya+ 1; and that there 
is only one such value of «<a may be shown as 
follows : 
The foregoing equation gives, by transposition, 
bx —ay=1; 
and, if it be possible, let also 
bx’ — ay’ =1; 
and make 2’ =x+m, and y’=y+n, where m is 
necessarily less than a, because both x and 2’ are so 
by the supposition. Now, by this substitution, we 
have 
(be + bm) —(ay + an)=1; but 
bx —ay =a: 
therefore + bm= Fan, or bm+—a; but this is im- 


possible, since 6 is prime to a, and m<a (cor. 6, 
yt: 11}. 


There cannot, therefore, be two values of x less 
than a, that renders the equation bx—ay=1 pos- 
sible. 

But in the series of integers 

eon eatin. ied Ole 
every term is prime to a, except the first, a being 
itself a prime; if, therefore, we write successively, 
b=2, b’'=3, h”=4, &c., a corresponding term a, 
in the same series, may be found for each distinct 
value of b, that renders the product rbsay +1, 
VY may +1, 2b’ say+1, &c.; and it is evident, 
that no one of these values of w can be equal either 
to 1, or a—1; for, in the first case, we should have 
1x b=ay+1, which is impossible, becanse b< a; 
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and the second would give (a—1)b=ay+1, or 
a(b—y)=b+1; that is, b+1+a; which can only _ 
be when b=a—1, or when b=4, which case is ex- 
cepted, because we suppose two different terms of | 
the series. In fact, since (a—1)*s:ay+1, there 
can be no other term, in the same series, that is of 
this form; for if x°=ay’ +1, then (a—1)*—a* would 
be divisible by a, or (a—1+.4)x (a—1-—2)+a, 
which is impossible, since each of these factors is 
prime to a, as is evident, because x<a, and ais a 
prime number, t | 
~ Hence, then, our product . 
1.2.3.4.5 --- = (a—1), becomes | 
1. bv. Ua’. ba” - - - a—-1;3. 
but each of these products, bx, b’x’, b’x”, &c., is, 
as we have seen, of the form ay+1; therefore, 
their continued product will have the same form, 
and the whole product, including 1 and a—1, willbe — 
ch (ayt+1) x (a—1)a’y + ayt+a—1, 
to. which, if unity be added, the result will be 
evidently divisible by a, that is, the formula | 
V2 27.3. Atte aS Tye : 
is always divisible by a, when @ is a prime num- 
ber. —.@. E. D. ints 
Cor. 1. The product, ‘ 
APRA Saget: Sao gst» rsa rite 
is the same as 


| a—1°* 
1(a—1)2(a—2)3(a—3), &e., ( a ): 


and this product, with regard to its remainder, 
when divided by a, is the same as 


i 
; 2 ld 
ae 


Prime Numbers. 2 S 


| a=—im® 
biiaan a. -- ( ay 


the ambiguous sign being plus (+) when a—1 is 
even, ail minus (—) he a—1 is odd; that is, 
+ when a is a prime number of the form 47 +1, 
and — when ais a prime number of the form 4n— 1; 
also this product, 


a—1\? 
Erase. --( ny 
2 


is the same as 


a—1\e 
Bi oak: ay 
y. 


and, consequently, from what is said above relating 
to the ambiguous sign, we shall have 


pre aa 


when axe#4n+1; and 


a—1 
paca a'nain 
2 


when axt4n—1. 


Whence it follows, that every prime number of 
the form 4n+1 is a divisor of the sum of two 
squares, 

_ Again, the latter form may be resolved into the 
two factors 


eae 
[(i.2.3.4-—-'5!)-1} 


which product, being divisible by a, it follows, 
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that a is a divisor of one or other of these factors, 
when it is a prime number of the form 42 —1. 

Cor. 2. From the first product, which we have 
demonstrated to be divisible by a, viz. 


S*. c., (@—1) +1 : 
pee ONS * SrA, Oe ee an integer, 
a 


we may derive a great many others; as 


2 Rit 7, here ttt TN ] we 
12.3 4.5, &es, (a@—3)(a—1) +1 =e, an integer; 
a 


29% 32 4. ; — 4 —| 1 : 
V2.3. RA) ha aad tse hoisly an integer ; 
a 


and so on, till we arrive at the same form as that 
in cor. l. 

_Scholium. ‘The theorem above demonstrated 
was invented by sir John Wilson, as we are in- 
formed by Waring, in his Meditationes Alge- 
braice, page 380; but, notwithstanding the sim- 
ple principles on which its demonstration is founded, 
it escaped the observation of these two celebrated 
mathematicians; the latter of whom speaks of it, 
at the place above quoted, as an extremely difficult 
proposition to demonstrate, on account of our 


having no formula for expressing prime numbers. — 


Lagrange was the first who demonstrated this 
theorem, in the New Memoirs of the Academy of 
Berlin, 1771 (which demonstration is, as might be 
expected from the celebrity of its author, very in- 
genious); and, afterwards, Euler gave a different de- 
inonstration of the same proposition, in his Opusc. 
Analyt. tom. i. page 329, which is upon a similar 
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principle as the foregoing; and, finally, Gauss, in 
his Disquisitiones Arithmetice, extended the theo- 
rem by demonstrating, that ‘‘ The product of all 
those numbers less than, and prime to a given num- 
ber a+1 is divisible by a;” the ambiguous sign 
being —, when a is of the form p”, or 2p”, p being 
any prime number greater than 2; and, also, when 
a=A; but positive im all other cases (Recherches 
Arithmetiques, page 57). 

The theorem of sir John Wilson furnishes us 
with an infallible rule, zx abstracto, for ascertaining 
whether a given number be a prime or not; for it 
evidently belongs exclusively to those numbers, as 
it fails in all other cases, but is of no use in a 
practical point of view, on account of the great 
magnitude of the product even for a few terms. 


PROP. XII. 


4O. If a and b be any two numbers prime to 
each other, the equation 


ax—by=+¢ 


is always possible ; and an infinite number of dif- 

ferent values may be given to x and y, that answers 

the condition of the equation, in integer numbers. 
For, by (cor, 3, art. 38) the equation, 


ax—by=+1 


is always possible, while a and b are prime to each 
other; and, consequently, 


ace — bey = +c, or ax’ —by'’= +c; by making 
ce=a’, and cy=y’: 


and we have evidently the same result if we write 
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a(x’ + mb) for ax’, and } tig 
b(y’+ ma) for by’; for these still give — 
a(a’ + mb) — b(y’ + ma) =+e. 
Or, again, making 
a’ +mb=a, and y’+ma=y, ; 
our equation becomes a 
ax—by=+c; 
which is, therefore, always possible. 
And it is evident, that by means of the am- = 
biguous sign +, and the indeterminate quantity m, 
the formule 


a’ + mb=a, 
ytma=y, 
will furnish an infinite number of values of x 
and y, that answers the condition of the equation 
ax—by=-+c, in integers, 
a and b being prime to each other, — a. E. D. 
It is also obvious, that mm may be so assumed, 
that x shall be less than 5, or y<a. wee 
Cor. Hence, in any of our future investigations, 
if we have two quantities, ¢ and u, prime to each’ 
other, we may always substitute fv — uy =c, c being 
any number whatever, when the state of the 
question requires such a substitution, without con- 
sidering the particular values of x and y, it being 
sufficient for our purpose, in many cases, to know 
that the equation is possible. 7 e 
But if ¢ and u have any common measure, then 
such a substitution cannot be made, unless c have 
the same common measure. 


a 
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PROP. XIII. 
41. The equation av +by=c is always possible, 
if a and b be prime to each other, and 
c>(ab—a—b). 
For let e=(ab—a—b) +r, then the equation he- 
comes 
| av + by =(ab—a—b) +r; 
the possibility of which depends upon 
OD in hen Oo DY tT 
a 


rev 


being an integer. Now this equation is the same as 


hae Sie ah eT. 


and, therefore, it depends upon the possibility of 


_ 


(y+ 1)b—r _ bei 
ae aaah oe JeINg an integer ; 
or, which is still the same, by calling y+1=y’. 
_upon the possibility of the equation y’b—aa’=r; 
which we have seen may always be established, so 
that y’<a, or y+1<a; by the foregoing pro- 
position. 
Since, then, in the etjuation 
(y+ Lor | S 


X 
a b) 


_ ¥+1is less than a, x’ must necessarily be less than 


6, and, consequently, 


+1)b—r 
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and, since 2’ < b, therefore r=b—1— 2’ =0, or some 
integer number: whence the equation 

| ax + by=c 
is always possible, when a and b are prime to each 
other, and c > (ab—a—b).—a@. E. D. 

Cor. The two foregoing propositions are very 
useful in judging of the possibility, or impossiblity, 
of indeterminate equations of this kind; and, con- 
sequently, also, in proposing them, so that they 
may be within possible limits. 


CHUA SEY, 


On the possible and impossible Forms of Square 
Numbers, and their Application to Nu- 
merical Propositions. 


PROP. I. 
42. Every square number is of one of the forms 
An, or 4n+1. 

For every number, being either even or odd, is 
of one of the forms 2n, or 2n+1; and, conse- 
quently, every square number is of one of the forms 

4n*, or (An’+4n+1); but 
4n's4n, and 
(An? +4n+1)=4(n?+n)+14n+1. 
i) 

Cor. 1. Every square of the form 47 is ne- 
cessarily even; and every square of the form 47+ 1 
is evidently odd; therefore, every even square is of 
the form 4n, and every odd square of the form 
4n+1. | 

Cor. 2. By the foregoing proposition it appears, 
that every odd square is of the form 4(n’+n)+1; 
and hence it follows, that it is also of the form 
82+1: for if n be odd, n* is odd, and if n be even, 
mis even also; therefore, in both cases, n>+ 7 is 
even; and, consequently, 4(n*+n)+14%8n+1; 
that is, every odd square is of the form 8x+1. If, 
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therefore, a number be of the form 4n +1, but not 
of the form 8+ 1, that number is not a square. 

Cor. 3. No numbers of the forms 47 + 2, or 4n + 3, 
can be square numbers. Nor can any numbers of 
the forms 8n+2, 8n+3, 8n2+5, 8n+6, or 8n+7, 
be square numbers. 


Cor 4. ‘Fhe sum of two odd squares cannot form 


a square, for (4n+1)+(4n’+1)=24n+2, which 
cannot be a square (cor. 3). 


* 
7 
A 


. 


Cor. 5. An odd square, subtracted from an even 


square, cannot leave a square remainder. For 
An— (An’+1)=4A(n—n’) -1R4n+3, 

which cannot be a square. Therefore, if the dif- 
ference of an even and odd square be a square, the 
odd square must be the greatest. | 

Cor. 6. If the sum of an even and odd square 
be a square, the even square must be divisible by 
16, or be of the form 4°n°. For all odd squares 
are of the form 82+1 (cor. 2); and, therefore, if 
the even square had only the form 4n”, n” being 
odd, the sum of the two would be . 

An” + 8n+1=4(n"4+2n) +1; 

and since n” is odd, (n+ 2n) is odd also; and, 
therefore, 4(n”+2n)+1 is not of the form 824+ 13 
and, consequently, it is not a square (cor. 2). 


PROP. Il. . 
43. Every square number is of one of the forms 
52,108. Spee, 


For all numbers, compared by modulus 5, are 
of one of the forms 5n, 5n+1, 5n+ 2; thatis, every 
number is either divisible by 5, or will leave for a 
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remainder 1, 2, 3, or 4; or, which is the same, 
+1, or +2: and; consequently, all square num-< 
bers are of one of the following forms: 

Numbers. Squares. Forms, 

57, RON a) HOR 

5m+1, 25n°+10n +1 5n4+1 

5n+2, 25n°+20n +4 = 5nN+45n—1. 


Consequently, all square numbers are of one of 
the fornis 5”, or 5n+1.—a. E. D. 

Cor. 1. If a square number be divisible by 5, it 
is also divisible by 25; and, if a number be di- 


visible by 5, and not by 25, it is not a square. 


Cor. 2: No number of the form 52+ 2, or 5n+3, 
is a square number. 

Cor. 3. If the sum of two squares be a square, 
one of the three is divisible by 5, and, consequently; 
also by 25. For all the possible combinations of 
the three forms 5n, 5n+1, and 5n—1, are a’ 
follows: 

(5n+1)+(5n'+1 i) bn 4 ake 
(52—1)+(5n’—1)5n—25n+4+3, 
5n + bn’ th 5n, 

5n +(5n’+1)tbn+1, 

5n + (5n’—1)=5n—1, 
(52+1)+(5n’ — 1)sR5n. 

Now of these six forms, the latter four have one 
of the squares divisible by 5, and, therefore, “also by 
25 (cor. 1). And the two first are each impossible 
forms for square numbers ; that is, neither of these 
two combinations can produce squares: therefore, 
if the sum of two squares be a square, one of the 


three squares is divisible by 25. 
VOL, I; ¢ 
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Cor. 4. By means of the two foregoing pro- 
positions, and their corollaries, it appears, that no 
number contained under a repetend digit can be a 
square nunvber. 

For every number expressed by a repetend digit 
is equal to the same number of repetend units, 
multiplied by the particular digit under the repetend 
of which the number is contained. 

But every repetend of units is of the form 

1002+ 11%42+3—5n4+15 

and it is only necessary to show, that no number of 
the form 4n +3, or 5n+1, multiplied by any one of 
the nine digits, can be asquare. Now the following 
products, | 

(4n+ 3) x 1, 

(4n+3) x 4, 

(4n+3) x 9, 


cannot produce squares,, because one of the factors 


is a square, and the other not; and, consequently, 
the product cannot be’a square (art. 15). 
Again, 
(4n+3) x De An’ + 2, 
(4n+3) x 54n’ +3, 
(An+3) x OchAn’+ 2; 


which are all impossible forms for squares (cor.-3, — 


art. 42). And since a repetend unit is likewise of 
the form 52+1, we have | 

(52 +1) 325m’ +3, 

(52+ 1) x 75n’ + 2, 

(5%+1) x 85n’ +3, ° | 
each of which is an impossible form (cor. 2, art. 43); 


j 
: 
} 
« 
f° 
a 
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and, consequently, no repetend digit can be a sefuate 
number. —@. E. Ds 

Cor. 5. Every square number being of one of 
of the forms 5n, or 5n+1; or, whith i is the same 
thing, of one of the three forms 5n, 5n+1, or 
5n+4; we may farther divide them into the 
following classes, according to modulus 10, by 
taking 2 even or odd: 
5n = =10n, when # is even; 
5n 10n’+5, when vn is odd; 
5n+1+:10n’+1, when 7 Is even; 
5n+110n’'+6, when v is odd; 
5n+4:10n’+4, when n is even; 
5n+4%10n’+ 9, when n is odd. 

Therefore, every square number, compared by 
modulus 10, is of one of the forms 

10n, 10n+1, 10n+4, 102+5, 10%+6, 102+ 9. 

And hence it follows, that all square numbers 
_are terminated, on the right hand, by one of the 
digits 0, 1, 4, 5, 6, or 9g. And, consequently, no 
number, whose last digit ‘is 2, 3, 7, or 8; is a 
square number. 

Cor. 6. By an examination of the first, fifty 
square numbers to modulus 100, the following 
properties of the terminations of all squares will 
be readily deduced. 

1. A square number cannot terminate with an 
odd number of ciphers. 

2. If a square number terminate with a 4, ee 
last figure but one will be an even number. 

3. If a square number terminate with 5, it will 
terminate with 25, > Nig 

G 2 
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4. If a square number terminate with an odd 
digit, the last figure but one will be even; and, if 
it terminate with any even digit, except 4, the 
last figure but one will be odd. 

5. No square number can terminate with two 
equal digits, except two Os or two 4s. 

6. A square number cannot terminate with 
more than three equal digits, unless they be Os; 
neither can it terminate in three, unless they be 
three 4s *. 


7 


PROP. iii. 


44, All square numbers are of the same form 
with regard to any modulus a, as the squares 


0°, 1°, 2°, 3°, &c., - - - (ta)’, when a is even; 


and as the squares 


2 : —I 
OF OFS" & es, == (¢ = yp when a is odd. 


For every number may be represented by the 
formula an+r, in which r never exceeds +a (cor. 2, 
art. 10). Now 


(an r)*= a'n' + 2anr +9 = alan’ + 2nr) +7"; 


and, since the first part of this formula is divisible 
by a, the whole formula will leave the same re- 
mainder, when divided by a, as the part 7*; that is, 
it will be of the same form, with regard to the 


* By means of these, and similar observations on the forms - 


and terminations of square numbers, we may frequently ascer- 
_ tain, from inspection, whether a given number be a square or 
net, witheut the trouble of extraction. 
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modulus a, as the square 7”; but 7 never exceeds +a, 
therefore, all square numbers, as referred to modu- 
lus a, being of the same forms as the squares 


9° 


I GaP aa LA. Pe gel ca 

in which 7 is limited not to exceed 1a; it follows, 
that all square numbers, to modulus a, are of the 
same form as the squares 

O°, 1°, 2°, 3°, &c., - - - (4a)*, when a is even; 
and to the squares 


0", 1°, 2°, 3%, &e., -- - ( 


a—l 


) > when a is odd. 


a, Bs Dy 
Cor. When a is even, the general formula 
an + 2anr+r°, becomes 
4a°n? + Ad’nr +77, 
w4a(an'+nr) +r; 
therefore, all square numbers are of the same form, 
to modulus 4a, as the squares 
. GOP Pets ee, pte sr q™ 
And hence we see, immediately, that all squares, 
to modulus 8, are of the forms 8n, 82+ 1, or 82+ 4, 
being all of the same form as the three squares 
’ Orta and 2. 
45. Scholium1. In order to ascertain the forms 
under which all square numbers are contained, 


with regard to any particular number a, as 
O 


a modulus, we need only find the forms of all 
squares from 0° to (ta)*, when @ is even; or to 


ee ; 
( *) , when a is odd; and the results will 


2 
necessarily include the forms under which every 
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square number whatever is contained: and thus the 
following table is very readily computed, which ex-~ 
hibits all the possible forms of square numbers, for 
every modulus from 2 to 20, and which may be 
continued to any length at pleasure, 


‘able of the Forms under which all Square 
Numbers are contained, for every Modulus 
from 2 to 20. 


Moduli. | Formule. 
Or eer ee a 
2 Qn Qn+- 1 | 
3 3n 3n-+- 1 
4. 4n 4n-- 1 
5 5n 5n+ | 
6 6n 6n+ | 6n-+- 3, Gn-+- 4 
7 in 7n-+- 1 In-+- 2 7n-+ 4 
8 8n 8n-+- | Sn--- 4 
9 | . On Qn-- J On-- 4 Ont 7 
10 107 10n-- 1 lOn-+: 4 10n+ 5 
1 lin liv Ls lint 2 lnk 4 lint 8 
oe | lIn+ 9 
12 | 12n 12n+ 1 12n+'4 12n+ 9 
13 13n 13n-+ 1 13n-+ 3 132-4 
14 14n 142+ 1 T4n-- 2 l4n-+ 4 14+ % 
l4n+ 8 l4n+ 9 14n+11 
5 lin lin-+- 1 lin 4 l5n+ 6 IJdn-+ 9 
15n-- LO 
16 162 16n-+- 1 l6n+ 4+ l6n+ 9 
17 17n Vink 1 lint 2 Vink 4 17m 8 
18 182 18n-- 1 \8n--- 4 I 8n+ 7 18-10 
. 18n+13 18n-+16 ‘ | 
197 19n+ 2 19m 4 19n+ 5 19V+4 6 
19 19+ 7 19n4+ 9 .19M+11. 192+16 
| 19n-+-17 ‘an ; | 
20n 20n+ 1 20n-+ 4 20n+ 5 20n- 9 
20 } 20n-+- 16 \ ; Ai | 
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46. Scholium2, Hence, by way of exclusion, 
arises the following table, which exhibits all those 
forms, referred to the same moduli, that can never be- 
come squares, and by means of which we may frequent- 
ly ascertain whether a given number be a square or 
not, without absolutely performing the extraction. 


Lable of impossible Forms for Square Numbers 
Jor every Modulus, from'2 to 20. 


Magn, | Impossible: Formule. 
2 SRE ho corer —A— —— —— -- — -— — —- —-, 
ah 3n+. 2 
4 4n-+- 2 4n-+- 3 
9 5n+ 2 S5nt 3 
6 6Gr+ 2 Gat 5 
7 Tn+- 3 Tn+- 5 Tn-+ 6 
8 8n-+ 2 Sa 3 Sn-- 7 
9 On+ 2 Ont 3 Ont 5 Ont 8 
i0 1On-+- 2 Ow 3 . 
11 IIn4-+- 2 JIin+ 6 Jin+ 7  ILiln+ 8 I1n+10 
12 -l2n+ 2 12n+-3 12m+ 5 12n4+-6 12n+ 8 
12n-+-+10 
13 13H+-r2 © 139 5 15n-- 6 
l4n+- 3 14n4+ 5 14n+ 6 I4n+10 14n+12 
14 3 
142-13 
15 l5nt+ 2 5n+ 3 V5m+ 5 I5n+ 7 15n+ 8 
| 15n--11 15n+12 J5n-+-13 15n+14 
16 l6nt+ 2 Il6nm+ 3 I6n+ 5 16n+ 6 16n+ 7 
l6n+ 8 16n+12 6n+15 
17 l7n+ 3 l7n+ 5 l7a+ 6 . lint 7 
18 18n+ 2 187+ 3 I8n+ 5 18m+ 6 18n-+4 8 
18n+ 9 1Sn+-11 18n+14 18x+17 
+ 1ont+ 2 19m+ 3 19m+ 8 192-10 19n+12 
19n+13 19n4+1k 19n+15 19n--18 
0 gon. 2) 2ZOR4- 3 2OnF) 6 2On-+...7 20n+ 8 
é 20n+10 2On+11  20n+15 20n-+-19 


th 


a 
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| Lemma. 

47. In order to simplify and abridge the de- 
monstration in the following propositions, it will 
be proper to make a few general observations on 
equations of the form aé’ + bu’ =". 


And, first, we may always consider a and 6 as 


quantities that have no square factor, or divisor ; 
for, if a=a’¢’, and b=0’6’, our equation becomes 
apt’ + b0’u®=w*; or, making ¢f=v’, and du=w’, 
we have dt” + b’u”=w’*; and, consequently, if the 
above equation obtain when the quantities a and b, 
or either of them, have a square divisor, It may 
always be put in another form, a’t?+ b’u?=w*, in 
which the similar quantities a’ and 0’ have not a 
square divisor; and, therefore, in what follows, 
with regard to the possibility or impossibility of 
equations of the form aéf’+ bu’, we may always 
consider a and 6 as not having a square divisor. | 
‘Again, if the equation at’+ bu’=w" be possible, 
when 2, w’, and w’, have a common square divisor 
g°, it is also possible when divided by it; thus, if 
ag't” + bg°’u = gw” be possible, so also is 
at? + bu? = w”, 
which is a similar equation to the first, and in 
which £7, 2°, and w’, have now no common square 
divisor. And it is evident, that no two of these, 
squares can have a common diyisor, unless the 
shin square e has the same. For, if it be possible, 
let f= to", and u’=u’’@’; then, at’? + hud Ot aap 
where the first side of the equation is divisible by 9’, 
but the second i is not, by the supposition, and yet it 
js equal to the first, w hich is absurd: and the same 
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may be demonstrated if any other two of those 
squares are supposed to contain a square divisor, 
not common with the third; a and b having no 
_ square divisor, as is shown above. 
~ Hence, then, we may draw this conclusion, in 
any case where we are investigating the possibility 
of an equation, of the form aé’+ bu’=w’*, the quan- 
tities a and b may be considered as not containing 
a square divisor; and also the three quantities ¢, u, 
and w, as being prime to each other: for if the 
equation be possible under these conditions, it is 
possible when those quantities have a common 
measure; and if it be impossible under the former 
case, it is also impossible under the latter. 

And it may be farther observed, that if any 
equation of the form aé’+ bu’=w* be impossible in 
integers, it is so likewise in fractions; for make 


Bits seth x a5 a 
t=—, u=~, and w=-, then it becomes 
Sys? y 


2 2 


r q aie ‘ : 
te + we =-—; which reduces it to this, 
s° prt: bis 
Bs DAD 
vx 
Q,.2 oe i . 
aru’ + bsy? = ed OT, making 


SUN’ 


SY = 0,°S yt, Od Ww 
~ 


“ 


which last must evidently be an integral square, we 
have again at?+ bu?=w*; so that the possibility of 
any fractional equation of this kind depends upon 
a similar integral equation, and if, therefore, an 
equation be impossible, in integers, with any spe- 
ecified value of a and 6, it is also impossible in 
fractions. 
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Cor. The same that has been proved of the — 


equation at? + bu? =w* is also true of the equation 
at’ + bui=w*, and, generally, of the equation 
at'+bu’=w"; it being always understood, that 
neither a nor b contain any factor that is not a 
complete. nth power. 


~ 


PROP. IV. 

48. The equation 2¢°+3qu’=w" is always im- 
possible, either in integers. or fractions, if q be 
taken prime to 3, 

We have seen, in the foregoing lemma, that. it 
will be sufficient to consider ¢ and uw as integers ; 
and that we may always suppose @, w°, and w’, to 
be prime to each other. Now, since 3qu° is always 
of the form 3n, whatever may be the form of w’*; 
and since é must be of one of the forms 3”, or 
3n +1. (art. 45), we shall have, either, 

Ist, (39+2)3n+3qu'=uU"; or 
2d, (38p+2)(38n+1)+3qv?=w’. 

But in the first equation, where we suppose 
#s:3n, we have the first side of the equation di- 
visible by 3; and, consequently, the other side w’, 
is also divisible by 3; that is, both @ and w” are of 
the form 37; whereas we have seen, that they are 
prime to each other, which is absurd; therefore, 


the equation is impossible, when éis of the form 3n. — 


Again, in the second equation, in which we have 
supposed #=232+1, we have 
(3p + 2).x (82+ 1) +3qw=w", or 
Opn. +6n+ 3p+2+ 3quv=w*, or 
3(3pn + In+ p+ qu’) +2= wv’; that is, 
wee 3n’ + 2, 
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which is impossible (art. 46); therefore, the equation 
is always impossible, under the above limitation 
of q.—-@. E. BD, 

Remark, If ghad not been taken under the above 
restriction, our demonstration would necessarily 
have failed; because, inthat case, if we put g = 3q’, we 
should have had 3qu’=q’ . Qu’; or, making 9u’=u”, 
3qu°=q'u”; which would evidently have altered the 
form of the equation. But, under the above re- 
striction, we are led to several impossible cases, by 
taking p=o0, or an integer number, and g any num- 
ber not divisible by 3: thus 

p=0, then 22+ 3v=>w"; 

p=1, then 52+ 3u'=w’; 

p=2, then 8? + 3u°= w"; 

eee et &e. &e. 
are all impossible equations, which may be carried 
on at pleasure. 

In the above, we have taken g=1; but if q=2 
_ and | 

p=0, then 2f+60=w’; 

p=1i, then’ 5? + 6u’? =a"; 

p= 2, then 8#+ 60°=w"*; 

&e. &e. &e. 
are also impossible equations ; and thus we may 
proceed to find impossible equations, to any length, 
at pleasure. © 


PROP. V. 
49. The equation (5p+ 2)@5qu’=w" is im- 
possible, when g is prime to 5. 
For ¢* must be of one of the three forms, 5n, 
~5n+1, 5n—1; which furnish the three folowing 
equations : 
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Ist, (5p+ 2) x 5n-5quv=w"; 
2d, (5p+ 2) x (5n+ 1)p5quv=U"; 
3d, (5p+ 2) x (5n—1)5qv=w". 
In the first equation, in which we suppose 
fs:5n, we have evidently w*sn5n’ also; that is, 
# and w* are both divisible by 5, whereas, by the 


preceding lemma, they are prime to each other, 
which is absurd; therefore, the equation is im- 


possible, when @°=& 57. 
In the second equation, in which we suppose 
f’+5n+1, we have | 
(5p+ 2) x (5n+1)#5qu’=w", or 
25pn+ 10n+ 5p+ 2Q5qu’=w", or 
5(5pn-+ 2n+ pwqu’)+2=w"; 
that is, w°:5n+2, which is impossible (cor. 2, 
art. 43). 
In the third equation, we suppose 
t?=:5n—1, which gives 
(5p 2) x (6n—1) qu =u", or 
25pn+ 10n— 5p + 24gue=w", or 
5(5pn+ 2n—pqu’) +2=w’; 
that is, w’sk5n +2, which is also impossible ; and, 
consequently, as ¢’ must be of one of those forms, it 
follows, that the equation (5p+ 2)#@a5qu’=w" Is 
always impossible, when q is prime to 5. 


od 


Cor. By means of this proposition, we arrive at 


the following set of impossible forms to modulus 5, 
which may be carried to any length. 


PY igh = Way TH 1» RRR WT se AE eI ag 
Of hou = WwW, | Gb ae LOU. — ww , 
FC SOU Sree | 70 Sa = We, 
SP bw = 0 4 SP HIV Sw 
&e. &e. &e. | &e. Ke. &c: 
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PROP. VI. 

50. Every equation that falls under any of the 

following forms is impossible; vis. 
(7p+3)\P +7qw =u, 
(7p+5)P+7qu =u", 
(7p + 6)f + 7quv =w*, 
it being always understood that q is not divisible 
by 7. 

For every square number is of one of the forms 
7m, 7n+1, 7n+2, or 7n+4 (art. 45). 

But @ cannot be of the form 7”, in any of the 
equations, because then w* would be of the same 
_ form; that is, both ¢ and w* would be divisible by 
7, which is contrary to the supposition, since they 
are prime to each other; therefore, ¢ must be of 
one of the other forms, if there be any case in which 
these equations are possible. 

Now in the first “equation, if we suppose 
?=7n+1, we have 

(7p+3)x (7n+1)+7qw=w", or 
A9pn+ 21n+7p+3+7qu=w", or 
7\7pn+3n+p+qu)+3=w"*, or 
w~7n +3; 
an impossible form for squares (art. 46). 
Again, suppose f’=7n+2; then 
(7p+3) x (7n+2)+7qw=w", or 
49pn+ 21n+ 14p+6+47qu =u", or 
7(7pn+ 3n+ 2p+ qu’) +6=u", or 
wern+o; 
an impossible form, by the same article. 
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If f27n+ 4, we have 
(7p +3) x (7R+4) +790 =w’, or 
49pn + 21in+ 28p+12+7qu =w", or 
7(7pn+3n+4p+qu’)+12=", or 
went 5; 
an impossible form. 
Therefore, the first equation is impossible inde ; 


every form of @, g being prime to 7. 
In the second equation, 


(Vp +5)P+t7qu =u", 


by assuming @° successively of the three forms — 
7n+1, 7n+2, 7n+3, we are led to the following 
results. 


9 | (7p+5) x (7n+1)47qvaws 
Pa7n+1, then / | a 45: | 


* oh, , (7p + 5) x (7a+ Der 7qu =w 4 
fxn 7n + 2, then : UE ag 


San) (7p + 5) x (7+ 4) + 7qu = wis 
fa7n+ 4, then ! Tbs 


all of which are impossible forms: and, conse- 
quently, the second equation, 
(7p+5)P+7qv=w', 
is always impossible, g being prime to 7. 
In the third equation, 
(7p+ OF +79 =u", : 
by assuming, as before, ¢° of the forms 7n+1, 
7n+2, 7n+3, we have | "Ss 
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f-27n+1, then (7p +6) x (7n+1)+7qw suis 
. "n' +O; 

Be 5 (7p +6) x (7n4+2)479¢wW =u 

P7n + 2, then | ce B 


° 


(7p +6) x (7n+4)4+7qU=w sR 


f7n +4, then ! ow +33 


which are likewise impossible forms: and, conse- 
quently, the three given equations are all impossible, 
when g is prime to 7.— @. E. D. 

Cor. This proposition furnishes us with the 
following particular cases, which, like the fore- 
going, may be extended to any length. 


BP Ye Sens ae SE +140? = w", 
SE + 7u =u", 52° + 140? = ww", 
be" 47 Hw, | 96/4141 = 2, 
10° 4+ 7w=u*, | 10? +140=w’, 
1204+ 7u =w, | 12°+140 =H’, 
130+ 7wW=w, 113% 4140 =n’, 
&e. &c. &e. | &e. &e. &c. 


Scholium. If we examine the impossible forms 
of the foregoing propositions, it will be readily 
observed, that the multipliers of 2° are all impossible 
forms, with regard to that particular prime mo- 
dulus to which they are referred: thus, 


3p+2, to modulus 3; 
5p+2, to modulus 5; 


(Pp + 3, 
7p+5, eto modulus 7. 


7p +6, 


And hence we are led to an inference, that the same 
is true for any other prime modulus; that is, the 
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Equations 
(lip+ 2)@+1lqw=w’, 
(lip+ 6) agus 
(lip+ 7)P@+11gu’ =u", 
(lip+ 8)P+1ligw=w", 


(lip+10)@+ llqu’ =v’, 
are all impossible, while g is taken prime to 11. 
Also, 
(135p+ 2)? 138qv’=w*, 
(l3p+ 5)P413qgu’=w’, 
(13p+ 6)PR13gqu =", 
when q is taken prime to the modulus 13; 


And 
(17p+ 3)PBIZquv =u", 
(17p+ 5)PIZQuv =a", 
(17p+ O)P17qu=w*, 
(7p+ 7)PR 17g <0", 
when q is taken prime to the modulus 17 ; 
Likewise, 

(19p+ 2)f+19qwv =~", i 

(19p+ 3)P+199qUv =a", | 

(19p+ 8)P+19qwv =a’, 


) 
(19p + 10)é° + 19qu* =x", 
(19p + 12)@ + 19qgu* =", 
(19p + 13) +19quv?=w*, 
(199+ 14)P + 19g? =v", 
(199+ 15)? + 199qv =w’, 
ye 


(19p + 18)# + 19qu’=w*, 
when q is prime to 19; are all impossible forms of — 
equations in rational numbers. 

These latter forms are only deduced from ob- 


seryation, upon the supposition that the product of _ 
‘* 
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a possible and impossible form is also of an im- 
possible form; which property is, however, ri- 
gorously demonstrated in the two following pro- 
positions. | 

With regard to such moduli as are not prime 
numbers, thes are evidently reducible to others 
that are prime, by means of the indeterminate 
letter . 

PROP: VII: 

Br. Let a be a prime number, and ¢ any number 

prime to @; then, if the series of square numbers, 


a—1\° 
G°, 2°", 3°°, 4 Y KE, oe ye 


be divided by a; they will each leave a different 
positive remainder. ty 

For if it be possible, that any two. of these 
squares, when divided by a, can leave the same re- 
mainder, let them be represented by m’°o°, and n°Q* ; 
that is, let me” ap +r, and n’¢*ag+r, 7 being 
the common remainder of each; then, it 1s evident, 
that the difference of those squares, | 

mo —no=(ap+r)—(aqt+r) =ap— aq, 
will be divisible by a; but this is impossible, for 
mo — ng? =o x (m+n) x (m=n); 

and since both m and n are less than 4a, their sum 
(m+n) <a, and, consequently, prime to it, because 
a is a prime number, and the same is evidently true 
of the factor (m—mn); also ¢° is prime to a, by the 
hypothesis; and, therefore, the three factors, ¢°; 
(m+n), and (m—n), are each prime to a; and, 
consequently, their product ¢°(m’—n*) is so lke-~ 
Wise (cor. 1, art. 11): hence, then, the squares m'¢*, 

VOL. I 4 
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and 2°¢°, cannot be of the forms pa+r, and ga+r3 
that is, they cannot have the same common re- 
mainder. Since, therefore, no two of those squares, 
to modulus a, can have a common remainder, these ~ 
remainders are all different frem each other. 

@. E. D. 

Cor. 1. The same is also true of the negative re- 
mainders, of the same series, to the same modulus, 
by taking the quotient in excess; that is, if the 
series of squares, 

2 

¢"; 2°¢"; a 4°", ear ( 9 *) $", 

be divided by a, and the quotient be taken in excess, 
so that the remainders may become negative; then 
will these negative remainders be all different from 
each other. The demonstration of which is exactly 
the same as that of the foregoing proposition, by 
making m’$’=spa—r, and nd’ sqa—r;, —r being 
supposed the common negative remainder. 

Cor. 2. Since, in the above demonstration, it is 
only necessary that >° should be prime to a, there- 
fore, all that has been proved of the series of 
squares, 


2 229 none 42nd a—1 “ae 
o, 20% 3O, 46,7 - - = ¢’, 


2 


| 


is equally tre of any other series of squares, 


o 9° o © i} P » 
n°, 29", BR’, Aa, + ao ( Ye, 
2 


providing 7° be prime to a; and the remainder of 
this last series will be exactly the same as the re- 
mainders in the former series, except that their 
order may be changed. For it has been de- 


a 
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onstrated (art. 44), that the forms of all square 


numbers, to any modulus a, are the same as those 
of the squares 


° o 9 ah : 
175 °9*, 13°, 43, &e., = + - ( 5 yi 


the number of forms are, therefore, limited never to 
a—1) 


exceed 


; and, consequently, the same re- 


mainders will recur in any series, and only the 
order of them will be changed: and hence it follows, 
that, whatever remainder ariy square $° may leave, 
another square m°x* may be found, that will leave 
the same remainder; atid, therefore, if sm?—* be 
divisible by a, then sm? — m°x* =m’ x (s—z°) is also 
divisible by a, and likewise s—z*; because m’* is 
supposed prime to a: 


PROP. VIII. 

52. The multiplication of a possible and impos- 
sible form of square numbers, to the same modulus, 
always produces an intpossible form. 

Let a be any prime number, and let 

Pig To, Tey Nay &c., 
be the remainders arising from dividing the series 
of squares, 


9 ¢£ 9 89 9° ‘a 1 | ; t9) 
oY, 2g, 3°g%, 49%, &e., ( : y $*, 


by the modulus a; then wiil 


ap+r,, 2p+r., aptr;, &e.; 
represent all the possible forms of square nuinbers, 


to modulus a@ (art. 44); and, since the number of 
H 2 
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these remainders 7,, 7, 7,, &c., never exceeds 
a it follows, that there are the same number of 
impossible forms ; which may be represented by 
| aG+S8,, AQ+S, ag+s,, &e.; 
and it is to be demonstrated, that any one of these 
impossible forms, being multiplied by any of the above 
possible forms, will prodace an impossible form. 
For let m’$*:ap + r,, represent any possible form, 
and aq+s, any one of the impossible forms; then, — 
if (ap+r,) x (ag+s,) produce a possible form, ~ 
md’ x (aq +s,) =agm’>’+s,m'¢? will be the same; — 
or, $,m'd*, because the first part agm’¢” is divisible 
by @; but if this be a possible form, that is, if, L 
when divided by a, the remainder be found in the _ 
series of possible remainders, | 
| Try Voy Ts) Tay &C.;, 
Jet it be represented by r,, then it is evident, that ~ 
the square v'p’, whence this remainder is derived, 5 
being of the form ap+7,, and s,m’¢° being supposed 
also of the form ap’+r,, we should have 
smd? —v' Pp? =(ap’ +r,)— (ap+r,) = 
(ap ~ ap} divisible by a; 
and, consequently, | 
(snp —v°d*) = G"(s,m? —v") divisible by a; 
but 9° is prime to a, therefore it must be- 
iy ($,7 —U°)~-a. 
But, whatever remainder the square * may give te 
modulus a, another square, mx’, may be found, 
that will have the same remainder (cor. 2, art. 51); 
ind, consequently, if (s,7m°—v’) be +a, then will — 


e) 
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{s,m°—m'x*) be +a; but (s,m°* —m’*r*) =m'(s, — 7°), 
and mis less than a, and, therefore, prime to it; con- 
sequently, if m°(s,—-2°*) be divisible by a, (S,—7°) 
must be so likewise; that is, x divided by @ must 
have a remainder s,, or 7*shap+s,; but this is an 
impossible form of squares by the hypothesis, there- 
fore, (s,—z*) is not divisible by a; that is, the 
product (ap+7r,,) x (aqg+s,) cannot, when divided 
by a, leave for a remainder any number in the series 
of possible remainders, 
NRE ay aks oe 
and, therefore, the remainder of this product ce 
tall in the other series 
Sik: SH Gets, SOCCHS 

and, consequently, (ap+7,,) x (aq+5s,) is always 
an impossible form; that is, the product arising 
from a possible and impossible form, is itself 
also an impossible form. — @. E. D. 

Henee we have demonstrated the truth. of what 
was deduced from observation in the scholinm 


(art. 50), 


PROP. IX. 
53. To ascertain the possibility or impossibility 
of every equation of the form 
ax® + by’ = cz’. 
The rule for this purpose is deduced sihedsately 
from the foregoing proposition ; viz. that a possible 


form multiplied by an impossible form always pro- 
duces the latter: for from hence it follows, that 


ax* is always of the same form as a, with regard to 
possible or impossible; and, in the same manner, by* 
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is of the same form as b, and cz* of the same form 
as t. Now aa°=ena, therefore cx’—by® must be 
also of the form ma; and, consequently, cz* must 
leave the same remainder, when divided by a, as 
by* does when divided by the same: it is evident, 
therefore, that these remainders must be both of 
the class of possible remainders, or both impossible, 
for otherwise they could not he equal; but these 
remainders will be of the same classes as c and b are; 
and hence it follows, that, if ¢ and ) are both found 
among the remainders to modulus a, or neither of 
them are found there, the equation may be possible, 
but if one of them is found there, and the other not, 
the equation is certainly impossible. And, in the 
same manner, if a@ and c be both found among the 
remainders to modulus 6, or if neither of them be 
found there, the equation may be possible; but if 
one is found there, and the other not, the equation 
is certainly impossible. And, for the same reason, 


a and — 6, or, which is equivalent, @ and c— 6, must _ 


be either both found among the remainder sof modu-- 
lus c, or neither of them, if the equation be possible, 
Having thus shown the principle of the rule, it may 
be delivered more briefly thus: 

Find the forms of all squares to modulus a, or, 
which is the same, the remainders arising B fr om di- 
viding the squares, 


SP ali he *, &e., (44)*, by a; 


and, if b and c are both found in this series of re-_ 


mainders, or if neither of them be found there, the 
equation may obtain; but if one of them be found 
there, and the gther not, the equation is certainly 
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impossible, and it will be needless to proceed any 
farther in the investigation. But if one of thetwo first 
condittons have place, then find the remainders of 
1°, 2°, 3°, 4°, &c., (46)*, divided by 6; 
and these remainders must be submitted te the same 
test, with regard to @ and c; and if one of them he 
found there, and the other not, the equation is im- 
possible, and we need proceed no farther in the in- 
vestigation. But if this he not the case, find the re- 
mainders of . 
Pe 3*, At) &e., Ge) divided biye3 
and if @ and (c— 6) be both found in this series, or if 
neither of them be found there, the equation is 
possible, supposing the same to have had place in 
the other two series; but otherwise the equation is 
certainly impossible. 

It is to be observed, that, when any one of those 
three quantities is greater than the modulus, with 
the remainders of which it is compared, it must be 
divided by the modulus and remainder used, instead 
of the quantity itself. It may be also farther ob- 
served, that, if any one of the three quantities, a, J, 
or c, be unity, only two trials will be necessar Ys oar 
if two of them be unity, but one. 

These operations will be considerably abridged 
by means of the following table, which exhibits the 
remainders to every modulus, from 2 to 51, ex- 
cepting only those numbers that contain square 
factors, because a, 6b, and c, contam no. square 
factors (by art. 47); and hence the possibility 
or impossibility of any equation, in which the co-. 
efficients do not exeeed 50, may be ascertained by 
inspection. 


104 Forms of Square Numbers. 


+ 


Table of the Remainders of Squares to every 
Modulus, from 2 to 51. | 


Moduli. Remainders. 
"od, 4 
3 1 ‘ 
5 v4 
6 427 10 (8 Tama 
fae si ye , y 
10 Lee. 6 ae 
11 Po Gu tee eb a : 
13 1 789 FARO PO 48 
14 1,42) .8 2501s Og OMA Wie 
15) A On be a0 . 
17 Yer a BPS Th. 16 | 
AOVAeia BRS ONE ae Oe? TEP 
AOL Abt ithe SEs 92.15 TBAB 
92 1S Oo Vo 8 ole 19 ake a See oy 
BOT BG ck boy Bie ldo Teale , 
26 f-S° 4¥ Lot 01 10"- Ta 16: 17" “98863 05 
291 14 5 6 7% 9°13 16.20! 22 93 Oh. 25 99 
30 1 69.000 wats. 16 We Our aod Gok aes | 
Tl. Soe Oe TB O10. dae a6 18.10) 20.2500 
33 1 OS TB te 45 18929 “OS o7” 31 
iy 1,2) 4) 8 8 49035146 ay 648. 19) ew es <6 
32 33 
35 14 9 11 14 15 16 21 25 29 sO 
54 1 Soh Te  '9 YO 8119199 4E Met! 05% ae “ey oar ae 
33 34 3 
op 3} 68) 6-8 0. 4) “a6 17 49) 20 eg Sak. oe 
28 30 35 36 
BF LB ds 9410 dR 3' 16) 82 BR ow Man bee 
41 $1 ore OS Br O. 10:16. 18 BO) Bia ete ee 
33: 386 37 39 40 
Ag Lob oT O19. 16.18 1214 02 \peheoe. ben. Belem 
‘se 5 14 6 9 10 11.13 14 18 16 17 21 23. 24 
51 35 36 38 40 41 
ag . B78) 46 yO 8 V9 19, 1316 48 99 | BiheRs 
7 29 31 32 35 36 39 Al 
He } Bi ee fhe PB ET Bag Ta 16° 17 Ven ee mS 
| 95 27 28 32 34 36 37 49 e 
& e 4 9 13 15 16 18 19 21 23 25 30 34 36 ve 
: 43 49 A 


aon: i Med el pier 
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Ex. 1. It is required to ascertain, whether the 
equation 7«°+ lly = 13° be possible or impossible. 
1lih7n+4, and 13%7n+6. 

Now 4 is found in the table to belong to modulus 7, 
but 6 is not found there, whence the equation is 
impossible. 

Ex. 2. Find whether the equation 

7a + ily? = 232° be possible or impossible. 


llw7n+4, and 23%7n+2. 


And 4 and 2 being both found to belong to mo- 
dulus 7, the equation may be possible. 
Again, 
7+11ln+7, and 23-211n+1. 
Now one of these remainders, 1, belongs to mo- 
dulus 11, but 7 does not, Hhevstore the equation is 
impossible 
Ex. 3. Find whether the equation 
142° + 6y*? =172° be possible or impossible. 
ea Sbace 17S 14n+ 3. 
And neither 6 nor 3 belongs to modulus 14, there- 
fore the equation may be possible, 
Again, ‘ 
14:n6n + 2, rekon Se 
And neither 2 nor 5 belongs to ‘modulus 6, the 
equation, therefore, may still be possible. 


Also, 
14%:7n4+14, and 17—6417n+ 11. 


And neither 11 nor 14 belongs to modulus 17, 
therefore the equation is possible. In fact, 


be bh Oa * = 17-0 10": 
These examples will be quite sufficient for ex- 


e 
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plaining our operation; it may not, however, be 
superfluous to add, that, when an equation appears 
under the form ga2°—by’=cz*, it is immediately 
transformed to the sort of equation we have been in- 
vestigating, by writing it cz’ + by’=ax*. The cases, 
in which one or two of the coefficients become 
unity, are evidently involved in the general form 
above given, and, therefore, need no examples *, 


PROP. X, 

54, The equation a°—7’=a3* is always possible 
in integers. ; 

For, if we resolve a°—y’ into its factors x+y, 
and x—y (which are the only two literal factors 
that the formula admits of), and also az° into any 
two factors amd’, and mu’, we have, by comparison, 

e+y=amel’, \ ish / L+y=mu, 
L—Y=me , } x—y=ame’, 
which, by multiplication, becomes a*—y*=am'tu', 
or «° —y' =az", by making 2 = mtu. 
Now these equations give, 


ame + mu’ amt? — mue 
Leste fee ss and ie eae 


mu + amt? mu? — améf* 
————. , and y= ——__.. 
> y 3 , 


On making m=2, in order to clear the ex: 
pressions of fractions, they become, 


TiN 


ist, a=af+w’, and y=at—u’'; 
| 2d, r=u'+ af’, and y=u—al’:, 
therefcre, the equation is always possible in in- 
tegers.— Q. E. D. 


* See pany. chap. il. prop. 5. 
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We may also take m=1, or any odd number, 
only observing, that if @ be odd, we must have ¢ 
and « both odd; for, otherwise, xr and y would 
not be integers. And if a be even, then x must be 
even likewise. ) 

Cor. 1. If a be a prime number, the solution 
above given is the only one the equation admits of 
in integers, for x+y and «—y are the only literal 
factors of a°—y’; and amé* and mu are the only 
factors of az*, with regard to form; and, conse- 
quently, one of the two equalities must obtain; but 
the quantities ¢ and w being indeterminate, they 
will furnish an infinite number of numerical solu- 
tions. But if @ be a composite number, then the 
equation may have, beside the two solutions given 
above, as many different literal solutions as there are 
different ways of producing a by two factors; thus, 
if a=be, we may have 


r+y=amt’, et+y=mu 
Ist, oe a 2. and, 
r—y=me, =amt’; ? 


od, { v+y=bmi’, 4 ae x+y =cmu’, 


L—Y=cmU, “2 y =bmt? i 


Cor.2. The equation 2°—y*= az’ includes the 
two forms 2° —az’=y', and a +az°=y"; for, by 
transposition, the first of these becomes 2° — y’ = az’, 
and the latter ¥° —a° = a2", which are evidently both 

‘of the same form. 

Therefore, if it be required to make a° + az°=y° 
a square, we may have v=a—w, or =w—atl, 
and z=2tu; whence 2°+ax°=(af'+u)*; or we 


alu ; . 
may have x= ————,, and z=¢u, which give 
ed 
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er. af 2b? 
r+azr=l( — : 
34 


And to make 2’—az°=y’? a square, we may 
assume r=at’?+u’, and z=2tu, which give i 
a — ax? =(a?—u’)*, or =(u’—at’)’; 


or we nay take 


at’ + ue 
a=———, and z= tu. 


Cor. S$. Butif a=1, and the equation becomes 
a* +2°=y", then we may have indifierently = We ee The 
ands = ee or v= 2tu, andz= # — wu’, unless there be 
any thing in the nature of the equation that limits ; 
these forms: as, for example, if it be necessary —~ 
that one of the quantities, x or z, be even; then it ‘ 
is obvious, that the even quantity must have the 
form 2tu. ; 
With regard to the equation a°—2°=y", it gives 7 
either s=2+2°, and z=2tu, or z=f—u’, both @ 
of which values of x answer the required tohcibedk ; 
of the equation. 
Ex. Find the yalues of x, y, and x, in the equa- 
tion a° — y? = 3027, : 
Here the following substitutions may be made, 
, | rry= ome, aa | x+y=30me’, 
’ — y= 30mu’, L—-y=, mu. 
if | et+y= Smt’, ul : x+y=10me’, 
x—Yy= 10m", L—y= 3mu’, 


eked 2mt’, me Ip Pa ee hak 


L—y=1L5meu", —y= 2mu’, 


* yi Smt’, ‘pay Ome’, 


x—y= Omu, x—y= 5mu’, 


3 


“ 
oO. 


And making, in each of these, =2, in order to 


Forms of Square Numbers. 109 


avoid fractions, we have the following gen¢fel in- 
tegral values of x and y: 
ae + SOU Pa = 308 + 2", 


] * C 9 OL o 9 2 
y= F-—300,~ Ly=30F— wv. 
9 r= 3f + 10x’, dis Es 10# + 3u’,. 
‘ y= 30 — 10U’, y=10F—3w. 


3 R= 2+ 15u%, f = 150 + 20", 
y= 2 —15u,) . b y= 15h — Qu’. 
(ee bP + bu? {r= 60+ 52° 
A. ~ oO . is or 2 J 
y=5P Sou 'Yysy OP a but: 
In which formule, ¢ and «w may be any integer 
? y <2 
humbers whatever: 


PROP. XI. 
55. ‘The two indeterminate equations, 


¢ 2 Attn eh 
*, and a —y’=w’*, 


G+Y=2 
cannot both obtain, with the same values of w and y. 
For, in the first place, x and y may: be con- 
sidered prime to each other (art. 47), and, there- 
fore, « and y both odd, or one even and one 
odd; and we see, immediately, that it is y that 
must be even: for if a°4n+1, and y4n+1, 
then 2° +y°sh4n+2, which cannot be a square; 
and if a’sh4n, and yR4n+ 1, then a°—y's4n+ 3, 
which is also an impossible form; therefore x is 
odd and y even. 
‘Hence, then (cor. 3, art. 54), we must have, 
ae 
Y¥ = 27s. Y = tu. 
Which furnish the following equations: 
j pi — gia d+ us 
THis bs 
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Now, in these equations, 7 is prime to 5, and 
¢ prime to w; for otherwise, # and y would have 
a@ common measure, which is contrary to the 
supposition; and, farther, as 7=7r*—s° is odd, one 
of these quantities, 7 or s, is even, and the other 
odd; and the same is also true of ¢ and u, because 
@+u°=-2 is an odd number. 

Again, since Sau is an integer, either 7 or s, 
or both, must contain the factors of ¢; for other- 
wise the quotient would not be an integer: we may, 
therefore, make ¢=ab, supposing a, 6, to be its two © 
factors, which may always be done, because, in the 
case of ¢ being a prime, we have only to make one — 
of these two factors equal to unity: and, since these 
factors are also contained in 7s, we may write r=ar’, 
and s=bs’, whence w=7"s’; and now, substituting — 
these values for 7, s, ¢, and uw, the above equation 
becomes 


ar’? — b? 5 = b? + 7’/25/?, 


And here, since r is prime to s, and ¢ to uw; 7”, 8’, a, 
and 6, are all prime among themselves, as is evident; 
for if we suppose any two of the quantities to have | 
a common measure, as, for example, a and 6, then, 
since a and b enter, either separately or connectedly, 
into three of the above quantities, the fourth, 7's’, 
must have the same common measure, that is, t= ab, 
andu=r’s’, wouldhave a common measure, whereas 
we have seen that they are prime to each other; 
and, consequently, +’, s’, a, and 6, are all prime to 
one another. 
Now, by transposition, this equation becomes 


| 
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Cr? — §°7r? = CV + 8°b’, or 
(@—s”)r? = (a +s”)b*, or 
ae+s? 

And here, since a’ is prime to s”, @ +s” 1s prime 
to @—s”, or they have only the common measure 
2 (art. 8); and we have, therefore, these two cases 
to consider separately. First, suppose a’ +s” and 
a’ —s”° to be prime to each other, then the fraction 
Ch Sept a its WK 
72 2 1S IN its lowest terms, as is also BP? because 
r’ is prime to b; and hence, the two fractions being 
equal to each other, and in their lowest terms, we 
must have, as resulting from the first supposition, 


“+s =r”, 
es? =p’, 
Again, let a°+s° and a’—s” have a common 
measure 2, then 
LG + Si Bete oo in? 
Cp at cee oe 
the first and last of which fractions are in their 
lowest terms, and, consequently, 


La+s*}=r”, bo if Sith +s = ar", 
Ma s*) = 8’, = 2b; 
the last of which gives 
| a“ =y” a” P, 
§°7* — OB. 

Now these two results in both cases are exactly 
similar to the original equations, only here the 
quantities are much smaller than in that, at least 7’, 

, and 8, a, are less than y, because y =1’s’ab. 
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Hence, then, it follows, that, if the equations 
: ao + ae 
Lape! 
were both possible, with the same values of wx and 
y, it would also be possible to find similar equations, . 


which would also be possible, and in which y’<y. | 
And, in the same manner, if these last- were possible, 
we might still find others, 


Phi © 
V2 7, eT) 
ee ay =D, 

where y” < y, and so on of others, ad infinitum. 


But itis impossible for a series of positive integers, 


7772 
Ps Wo Yor Ys Bes 
to go on decreasing to soi) without becoming q 
zero; lm which case our equations are 


And, consequently, the two proposed equations care , 
hever obtain, with the same values of a and y, ex- "4 
cept when y =o; that is, the. double equality a 


is impossible. —Q. E. D. 
Cor. 1. Hence, also, it appears, that the two! q 
equations, Tiny WH a 
x? 4 yi 22%, 

ae — y= 2Qw”, 7 

are impossible, with the same values of a and gy, — 
for these.may be reduced to | | 
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=~ dh 
paecu 


and the two last being decane the former are 
impossible also. 
Cor. 2. ‘The two equations 


20° + y= 2, 
20° — yf" = 1%; 

are both impossible, with the samie values of x 

and y. 

For we may consider x and. y as prime to each 
other; and, therefore, both odd, or one even and 
one odd; but they cannot be both odd, for then 

22° +y° = 2(4n +1) + (40’ + 1) B4n+3, 

which carinot be a square: Neither can x be even 
and y odd, for then 

Qa° — y° = 2(An) — (4n’ +1) 40+ 3, 
which is an impossible form. And if y were even. 
and x odd, then | 

ou + y? =2(40 +1) +4n'4nt+ 2, 

which is also impossible; and, therefore, the two 
given equations cannot both obtain. 

Cor. 3. And this again shows the impossibility 
of the two equations 

Pa Daf aoe 
xv — 2y° = 20" ; 
for, by doubling these, we have 
2u" + (2y)*=(22)", 
2a’ — (2y)= (2w)}, 
which we have seen are impossible. 
VOL. I. : I 
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PROP. XII. 
56. ‘The two indeterminate equations, 
{ e+ Oy? = 2°, 
x — 2° =", 
are impossible, with the same values of x and y. 
As, in the foregoing proposition, we may con- 
sider x and y as numbers priine to each other, also, 
as in that, w must be odd and y even; and, there- 
fore, we must have (cor. 3, art. 54), 


; r= — Qs, Jfarar—r, 
Ist; y= FS, y= O75 
y= ors y= 2rs. 


tar. 2 
2d, rs can ‘Therefore, 
kage bie 
r— Os =# + Qu’, or 28° —- r= + Qu’, 
rs = tu; 


and it is to be demonstrated, that these two equali- 
ties cannot obtain at the same time. 

Now, for the same reason as in the foregoing 
proposition, 7 is prime to s, and ¢ to «; also, as in 
that, we may make r=ar’, s=bs’, t=ab, and 
w=r's’; which four quantities are all prime to each 
other, for the same reason as in the foregoing pro- 
position; and these values, being substituted for r, 
s, t, and u, give, 

Ist, r°a? — 28°b = a°b’ + Qr’s”: 
2d, 28° ~ ra = arb? 4 O75" 
which, by transposition, &c., become 
r” (a? — 28”) =6"(a’ + 2s”), 
b'(2s"— a’) =r?(2s" + a*); 
and, by division, 
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@+257? r® 258° +a? BF 
es Cas et ad cal 

Now, since s° is prime to a’, the numerators of 
these two first fractions are prime to their re- 
spective denominators, or they have only the 
common measure 2; for if a’+2s”, and a’— 2s”, 
have any common measure, their sum 2a’ will have 
the same; but 2a’, and a’ + 2s°, can have no other 
common measure than 2, and this can only be 
when a is even; for, ii a@ be odd, a’ + 2s° is odd, 
and is, therefore, not divisible by 2; and, if a be 
even, s must be odd, because they are prime ta 
each other: also in this case we may make a= 2a’, 
whence our two expressions become 


8a”, and 4a” + 2s"; 


Ist, 


and, after dividing by 2, we have 

4a”, and 2a”+4+ 8s”, 
one of which is even and the other odd, and they 
are, therefore, in this state, prime to each other; 
because s’ is prime to a’. ‘There are, therefore, two 
cases to consider separately: first, when the nume- 
rators and denominators are prime to each other; 
and, secondly, when they have the common mea- 
sure 2. 
In the first case, we must have, 


ae ots =r", od RR 
POF a Da Pinas ? = 


The second supposition gives, 

a + 28° = Br", 25° + a° = 26", 
sh ! a — 28° = 20°; ay 2s°—a’=2r”, 
Now the second and third of these forms are im- 

{2 
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possible (corollaries 2 and 3 of the foregoing pro- 
position); and the fourth, being doubled, is similar 
to the first, being 
(2s’)? + 2a? =(25)?, } 
(2s’)*— 2a? =(27r")*. « 


And, therefore, if the original equation, 


x + 2Y° = 2", 
v—2y° =", 


be possible, it is also possible to find-a similar — 


equation, _ 


ye a. 0"? oy v* +2 eas = 3! 
a — 28° = ay Hise =w" : 
in which s or y’<y; because y= Kis 
And, in the same manner, if this last were pos- 


sible, we might find another still less, q 
es x” 49 he ‘1s fe F. 
—2y" = oie 


in which y” < y’; and so on of others still less, ad 
infinitum: whence we conclude, the same asin the 
foregoing proposition, that the two given equations, 
w+ 2y°=2’, 
xv — 27° =w", 
are impossible, with the same values of w and y. ; 
| Q.E.D. 
Cor. Hence again, the two equations, 
22° + yf? = 22?, 
2x — yy? = 2’, 
are impossible; for, if we multiply these by 2, they 
become 
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(2a)* + 2y* = (22)’, 
(2x)? — 2y?=(2w)’*; 
and this being impossible, the first is so likewise. 
Scholium. As, in the following propositions, 
we shall have occasion to refer to the several im- 
possible cases demonstrated in the two foregoing 
articles and their corollaries, it will not he 
amiss to collect them together under one point of 
view, as follows; viz. 
w+ y= zB, r+ yf = 22", 
1. 2, pair 


9 9 


L- y= Ww. 


2 


2x — y a Ww . 2 


; E+ 2 = Z, 6. 2 + Y= 22", 
x — 2° = w’. : 20 — yf = 2H”. 

All of which are impossible forms when taken in 
pairs, and similar impossible forms in pairs might 
be deduced from like investigations; such are the 
following, the demonstrations of which may be 
made to serve for practical exercises for the 
~.gtudent. 


i e+ P=, ¢ Ps y=, 
"U4 2y%=w", "Ue 2 =". 
fs e+ gee } i re pas, 
e+ 3y° =’,  ) -3y =u". 


Hs ae 9 7 Milk Ci 


P+ Dy ae v— 27° = 2 
5. ! Wend ANT 6. : Nor Miata 
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11. he “one 12. et \ mal 


wv — 3y° =’, x + 3y° =w*, 


13 x’ + 3y° = 2°, ia xv —3y =2’, 
" Uavt+Ayraw’, " Lv 4y sw’, 


And, generally, the pair of equations, 


are impossible, if the two equations, 

m + cn’ =(c—1)p’, 

m+ n=(c—1)q’, 
be impossible; and, conversely, if these last two be 
possible, so also are the former; the possibility 
or impossibility of which two last equations may 


be ascertained by inspection, from the table at 
page 104. 


PROP. XIII. 


57. The difference of two biquadrates cannot be 
equal to a square, or the equation «*—y'=2° is 
impossible. 4 

For a —y'=(a°+y")(a°—y"); and since we may 
suppose wv and y to be prime to each other (art. 47), 
it follows, that a°+y* and 2*—y’ are either prime 
to each other, or they have only the common 
measure 2 (art. 8); and, therefore, since their 
product is a square, we must have either 


for otherwise their product would not be a square, 
or the factors would have a greater common mea- 
sure than 2. | 
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But each of these pair of forms are tha ossible, 
being the same as the forms 1 and 2 of the fore- 
going scholium; and, consequently, the equation 
whence they were derived is impossible also. 

Qi, Ee By 

Cor. 1. Ina similar way it may be demonstrated, 
that the equation x‘ + 4y*= 2° is impossible. 

For, in this case, we must have (cor. 2, art. 54) 


| Pr=r—=s*, 
2y°= 2rs, ory’=rs. 
And, since x is prime to y, 7 is-also prime to s; 
and, therefore, because rs=y’, r and s must be 
both squares; or r=a”, and s=y”, and these 
values, being substituted for r and s, become 
= at —y", 

which form we have shown to be impossible in the 
above proposition. 

Cor. 2. Hence again the equation v* + y= 22° is 
impossible. 


xv+y'* x +4 
Por, 2 de A or v= (=ee ty, and, conse- 


9 


al 


quently, 2*—a'y*= (“5 ; that is, the difference 


of two biquadrates is equal to a square, which is im- 
possible (art. 57). 


PROP. XIV. 

58. The sum of two biquadrates cannot be equal 
to a square, or the equation a*+y'=2° is im- 
possible. 

For, first, if at+y* be a square, we must have 
(cor. 2, art. 54) 
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Se u*, y= f? — u’, 

a= 2tu, i te an atu, 
which are two similar expressions; and it will, 
therefore, be sufficient for our purpose to consider 
either; and as we may suppose & and y as being 
prime to each other (art. 47), it follows, that ¢ 
and uw are also prime to each other; and, conse- 
quently, since 2fu=y", one of these quantities must 
be a square, and the other double a square (cor. 4, 
art. 17): let, then, ¢=2a”, and u=y”, whence 
P—w=Ax"—y'; that is, a=4ar*—y": or, mak- 
ing t=x2", and u=2y”, the equation .becomes 
x’ =x" — Ay”; and we have, therefore, to investigate 
the two expressions, 


! x — 4y% =x", 
ft ic LD 
Ag’ — yt=2", 
one of which conditions must obtain, if the original 
equation be possible. 


Now these are resolvible into the factors 
ist, a — 4y'=( 2? 4 2y")( 2? = 27/7), 
ad, 4a” my y” aa (22" + y”) (ee tae y”) ¢ 


And, since « is prime to y, and ¢ tou, it follows, 
also, that 2’ is prime to y’; and, therefore, these 


factors are either prime to each other, or have only 


the common measure 2 (art. 8); and, consequently, - 
since their product is a square, we must have 


(as in art. 57) either 


x? + ri acs rv ie Dipl ics 9; cee 
xv — Qy ~ 2y° = 25” > 


m the first case ; ae 


> 


‘n the second, . 

But each of these forms, taken in pairs, has been 
demonstrated to be impossible (scholiwm, art. 56); 
and, consequently, the original equation whence 
they were derived is impossible also. 

Cor. 1. Hence it follows, that the two equations, 


! xv —Ay =", 

4Av— Yor, 

are impossible, as is evident from the foregoing de- 
monstration, 


PROP. XV. | 
59. The area of a rational right angled triangle 
cannot be equal to a square. \ 


For if it were possible, and z, y, and z, were made 
to represent the two sides and the hypothenuse of 
such a triangle, we should have 

| w+ yf? = 2’, 
ley =w’, 

Or, 

+ 2ry+y =z + 40’, and «°—2wy+y° =x — Aw’; 
that is, 
{ z°+4w°=(x4+y)’, 
s°— 4u°=(r—y)’. 

But these expressions cannot be both squares at 
the same time (art. 55); and, consequently, the 
area of a rational right angled triangle, cannot be 
equal to a square.— @. E. D. 

Cor. 1. Since, in order to have a rational right 
angled triangle, we must have 2° + y’?= 2°; it follows 
(from art.54), that 
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x=r—s’, 
y= 27s. 


And, consequently, if in the fraction 


27s 
rm — 
the sides of a right angled triangle, it will be a 
rational one; and in these expressions we may give 
any values at pleasure to r and s. If, in the second 


» the numerator and denominator be taken for 


2rs 
fraction —— ge We make r=s+1, it becomes 


2s" + 2s 

a aie 

and in this expression, by making successively 
SAD MERE, 

we have the following remarkable series, 


ib aller AP Gh ats Bong Age ei 
Os Lee Be BY ere POR TITY Lig he 


each of which expressions, reduced to an improper 
fraction, gives the sides of a rational right angled 


Q 


we make 


i wight... t Tr 
triangle. And if in the fraction 


s=1, and r=2n +2, our expression becomes 
An’ + 8n+8 AN + 3 

my ar oa 4n+4° ) 

and here, making n=1, 2, 3, 4, &c,, we have. 

this other series, | 

PEO Ange Oe ERGATA Fee ee Ie 


sagt ORE Pees Sk eee Pe 
Ares A UR] Dj. eh MO | BO Meee teh nt 


n+ 


which has the same property as the former. 


CHAP. V. 


On the possible and impossible Forms of Cubes 
and Higher Powers. 


PROP. I. f 
60. All cube numbers are of one of the forms 
An, or 4n+1. 
For every number is of one of the forms 
An, 4n+1, or 4n+2, 
And the cubes of these formule are 
any ean th An, 

(4n+1)°=64n' + 48n° 4+ 12n+1e4n+1, 

(An + 2)? = 64n’ + 96n* + 48n + 8 An, 
Therefore, all cubes are of one of the forms 

An, or 4n+1. Q. E. D. 

Cor. 1. No number of the form 4n+2 is a 


cube. 


Cor. 2. As in these forms 7 must be either even 
or odd, that is, of one of the forms 2n’, or 2n’ +1, 
the above formule may be again subdivided into 


the following: 


If nx 2n’, : an onsen” 


An+1&8n'+1. 


ie An =#&8n'+A4, 
If nth on’ + 1, An+1+#8n +3. 


But, since 82 +4 is divisible by 4, and not by 8, 
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this form cannot contain a cube; and, therefore, all 

cubes to modulus 8 are of one of the forms ; 
87, 8n+ L, 0r swt: 


Cor. 3. No numbers of the form 8n+2, 8n+4, 9 
or 87+ 6, are cubes. ¥ 


PROP. Il. 

61. All cube numbers are of one of the forms — 

72s Ol fil. 

For every number is of one of the forms 
Vk OT ie ot OOF ie ake Nar eure 


And the cubes of these formule take the fol- 
lowing forms; viz, 3 


Ze Se 
Jaca) a Ney 3.5 Pres oi gn Learnt + 
(7n+22=74+3.2.7+3.22 Int BHIN+1, O 
(7nt+ 3P=7 n+ 3.3.70 +3.2.7n+ 27 e7nt 1a ; 
Therefore, all cube numbers. are of the forms ) 
7n, or 7n+1. Qa. E. D. ? 

Cor. 1.. No numbers of the forms 7n +2, 7n+ 3, ‘ 
7n+4, 7n+5, can be cubes. i 
Cor. 2.. If a cube number be divisible by 7, it is £ 
also divisible by 7°... And, conversely, if a number i 


OE tw) S 


be divisible by 7, and not also divisible by 7°,. that 
number is not a cube. | 
Cor. 3. As, in the above forms, must be either 
even or odd, we may subdivide these into the © 


ie ea 


ai 


following: 
in) BAN’ 2 


N=2n', . 
sk? Yate lan’ +1. se 
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amy TRUNOLALAW 7, 
I Oe ey Perk stathe dda ob. G, 


Therefore, all cubes to modulus 14 are of one of 
the forms, 14, 14n+1, 142+7, 14n+6. And, 
conversely, no numbers of the form 14n+ 2, 14+3, 
14n+4; 14n+5, 14n+9, 14n+10, 14n+11, 

142 +12, can be cube numbers. | 


PROP. III. 
62. All cube numbers are of one of the forms 
On, or On+1. 

For all numbers to modulus 9 must fall under 
one or other of the following forms, viz. 9n, 
On+1, 9On+2, 9n+3, On+4; the cubes of which 
give 
COR Way Fa eae VN Sn me pith Ong, 
(Qn +1) =9r' +3. = O'n?+3.° Ont" 1 eOn'+ 1, 
(9n+ 2) =9'n' +3.2.9°n?+3.2?.9n+ 8 =: 9n-+ 1, 
(9n+3)'=9'+3.3.9'n°+3.3°.9n+ 2729p, 
(9n+4)P=9nr+3.4.97+3.4°.9n4+6449n4+1. 

Therefore, all cubes are of one of the forms 

On, or Or+ 1. Q@. E. D. 

Cor. 1. No numbers of the form 9n+ 2, 9n+3, 
QOn+4, 9n+5, On+6, 9n+7 can be cubes. 

Cor. 2. By applying here the same reasoning as 
in the corollary above, we shall find, that all cube 
numbers to modulus 18 are of one of the forms 
18n, 18n+1, 18m+8, 18n+9; and, therefore, 
conversely, no number in any of the forms 18” + 2, 
18n+3, 18n+4, 18n+5, 18n+6, 18n+7, 
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1827+11, 18m+12, 187+13, 187+ 14, 18n+15, 
187+ 16, can be a cube. | 


PROP. IV. 
63. All cube numbers are of the same form to 
any modulus a, as the cubes 
O°, 15, 24.3). Ke 5. fa 1% 
For every number N may be represented by the 
formula an+r, in which r<a (art. 11). But 
(an+ry=an + 3anr t+ 3anr +r = 
alan’ + 3an’r + Snr’) +7", 
and is, therefore, of the same, when compared bya 
modulus a, as the cube 7°; because all the other 
part of the formula is divisible by a; but since r < a, 
it must be one of the terms in the series 
1001938 5: 4 eet ot kn 
anid; consequently, all cubes are of the same form _ 
to any paricey era a, as the cubes | 
Oo, 1% 2%, 3°, &c., (a—1)°. @. BE. Dea 
Cor. 1. Hence, in order to ascertain the forms 
of cube numbers to any given modulus a, we need 
only find those of all the cubes less than a; that is, 
of the series 
0 bong Gdiaee iain: Seer. eared eee 
and hence a table of those forms might be readily — 
constructed; but as, in many cases, the number of 
forms would be equal to the number expressing — 
the modulus, no advantage could be derived from, 
the classification, because no numbers are in these 
cases excluded; thus, to modulus 10 we should — 
- have the ten forms 10m, 10n+1, 10n+2, 10n+3, 


] 
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1On+4, 10n+5, 10n+6, 10n+7, 10n+8, 
10n+9; so that no number is excluded with this 
modulus; and hence it appears, that cube num- 
bers may terminate with any of the digits, whereas 
in squares we have seen (cor. 5, art. 43), that they 
always terminate in 0, 1, 4, 5, 6, or 9. 


PROP. V. 


64. All cube numbers, with regard to modulus 6, 
are of the same forms as their roots. 

For all numbers are of one of the forms 6n, 
6n+1, 6n+2, 6n+3, 6n+4, 6n+5; and the cubes 
of these formule will evidently take the following 
forms: 


(6n + 0)’, O'6n+0; 
(6n+1)°, ee6n+1; 
(6n+2)*,| Y+6n+ 2; 
(6n+3)°, the same form as ck Gnas 
(62 +4)’, Ao 6n+ 4; 
(62+ 5)°,J L5° 60+ 5: 


which are manifestly the same forms as the cubes 
that they represent. | 

Cor. Hence the difference between any integral 
cube and its root, is always divisible by 6. 


PROP. VI. 


65. The equation (4p + 2) + 4qu’ = w’ is always 


impossible in integers, while q is prime to 4. 


For (cor. art. 47) the three cubes f, uw’, and 
w*, may be considered as prime to each other. 
Also all cubes are of one of the forms 4, or 4n+1 
(art. 60); and, since 4qu° is always of the form 4n, 
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whatever may be the form of wu’, we shall have, in 

the first place, by making #=.4n, | 
(Ap + 2)4n+ 4quv =w’ An’; 

that is, & and w’ both of the form 4n, which is 

absurd, because they are prime to each other by. 

hypothesis. 

Again, if fs 4n+1, we have 

(4p +2)(4n+1)+4qwv =w", or 

16p + 8n+4p+2+4qwv=w’, or 

4(4p+ 2n+p+qu’)+2 =w"; that is, 

w+4n+ 2, 
which is an impossible form for cubes (cor. 1, 
art. 60); and, consequently, the equation 
(Ap+2)P + 4qv=w', 

is impossible, while g is prume to 4.— @. E. D. 

The condition of g being prime to 4 is evidently 
necessary; for if g had the form 29’, then the equa- 
tion would become (4p + 2)+49’.(2u)?=wu", and 
the possibility or impossibility would depend upon 
the form of q’, and would, therefore, require a dif- 
ferent mode of demonstration; hence, in this, i 
and also in the following propositions, g must — 
always be taken prime to the respective modulus 
_ with which it enters. | 

Cor. 1. By means of the general formula above _ 
given, we derive the following particular cases, — 
which are all impossible in integers, g being taken _ 
prime to 4. | 


9P +40 = w’, of = 120° =w’, 
6P4+40=w", 6f+ 120=w", 
10f +40 = w’, 108+ 120 =w’, 


Bees, gates, akce: p Scone &e.y bons. 
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And it is obvious how these may be extended. to 
any length at pleasure; and others may be found 
by taking g=5, 7, 9, &c. 


PROP. VII. 
66. The two general equations, ~ 


(p+ A)e + Tq =w' 
(7Pt3)P47qQuv=w’ 
are impossible in integers, while g is prime to 7. 
For we may, as before, consider @, wu’, and w’, 
as prime to each other. And since it has been shown 
(art. 61), that all cube numbers are of one of the 
forms 7n, or 7n+1; and, because 7qu’ is always 
of the form 7n, we need only give to @ the two 
forms 7”, or 7n+1, to ascertain hie possibility or 
impossibility of the above equations. But in the 
case of f=87n, it is evident, that w* would then 
have the same form 7n; so that ® and w*, being 
both of the form 7m, would riot be prime to 
each other, which is contrary to the hypothesis ; 
and, therefore, if the equations be possible, it 
must be when ®#7n+1: let us, therefore, in- 
vestigate the equations upon this supposition. 
Suppose, then, ®=27n+1; whence the first equa- 
tion becomes 
(7pt2)\(7nt1)+7qu =w’, or 
AQpn+ 14n+7pt2+7qu=w”", or 
W(7pnt Qntprqu)+2 =w", or 
U7 n+ 2 
which we have seen (cor. 1, art. 61) is an impossible 
form for cubes; and, consequently, the first. equa 


tion is impossible. 
VOLT. K 
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In the second equation, by giving # the same 
form, we have ' 
(7p+3)\O+7qU =, or 
(7p£3)(7nt1)t7qw =w’, or 
AQpn + 2int 7p+34+7quw=w", or 
U(7pn+ 3ntp+qu)+3 =w*, or 
waint 3, 
which is an impossible form (cor. 1, art. 61); and, 
therefore, both the original equations are impos- 
sible. — @. E. D. 


Cor. 1. By means of these general formule are _ 


readily deduced the following particular cases: 


Ot + 7 = wT, of + l4u'=w’, 
BP 4 Tee oa 304+ 140 =w', 
At + iss At + 14u' eb, 
5F +70 =", 5P+140=w’, 
Of + 7u = 12", of + 140 =v", 
10? +7uv= Ww", 10f + 14W=w’, 
&e. &e. &e. Tae a Th Maas 8 


Which are impossible forms for cubes, and hie : 


may be farther extended by giving other values to 
p and q, observing to take g prime to 7. 


PROP. VIII. 
67. The three general equations, 


(Op + 2)P + 9qu=w’, 
| (es 3)0 + Ogu’ = 
(Op + 4)0 + Qqu =w" 
are all impossible in integers, g being taken a 
to the modulus 9. 
For here again we may suppose #, u’, and w’, as 
being prime to each other; also, 9qu° is trices of 


the form 9n, whatever be the form of w’: it is, there- 
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fore, only necessary to investigate the possibility or 
impossibility of the three. given equations, under 
the different forms of @; viz: when #97, and 
Front. 

Now, with régard to the first, wz. &9n, we 
see immediately, that in all the equations, w* would 
have the same form 9; and, therefore, & and w’ 
would thus have a common divisor, which is con- 
trary to the hypothesis, as all the three cubes are 
prime to each other; and, consequently, if the 
equations be possible, it must be when P=: 9n + 1. 

Now, this form being substituted for @, we have; 

First equation, 

(9p + 2)P + oqu’ =w*, of 

(9p 42)(Qn+1)+9qu = =w’, oF 

Sipnt 18n+ 9p+2+9quv=w", or 

9(9pn+2n+ptqu)+2 =u", oF 

w’ +9n + 2; 

which is an impossible form for cubes (cor. 1; 
art. 62); and, therefore, the first equation is im- 
possible. 

The second equation gives 

(9p+ 3)P +9qu’ =, of 

(Qp+3)(Qn+1)+9gu? =w", or 

Slpn+ 27n+99p+349quv=w*, or 

O(9pn+ 3ntptqw)+3 =w’, Or 
w-r9n+ 3; 


which is likewise an impossible form for cubes 
(cor. 1, art. 62); and, therefore, the second equa- 
tion is impossible. 
In the third equation, we have, 
K 2 
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(9p +4) + 9qu =w’, oF 
(9p +4)(Qn+1)4+9qu > =w’, or 
8lpn+36n+9p+4+9qu=w*, or 
Q(Opn+Antp+tqu)+4 =w*, or 
w9n + 4, | 


which is also an impossible form for cubes (cor. 1, 


art. 62); and, consequently, the third equation, as — 


well as the first and second, is impossible.—a. E. D. 

Cor. The above three general equations furnish 
the following particular cases of impossible forms 
of cubes: 


20 + Ow = wi’, 2t° + 180° =w", 
OE Ot Se 3 3f+18u° ane: 
AE + Ou? = w’, 4f +180 =u", 
5P + 0uv=w’, 5P + 181° =a", 
67 +9 =w*, 64 + 18u° =", 
7E+9W =u", (ERIS. =W, 
11€ +9’ =w’, 112+ 180 =w', 
S04, Reece SiCy Pea, Gece 


Which, like the other tables of impossible forms, 


g is prime to modulus 9. 


PROP. IX. 


68. If there be any case in which the equation 


may be carried to any length at pleasure, by giving — 
different values to p and g; observing always, that — 


y 


o—y=x' be possible, the following conditions 


must obtain; viz. 


3 

eye, 
<< @-SckS", 
ytrurl; 


or two of these quantities will be of the form here 
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given, and the other of the form 9°, which resolve 
into the four following cases; viz. 


L—ys 7, e—ytO?", 
Ist, < r—Zx& 8, ad, < @—-Zth Ss’, 
ytz &. yten @, 
@—ys 7, L—-yR rr, 
3d, < x—29s°, 4th, < r—2 S, 
yteu &. ytzR9e. 


And it is to be demonstrated, that one of these four 
conditions must obtain, if the equation 2° — 7’ = 2° be 
possible; where r’, s°*, and @, may be any numbers 


whatever, indicating only that r—y, w—2z, y+2,. 


are complete cubes, or that they are of the forms 
there given, 

In the first place, we may consider 2, y, and z, 
as being prime to each other (cor. art. 47); and 
since r>y, put r=y+d; then, because 2 is prime 
to y, dis prime both to w and y, for if y and d had 
a common measure, x would have the same, because 
x=y+d; and if x and d had a common measure, 
y would have the same, because y=x—d; and, 
therefore, since x and y have no common measure, 
dis prime both to x and y. 

Now, substituting y + d instead of x, in the given 
equation, it becomes 

(y+dy—y’ = 2°, or 

3y°d +3y0 +a =2, or 

d3y°+3yd +a’)=2'. 
And here, since d is prime to y, it follows, that the 
first side of this equation is divisible by d once, and 
after that, neither by d nor by any factor of d, 
unless 3 be one of its factors, in which case it is 
divisible by 3d once, and after that, neither by d 


wt 
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nor by any factor of d. For of the three terms 
(3y°+3yd+d*), which form the quotient, two of 
them have d enter into their composition, and are 
therefore divisible by d; but in the other term, y’ is 
prime to d, and, consequently, the whole quantity 
taken collectively i is also prime to d, unless 3 be 


one of the factors of d, in which case, as we have 


said above, the first side will have 3d for a diyisor, 
but after that, the quotient will be prime to d; and 
whatever is true of the first side of the equation is 
evidently so of the other side 2°, because they are 


equal quantities; and, consequently, 2° is divisible © 
by donce, and after that neither by d nor by any — 
factor of d, unless 3 be one of its factors; in which 
case, it is divisible by 3d once, and after that neither — 


by d nor by any factor of d: and, therefore, d in the 
first case, and 3d in the second, must be complete 
cubes (cor. 1, art. 16); that is, we must have either 


ds7°, or dxgr’ , In order that 3d=43°r°: or, since 


d=x—y, it follows that x— ise or 97”. 


Now if the equation xe — oe =x’ be possible, sa_ 
likewise is 4° —2°=y’, .and it is evident, that, were 


we to consider the equation under this form, the 


result would be exactly similar to that obtained 


above; wz. c—z must be of one of the forms s*) 
or Qs°. 
Again, the same equation, by transposition, be- 
comes 
Yt 2=2. 
And making. 7 +2=m, or y=m— x, we have 
- (m ie 2)? -| x = Bah 


where m is prime both to z and y; for, if mand z had — 
a common measure, y would have the same, because — 


| 
| 
| 


/ 
| 
/ 
I 
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m—~=y; and, if m and y had acommon measure, 
z must have the same, because m— y=; and, con- 
sequently, since y and z are prime to each other, 
it follows, that m is prime both to y and z. Now, 
by cubing (m—z) in the above equation, it be- 
comes 

m —3n?s+3mz* =2°, or 

m(m° — 3mz +3z2°)=2°, 


And hence, by exactly the same chain of rea- 
soning as that employed in the foregoing part of 
the proposition, it follows, that m is of one of the 
forms #, or 9f; or, since m=y+%, we have 
y+ze, or 9. And hence it follows, that, if 
there be any case in which the equation 

Y VIE y = @ 
be possible, the following conditions must ob- 
tain; viz. | 
x—Yyar, or 97°; 
L—ZcRs*, or OF; 
yt+2zx8, or Of. 

But since x—y, r—2, and y+, are respectively 
the divisors of the three cubes 2°, y’, aud 2’, and 
these quantities bemg prime to each other, their 
divisors are also necessarily prime te each other ; 
and, therefore, only one of these quantities can be 
of the latter forms above given, for if two of them 
were of the second forms, they would have a com- 
mon measure 3, which is impossible, since they are. 
prime to each other. Consequently, if the equation 

2 y = 3 


be possible, we must have, 
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L—Yyar’, 
- L—-SAS, 
Yt sr, 


Or two of these quantities must have this form, 
and the third the form 9¢°, which evidently resolves 
into the four following cases, one of which con- — 
ditions must necessarily obtain, if the equation 


vas 
be possible; viz. 

v—-yr ?, | r—yeOr’, 

Ist,.< r—ste S*, ad, <i r—se's’, 
ytsar & Yt+RR P, 
‘(@-ys 1, “yer, 

3d, < r+ 293°, Ath, < r—2 8°, 
ytan &, LY + S9F, 
Q. E. D. 


We have only considered the equation 2 — 7’ =2’, 
but this pie includes the more general form 
o+y'=3°; for if the eee A be taken +, 
it babopinel P+yp=z, or 2—yY=2, which is the 
form that has been investigated, the only piienends 
being the change of the letter x for a. 


PROP. X. 
69. The sum or difference of two cubes cannot 
be equal to a cube, or the equation 
x + y =<" 
is always impossible, either in integers or fractions. 
First, from what has been observed above, it will 
be sufficient to consider the equation under the 
form x —y’?=2°, which involves the two forms 
a+ y = 2°; 


ts 
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except in the change of one letter for another ; a we 
shall, therefore, only investigate the equa tion under 
the limited form 2 ae which, being proved 
impossible, will wd eel involve the impossibility 
of the general equation w+y'=z*. Now by 
the foregoing proposition, if the equation be 
possible, one of the four following conditions must 
obtain * ; viz, 


B— Ys 750). x—y=9r’, 
Tat x! eS = 2S", 2d, om Rt ses 
yte= CL yt+s= &, 
L-y= 7, Lr-y= 7, 
Sd, <. 1—2=9s°, 4th, < r-zs= s*, 
yt+2= P. ytx=9F. 


But at present it will be sufficient to consider one of 
those cases; for example, the first; and in our re- 
sult, by substituting 97° for 7’, 9s° for s°, or 9 for 
é’; we shall evidently have the results in each of 
the four cases. | 

First, then, let us endeavour to ascertain, 
whether the equation be possible, upon the sup- 
position that 


ee ae 
x—Y=?r’, 
L=-Z=S’, 
yt+2=F. 


Now from these three equations we obtain the 


three following ones; viz. 


’ Act ae 
He+(e—r)], 
f 


oe (—r)}. 


And, consequently, since 
2—y=2, or x =y +2, we have 


* Since the above quantities are of these forms they may be 
made =r, s*, &e, 
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(= en =(F ean ‘ (Eae-2N. 
2 e\ 2 2 
Or, 

{P+(str)Pslh+(s—r) p+ {[P—-(e—7ry}. 
Again, 

{P+ (9 +r) }o= : 2+30(s+r)+3F (Str) t+ 


(+r), 
9 6(3__ 9) 4 SP fe? — 7°) 
[P+ (8) =] ; omen (s Hf ss 
&— 3t(8 —9r)+3h(s —ry— 
Kado Conte 4. y= 4 (s° as ) (s ) 


And subtracting the first equation from the sum 
of the two latter, to. which it is equal, we have 

‘( P38 (8 +7) 4+3{2(8 —r)?—(s +r’) }— 

(s°+7°)?=0; or 
!o—3f(s+r)+3h(S+ry—(s+ry= 
24¢°s°r°’, because | 
2(s°— 7°)? + 85°" =2(s°+7°)*, whence 
{P—(s +7") =248 "7". 

And here the impossibility of the equation is. 
manifest, under the present supposition; because 
we have got an integral cube, equal to three times 
another integral cube, which is absurd. But by 
substituting 9r° for 7°, 9s° for s°, and 9é° for @, the | 
impossibility. is not so immediately obvious; for, m 
these cases, by putting 9r° for 7°, we have 

{ i Th (s° ne 9r*) is — 2168 sr’ —_ (6fsr)°. 

Again, writing 9s° for s°, we obtain 

{& —(9s° + 7°)? = 2166 s°r" = (6ésr)’. 
And 9 for # gives 
{98 ~— (8° +77) P = 2168 sr? = (6¢sr)’. 
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And it here remains to be shown, that these 
equalities cannot subsist. 

Now these equations, by extraction, become, 

Ist, P— §—9r'=Otsr, 

2d, #£-—9s'— 2° =O6fsr, 

38d, 9F — S— r’°=6tsr. 
Whence, again, by division, we have 

f* s gr 


LSt, ee He Oe 


2d, 


And one of these equations must be possible, if 
the equation whence they were derived be so. 

But, since r, s, and ¢, are prime to each other, 
each of the above fractions is in its simplest 
form; and they each contain a factor im their de- 
nominator, that is not common with the other de- 
nominators; and, therefore, these fractions cannot 
any how combined be equal to an integer (cor. 2, 
art. 13). 3 

Having therefore shown, that if the equation 
x’ —y'=x were possible, one of the above ex- 
pressions must be equal to the integer 6; and 
having also demonstrated, that these fractions can- 
not be equal to any integer whatever, or that the 
above equalities are impossible; it therefore ne- 
cessarily follows, that the equation whence they 
were derived is so likewise; that is, the equation 
xv —y’ =z is impossible: but the impossibility of 
the equation 2°—y’=2° involves in it the impos- 
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sibility of the general equation a°+y’=2°; and, 
consequently, the equation 
+= 
is impossible in integral numbers. — a. E. D. 
Cor. Since 2°+y°’=2° is impossible, so likewise 


et 2° ; 
eet “Ave 7? for this may be reduced to 


oat 


(etpy= 
where the latter cube must be an integer, which we 


have seen is impossible; therefore, the equation 
cannot obtain, either in integers or fractions. 


PROP. XI. 
70, The third differences of consecutive cube 
numbers are constant, and equal to1.2.3 =6. 
For let (x—1)°, 2°, (w+1), (v+2), represent 
any four consecutive cubes, then 
(vx—1)=a°—3a°+ 3r—-1, 
x ae ws 
(v@+1P=a°4+3a°+ 3x41, 
(w+ 2) =a° +°6a° +1204+8. 
3x°—3x+4+1, 


ist differences, < 3a°+327+4+1, 
3x + OR +7, 


| Day: 
2d differences, ge. 
3a> diferente, = O21 3 2143.0: G. Eye 


Cor.1. In the same manner it may be shown, 


that the third differences of cubes, the roots of 
which are in arithmetical progression, are equal to. 
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1.2.3.d’, where d is the common difference of 
the roots. | : 

Cor. 2. The second differences of consecutive 
squares are equal to 2; or to 2d’, if their roots 
form an arithmetical series, whose common dif- 
ference is d; which is readily demonstrated on the 
same principles as those employed above. 


PROP. XII. 

71. Every complete biquadrate, or 4th power, 
is of one of the forms 5n, or 5n+1. 

This is evident, for every square number is of 
one of the forms 52, or 52+1; and a 4th power 
being the square of a square, we have } 

(7 Soe oh 5, 
(5n+1)°=5'n?+10On+15n41; 
therefore, every 4th power is of one of the fous 

5n, or 5n+1.—a@. E. D. 

Cor.1. If a 4th power be divisible by 5, it is 
also divisible by 5*. And, conversely, 1f a number 
be divisible by 5, and not by 5°, that number is not 
a 4th power. 

Cor. 2. Nonumber of the form 5n + 2, or 5n +3, 
or 5n+ 4, is a biquadrate. 

Cor. 3. Every 4th power being of one of the forms 
_ 5n, or 5n+ 1, we have, by supposing n even and odd, 
the four following forms to modulus 10; viz. 

3 5ni * selon 
ea | 5n + 1=10n' +1; 


5n +10n'+5, 


9’ : 
Dare 14 5n+1+10n' +6; 


and hence every 4th power terminates with one of 
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the digits, 0, 1, 5, or 6. And, conversely, no 
number terminating in 2; 3; 4, 7; 8, or 9, is a 
biquadrate. 

Cor. 4. Since it is demonstrated (cor. 2, art. 42), 
that all even squares are of the form 47, and alk 
odd squares of the form 8%+1, we have for. the 
squares of these 

(4n  )*=16n" 160’, 
(8n+1)?=64n? + 16n + 1816n' +1. 
And, consequently, every complete 4th power is of 
one of the forms 16n, or 167+1; that 1s, every 
even 4th power is of the form 16”, and every odd 
Ath power of the form 16n + 1. 


PROP. XIII. 

72. All 4th powers are of the same form with 
tegard to any number a as a modulus, as the 4th 
powers 

Oe 1235. ley Lh 
when a is even; and as 


a—i 
of, 1%, 2%) 34 Ke), ( : ys 


when a is odd. 

For every number whatever may be represented 
by the formula an+r, where r never exceeds 10 
(art.10). But | 

(ant r)* =a’ + 4a’n’r + Ca'n’r’ + Aanr’ +1%, 
and all the terms, but the last, of this expression, 
being divisible by a, the whole quantity is evidently 
of the same form, with regard to a as a modulus, as 
the last term r*; but r never exceeds 1a, therefore, 
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every 4th power to modulus a is of the same form 
as the 4th powers 
0*, 1*, 2*, 3*, &c., (ta)*, when a is even; and as 


a 
Owe’, 2 oe ee, ( 


od é 
: ) , when ais odd. 


@. E. D. 
Scholium. By means of this proposition, we 
readily compute the following table for 4th powers, 
which exhibits all the possible forms to every mo- 
dulus, from 2 to.12. 


Table of the Forms under which all 4th Powers 


are contained, to every Modulus, from 


2 to 12. 
yi 0 Forms. 
ea Se Timon marae mea eee: heat TR meas babes 
2] 2n 2n+1 
3 3n  3n+1 
4} 40 4n+1 
5 sn 5n-+1 
6; 6n 6n+1 6n+3 Gn 4. 
7] In Gn+1 7n-+-2 In-+-4 


8 

9} 9n Qn+l On-+-4 9n-}-7 

10 | 10n 10n+1 10n+5 10n-+6 

LL | iim lint. 11n+3 Tine 1in+5 — Lin-bg 
12} 122 12n+1 12n+4 12n+49 


And hence, by way of exclusion, arises the 
following 
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Table of impossible Forms ‘for Biquadrates, or 
Ath Powers. 


* Impossible Forms. 
PL EGER ee Evade Ne SE 


$n+2 
4 4nt+2 4n+3 
5}  5n4+2 5n+3 9 5n4-4 
6 6n+2 G6n+5 
7 T2+3 Tn+5 Gn+6 
8 Snt+2 8n+3 8nt4 Bnt+5 Bn+t6 8n+7 
9 On+2 - On-+3 On+5 On+6~- 9n+8 
0 1On+2 10n+-3 10n+4 1024-7 10n+8 10n+9 
] Lin-+2 Jin+4 lin-+--6 IIn+7 IL1ln+8 Iin+10 


12 12n--2 12n+3 19m+4+5 12n+6 1224-7 12n+8 
12Qn+10 12n+11 


These tables are sometimes useful in ascertaining 
the possibility of equations of the form 2*+ ay*= 2". 


PROP. XIV. 
73. The two indeterminate equations 


i + yf _ es, 
x + ary" — Figo 


are both impossible. } 

For we have seen (arts. 57 and 58), that the 
equation «* + y*=2° is impossible in integers ; ; and, 
therefore, a fortiori, the Soap non xa+y'=* is also 
impossible. 

Again, we have, by transposition, in the second 
equation, 

xr — x* = (ay’)’, 
which is also impossible (art. 57); and, consé-— 
quently, the two given equations are impossible in 
integers. — Q@. E. D. 
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Cor. Hence it follows, that the equation 
x + 4y? = xt 


is impossible, because we have demonstrated (cor. 1, 
arts. 57 and 58), that a*+4y*==° is impossible. 
Also the equation a* + y*= 2z* is impossible (cor. 2, 
art. 57). 
On similar principles it is evident, that both the 
equations 
{ 9x* —y" = 2, 
Ax* — y? = 2", 


are impossible; by the same arts. and cors; . 


PROP. XV. 
74. The three general equations 
(5p + 2) &5qu =w'*, 
(5p+3)@&5qui=w', 
(5p + 4)t+ 5qu'=w', 
are impossible, g being taken prime to 5. 
For, in the first place, we may always consider 
¢*, uw‘, and w', as prime to each other (cor., art. 47). 
And since all 4th powers are of one of the forms 
5n, or 5n+1, we shall have, by giving to ¢ these 
forms, the following equations: 
If t's 5, 
(5p +2) x dn 5qu'=w' dn’, 
1. (5p +3) x dnbqu=w's bn’, 
(5p+4) x 5n+5qu'=w' se bn’. 
And if 5+ 1, 
(5p + 2) x (n+ 1) 5gu*=w*se bn + 2, 
2. < (5p+3) x (5n+1)45qu=w'sbnt 3, 
(5p +4) x (65n+1) + 5qu=w'sbn+t 4. 
L 
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Now, in the first set of these equations, in which 
it is supposed that ¢=:5n, we have evidently, also, 
w*=5n’, whereas it has been seen, that ¢*, uw‘, and 
*, are prime to each other; therefore, the equations 
are impossible, when f+ 57. 

Also, in the second set of equations, in which 
tit5n+1, we have 

wick5n+ 2, 
dakgire'= 99 Mo ete 
wim5bn+a4; 
which are all impossible forms for 4th powers 
(cor. 2, art.71). Wherefore the equations 
(5p +2) 5qui =u, 
(5p +3) e5qu =v, 
(Sp +All + bqué =n, 
are impossible, either in integers or fractions. 
Q@. E. De 


PROP. XVI. 
75. The general indeterminate equations 
(10p+r )t* +2 =w', 
(6p +17 \F +3u'=w', 
(1O6p+r’)t + 4u' =w', 
&c. &e. &e. 
are iftrpossible, r being any number >1 and fess. 
than 14; that 1s, r< 14, r’<13, r’<12, &c. 
For ¢', u‘, and w*, being prime to each other, and 
all 4th powers, being of one of the forms 16n or 


16n+1 (cor. 4, art. 71), it follows, that either and 


t 


w* are each of the form 16n+1, or one of them is — 


of this form and the other of the form 167; which | 


suppositions furnish the following cases: 
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Ist, f:16n+1, and u*16n’+1. Then 
! (16p+r ) x (16p+1)+2(16n’ +1)=w's 
16n” +% + 2, 

4 ots Dima at xia Nl alla 

16n” +7’ +3, 

! (lOp+r”) x 16p + 1) +4(16n’ +1) Swiss 
L 16n’ +97" +4; 
&e. &e. &e. 

od, ¢216n, arid a516n’+1. Then 
(16p+r_ ) x 162+ 2(16n’ + 1)=w'e16n” + 2; 
2 J ge x 16n + 3(16n’ + 1) = wt 16n” + 3, 
(16p+7r”) x 16n + 4(16n’ + 1) =w*h16n” + 4: 

3d, f:16n+1, and w16n. Then 

) (16p+r )x (16n241)4+16n’=wt16n” +r ; 
3 1 ieee ) x (162 +1) +16n’ =w*t16n" +7’ , 

(16p +7") x (160+ 1) + 16n’=wte 16n” + 7’, 

Now, in the first set of these equations, we have 
16n’+r+2, 16n”+7°+3, 16n+r”’+4; and since 
#<14, 1’ <13, r’< 12, it is evident, that each of 
these forms =16n+ , some quaitity greater than 1, 
hnd less than 16; and, therefore, they are all im- 
possible forms, by the converse of cor, 4, art. 71. 

_ And the second sét of these equations are evi- 
dently impossible, as are also the third; because r; 
r, rv’, &c., are each >1, but <16. And, con- 
sequently, all the equations in these forms are im¢. 
possible. — @. E. D. 

Scholium. The above set of forms furnishes an in- 
finite number of impossible formule for biquadrates, 
or 4th powers, and various others might have been 
found; but as all those given for squares are 
equally applicable to 4th powers, it would be useless 

L 2 
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to multiply them by other particular cases, as the 
methods which have been explained, the reader will - 
easily apply to any particular case that may occur; 
and as he is thus furnished with so many cases of 
the impossibility of equations of the forms 
ax’ + by? =2", ax’ + by’ =, and ax‘ + by =2*, 

which might have been carried to a much greater 
extent; it will always be proper, when any equa- 
tions of these forms are proposed, to examine, 
first, whether they be possible or impossible; 
as, In the latter case, much unnecessary labour 
will’ be avoided. But it may be necessary to 
caution the young practitioner, that though an 
equation may fall under a possible form to one mo- 
dulus, it may be impossible under another; and, 
therefore, that it is not so easy to show that an 
equation is possible, when it really is so, as to show 
the impossibility m those cases that are impossible. 
{n short, there are no means of showing that an 
equation, which exceeds the 2d degree, is possible, 
but by solving it; but the impossibility may be fre- 
quently demonstrated by the methods above tanght. — 


PROP. XVII. | 
76. No triangular number, except unity, is a 
biquadrate. : 
For, if noble. let 
a(x+1) 

9 


=y*, or a(e+1) = 27; 
wt e . » v 

now} since the two factors x and «+1 differ from 

each other only by unity, they are necessarily prime’ 


to each other: but if 2y* be résolved into twe 
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factors prime to each other, they must be 2m* x n'‘; 
for it cannot be otherwise resolved into factors, that 
are prime to each other, and this leads to the fol- 
lowing equations: 


x=2m* r=n' 
st 3 
se sia hs ad Vi as 


The first gives n*—2m‘=1, and the second 

2m* —n*=1. 

The latter of these equations, by transposition, 
becomes 1 +n*=2m'*‘, which is impossible (cor. 2, 
art. 57); and, from the first, we derive 

m+ n*=(m*+1)*, or (m*)* + nt =(m*+ 1)’, 
which equation is also impossible (art. 58); there- 
fore, no triangular number, except 1, is a bi- 
quadrate, 


PROP. XVIII, 
77. The 4th differences of consecutive 4th 
powers are constant, and equal to 
1x2x3x4= 24. 

For let r—-2, r—-1, x, +1, ©+2, represent 
the roots of any five consecutive 4th powers; then 
(a+ 2)*=a* + 8a*4+ 242° 4 32K +4 16, 
(v+1)=at+40°+ 6a°+ 42+ 1, 

(x +0)* =x", 

(v—1)*=a'—4a°+ 62°— Av+ 1, 

(x— 2)*=a* — 82° + 242°— 32% +16. 
4x°+ 18a? + 28u +15, 
Av+ 6a°+ 40+ 1, 


A4x?— 6x°+ 4xv— 1, 
AT 182° + 28% — Le 


bst diff. 
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(120° + 242 4+ 14, 
2d diff. < 122°4+ Ox+ 2,> 
122°— 247+ 14. 


240 +12, 
3d. dif. oles 


Ath dif, =24=1.2.3.4. 


And if the common difference of their roots be d, 
then the Ath altieeences willbe 1.2.3.4. a. 


Q. E. D. 


PROP. XIX. 

78. Every 5th power is terminated with the 
same digit as its root. Or all 5th powers are of 
the same form, with regard to modulus 10, as the 
roots of those powers. | 

For all numbers to modulus 10 are of one of 
the following forms: 


(10%. )'s510°n”  &10n”, 

(102 +1)’210n’+ 3 &10n" +1, 
(107 + 2)’s210n’ + 2°10n” + 2, 
(107% +3)’ 10n'+ 3° 10n” + 3, 
(10n + 4)’: 10n' + 4°R10n” + 4, 
(102+ 5)?10n' + 5° 10n" + 5, 
(102 + 6)’ 10n' + 6° = 10n” + 6, 
(102+ 7)10n’ + 7°:10n" +7, 
(107 + 8)*=810n' + 8° 10n” + 8, 
(102+ 9)’s810n’ + 9°: 10n” + 9. 


Where the latter formule are evidently the same _ 
as the first; and, consequently, the powers have 
the same forms to modulus 10 as the roots of those 
powers, or they are terminated with the same di- 
zits. —@. E. D. ) 
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Cor. It has been demonstrated (art. 64), that all 
cubes hayethe same forms as their roots to modulus 6; 
and, in the above proposition, that all 5th powers 
have the same forms as their roots to modulus 10; 
and the same is universally true for prime powers; 
namely, that they are of the same form as their 
roots to modulus double the exponent of the power ; 
viz. all 7th powers are of the same form as their 
roots to modulus 14, and 11th powers of the same 
form as their roots to modulus 22: and so on for 
any other prime powers, 


PROP. XX, 


79. ‘The 5th differences of consecutive 5th pow- 
ers are constant, and equal to 


1.2.3.4,5 =120. 


For let rx=2, r—1, 2, 24+1, +2, +3, re- 
present the roots of any six consecutive 5th powers, 


then 


(1 +3)’ =2° + 15a* + 90x* + 2702° + 40544 243, 
(w+ 2)'=2°+102*+40a°+ 80a°+ 80r+ 32, 
(e+1)’=a°+ 52°+100°+ 10a°+ 54+ 1, 
(4+ 0)? 2°, 

(v—1)'=2°— 5a*+100°-— 10a°+ 54-1, 
(v—2)’=x°—100°+402°-— 8027+ 80%—- 32, 


{ 5at + 500° + 19022 +3252 +4 211, 

5a +300°+ 702° + 75e+ 31, 

ist diff. ¢ 5a°+10a°+ 10x°+ 5@+4+ 1, 
52*—1027°+ 10a°— 5r+ 1, 

{ 5at*— 30+ FOr — Foxv+ Bla 


152 Forms of Cubes, and Higher Powers. 


204° + 120a° + 250x + 180, 
. °+ 602°+ 7Ox+ 30 
od 20x" + : 
20 diff | 20r°+ Ox + 10%+ 0, 

20%°— 60a°+ 7Ox— 30, 


602° + 180x + 150, 
8d diff. 602°+ 60r+4+ 30, 
60x°— 60r+ 30, 


we f 1202 +120 
4th diff. 
nee i 120r+ 0. 


‘Sth dif. = 1206 149 23 45, 
Qa. E. D. 

And if the roots of any set of 5th powers form 
an arithmetical progression, the common difference 
of which is d, then will their 5th differences be 
equal to:1.32...4),4...50¢. 

Scholium. It is also undoubtedly true, that the 
nth differences of consecutive nth powers are con- 
stant, and equal to1.2.3.4.5.6, &ce.m; but 
it is difficult to demonstrate this on pure ele- 
mentary principles. The demonstration appears 
to rest on the following theorem; viz. the product 


1.2.39.4.5, ---2n= 


x », Wn—1) , n(n—1)\(n— 2) 
n —n{(n— 1) me aPC eg ad a RS, aa 
(n—3)"+ &e. 


which is readily deduced from the Differential Cal- 
culus; but a demonstration, founded on those prin- 
ciples, could not, with propriety, be introduced 
into an elementary work of this kind, 
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On the Properties of Powers in General. 


PROP. I. 

80. The difference of any two equal powers, of 
different numbers, is divisible by the difference of 
their roots; that is, 

x” —y’=M(a—y) *. 

For make x—y=d, or r=d+y; then a*—y” be- 
comes (d+ y)"—y’; and we have to demonstrate, 
that this expression is always divisible by d, or 
L—y. 

‘Now, by the developement of (d+y)", and 
writing for the coefficients of the respective terms, 


eine ty ps cei, 2; 815" we: have 


(d+y)*-y"= 
d" +nd"~'y + md"~*y? + pd’~*y? ne YR ndy"™' — 
d(d"~' ub nd"~*y + md"~*y? + pd" *y? ae Pee sa yete ny"~'), 
which latter form is evidently divisible by d; and, 
consequently, the equal quantity 
(d+y)"—y", or ey" 


* The abridged expression m(x—y) indicates a multiple of the 
quantity within the parentheses, and may be read either 
z™—y”" equal a multiple of x~y3; or 2”—y" divisible by r—y. 
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is divisible also by d, or by x—y, since r—y=d; 
that is, 
xu" —y"=M(x—¥). @. E. D. 
Cor. 1. When wz is prime to y, then d=x—y is 
prime to both x and y (cor. 1, art. 7); and, con- 
sequently, the above quotient 
d’-'+nd"-*y + md"~*y? + pd" *y? + = -- ny" 
d(d"~* + nd"~*y + md"~*y? + pd" *y? + aaa? : 
is prime to d, unless the power 7 be equal to d, or 
some multiple of d; for all the terms, except the 
last, are divisible by d; but the last zy*~' is prime 
to d, unless m be a multiple of it; because we have 
seen that dis prime to y, and, therefore, the quo- 
tient is not divisible by d, except in the latter case; 
and hence we conclude, that a*—y" 1s always di- 
visible by «—y once, but after that, the quotient is 
not again divisible by x—y, unless n=x—y, or 
n= some multiple of «—y. | 
Cor. 2. If” bea prime number, then the co- 
efficients of the expanded binomial d+y may be 
represented by 
1, n, na, nb, &c., nb, na, m,1 (cor. 1, art. 12), 
in which case 
(d+ y)"—y" becomes 
{ d” + nd" ala ye "+ nbd *y®, -- - nad*y’~? + 
ndy” 
f d(d"~' + nd"~*y + nad" y > + nbd" *y", - - - ma 
+ny"~’), 
which, being divided by d, gives for a quotient 
f dd s+ nd de nad’“y? + nbd" *y’, ~ - - nay”) 
l + ny" 
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which is evidently not again divisible by d, unless 
n=d; for since » is a prime, it cannot be a multiple 
of d, But this quotient may be divisible by », if 
be a factor of d; for if we make d=nd’, the above 
becomes 
nd’{ (nd’)"~* + n(nd’)"~*y + na(nd’)**y? + = - 

' nay} + ny" 
which is evidently divisible by , giving for a 
quotient 

{ (nd’)"~* + n(nd’)*°y + na(nd’)"“*y? + - - - 

1a iy bry: 
but this quotient is not again divisible by n; for, 
since 7 is a factor of d, and d is prime to y, y""' is 
prime to m; and, since all the first part of this 
quotient is divisible by n, but the other part, y"~', is 
prime to 2; therefore, the whole quotient is: also 
prime to n. And hence we conclude, that the 
difference of two powers, x2"—y" (when z and y are 
prime to each other, and 2 is a prime number) can 
only be divided once by x—y; and after that, nei- 
ther by x—y nor by any factor of t—y, unless 
n=x—y, or some factor of t—y; In which case, 
x"—y"is divisible once by n(a—y), but after that, 
neither by x nor by (x—y), nor by any factor of 
want : | 

Cor. 3. The quotient really arising from the 
division v"— y" by x—y is 


x" —y" 
« =x" + a-*y = yes "yk + Ree yet wee Gia xye* 
werd : 
ak, ae 


which quotient, therefore, from what has been 
shown above, is always prime to v— y (# and y being 
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supposed prime to each other); except when 7 is 
equal to x—y, or when it is some multiple or factor 


of x—y. 


PROP. II. 

81. The difference of two equal powers is always 
divisible by the sum of their roots, when the ex- 
ponent of the power is an even number; that is, 
x” —y"=M(«+y), when 2 is even. 

For make «+y=s, or c=s—y, then a"—y” be- 
comes (s—y)"—y", which we have to prove is 
always divisible by + y or s. 

Now by the developement of (x + ¥)”, and writing 
for the coefficients of this expanded binomial, 
| A RR ONIRy ida ¢ Ct 7 Piak CMR I 

it becomes 


ets tiered, Py 
} s*— ns" 'y +ms"~*y’ — psy? + --- +ms*y"* — 
nsy"~"; . 
because, since m is even, the last term of (s—y)’, 
namely y", will have the sign +, and will, there- 
fore, be cancelled by —y’. 
Now this quantity may be put under the form 
} s(s’-' —ns"~*y + ms"~*y* — ps"*y? + - -- +msy"~* 
ie ny"~ ); 
which is evidently divisible by s; and, consequently, 
the equal quantity (s—y)’—y’, or a*—y” is also 
divisible by s, or by x+y; that is, | 
a" —y"=M(a+y), 
when 2 1s an even number. — a. E. D. 
Cor. It may also be demonstrated, by the same 
reasoning as that employed above (cor. 1, art. 80), 
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that, if x and y be prime to each other, then a*—y’ 
can only be divided once by a+ y, unless n be equal 
to v+y, or some multiple of x+y. 


PROP. III. 

82. The sum of two equal odd powers is always 
divisible by the sum of their roots; that is, 

a+y"=M(r+y), 
when the exponent 7 is an odd number. 

For make r+ y=s, or x=s—y, then x"+y" be- 
comes (s—y)"+y"; which we have to demonstrate 
is always divisible by s, or x+y. 

Now by the developement of (s—y)", and writing 

EMRE RN NY B9AL  /ORR  Ie 
for the coefficients of the expanded binomial 
(s—y)", we have 
S-y)ity'= 
j s*— ns" 'y + ms**y? — psy + --- +ms‘y**— 
nsy"~', 

for since » is odd, the last term of the expanded 
binomial (s—y)", or y", will have the sign —, and 
will, therefore, be cancelled by +y". 

And this expression may be put under the form 


n-4,,3 


; s(s"-'— ns"*y + ms"? y? — psy + - - - + msy"~* 
PP le | : 
~—ny"~'), 
which is evidently divisible by s; and, therefore, 
the equal quantity (s—y)"+y", or a"+y", is also 
divisible by s, or by x+y; that is, 
Pe y=m(e+y), 
when 21s an odd number. —@. E. D. 
Cor. 1. It may also be demonstrated, by the same 
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reasoning as that employed at cor. 1; art. 80, that 
if x and y be prime to each other, then 2"—y”" can 
only be divided by «+ y once, unless n=(x +d), or 
some multiple of («+ d). | 

Cor. 2: And ifn be a prime number, arid a and 
y prime to each other, then a+ y" can only be di- 
vided by 7+ y once; and after that neither by 7+y 
nor by any factor of »+y; unless n be one of its 
factors, in which case it may be divisible by 
n(x+y) once, but after that neither by n nor by 
(x+y), nor by any factor of (x+y); as is evident 
from the same reasoning as that employed at cor. 2; 
art. 80. | 

Scholium. By mieans of the three foregoing pro- 
positions, and their corollaries, we may draw the 
following general conclusion with regard to the 
divisors of the formula x+y"; viz. 

1. If be even, or of the form 27’, then (x"—y"); 

or (x —y") =m(x+y); and m(x—y). 


on? 


But if x be prime to y then will 2” —y" be di- 
visible only once, by each of those quantities, 
unless 2n’=#+y; or #—y, or some multiple of one 
of those quantities. 

2. If » be odd, or of the form 2n’+1, then 


(2”—y"), or (a"*'~ 7" *') =uM(a—y); and 
(2" + y"), or (a°"*) +4°"*") = M(x + y); 

But if in these formule a and y be prime to eacli 
other, then each of those quantities are only di- 
visible by, their’ respective divisors once, unless 
2n’+1=x2—y, or some multiple of x—y, in the first 
case; or 2n'+1=x+y, or some multiple of 7+y, 
in the second case. And if in these two last forms, 
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t and y be prime to each other, and 7 be a prime 
number, then, in the first form, x"—y" is divisible 
by x—y once, and after that neither by x—y nor by 
any factor of (w—y), unless 7 be one of its factors; 
in which case w"—y" is divisible n(a—y) once, and 
after that neither by x nor by (a#—y), nor by any 
factor of (w—y). | 

And in the second form, (*+.y") is divisible by 
x+y once, and after that neither by (w+ y) nor by 
any factor of «+y, unless 2 be one of its factors ; 
in which case it is divisible by n(v+y) once, and 
after that neither by 2 nor by (w+y), nor by any 
factor of «+ y. 

By means of the above propositions, we are also 
enabled to ascertain the divisors of the sum or dif- 
ference of unequal powers of the same root; viz. 


(a"—a")=m(e—1), and M(x+1), 
when m— is even, or of the form 2n’, for 
x” — "= 2" x (z"-"* = 1), 
and since i—=:2n’, therefore, 
(a™-"*— 1) =(a"— 1°") =m(a—1), and m(a#+ 1); 
and, consequently, 
a” x (v"-"— 1) =(2"—2")=M(a—1), and m(x+1). 
Again, if 2 — m be odd, or of the form 2n’ + 1, then 
(x"— a") =M(x—1), and 
(x" + a") =M(x +1). 
For 
(x” — a") =a" x (a@"-"—1), and 
(x™ 4-2") =a" x (a™-" 41); 


also, since m—n:2n' +1, therefore, 


& 
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(a™"* — 1) = (ot! — 7 **") = m(7—1), and 
(a™-" +1) = (at + 1!) =u (x41); 
and, consequently, | 
a” x (v"-"—1)=(a"—2")=m(x—1), 
a” x (2"-" +1) = (a" 4+ 2") =M(r +1), 


Lemma. 

83. In demonstrating the impossibility of the 
equation a" + y"=3", it will be sufficient to consider 
m as a prime number. For suppose 2 be not a 
prime, but equal to the product of two or more 
prime factors, as n=pq, then the equation becomes 

pry ay = y= CuP)? + (yP)3 = (xy, 

being a similar equation, in which the power q is a 
prime number; and, therefore, if the equation be 
possible when 2 is a composite number, it is also 
possible for a prime power; and, conversely, if the 
equation be impossible when the power is a prime, 
it is also impossible for every composite power; we 
shall, therefore, in what follows, consider » as a 
prime number. 

Again, we may always suppose 2, y, and x, as 
prime to each other; for it is evident, in the first 
place, that two of these numbers cannot contain a 
common divisor, unless the third contains the same. 
Suppose, for example, that 2" and y" contained any 
common divisor, as 6, and that z” did not contain 
the same, then, in thé equation 2"+y"=2", we 
should have 2"+y" divisible by $, but the equal 
quantity 2” not divisible by it, which is absurd ; 
and the same may be shown if any other two of 
these quantities are supposed to have a common 
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divisor which the third has not. And if they 
have all three the same common divisor, as 
v=o’, y=oy’, and <=’, then the equation 
becomes 


dia" + gy gre", 
or, dividing by the greatest common divisor, 
x +: be _— ges 


if, therefore, the equation 2«’+7"=3" be possible, 
when x, y, and z, have a common divisor, it is 
also possible after being divided by that common 
divisor, and in which latter equation the three re- 
sulting quantities, x’, y’, and 2’, are prime to each 
other; and, conversely, if the latter be impossible, 
the former is impossible also; we shail, therefore, 
only consider the cases in which w, y, and s, are 
prime amongst themselves. 

It will also be sufficient to consider the ambiguous 
sign + under either of its forms + or —; for if 
the equation «"+y"=2" be possible, so also is the 
equation 2"—y"=a"; and if the equation be im- 
possible under the latter form, it is likewise un- 


_ possible under the former. 


We shall therefore limit our demenstration to 
the equation «”—7"=2", in which nm is a prme 
number, and x, y, and z, numbers prime to each 
other; the impossibility of which, from what is 
said above, involves with it the impossibility of 
the general equation 2+ y"=2", when 2, y, and z, 
are any numbers whatever, and 2 any number ex- 
cept 2, or some power of 2. Now, with regard to 
n= 2, we know, that the equation is not impossible, 
but the case of n equal 4 has been demonstrated to 

M 
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be impossible (art. 73); and this latter case involves, 
that of every higher power of 2, thus 


Prpas=(e is Y= (zy, 

which being impossible in the latter form, is ne- 
cessarily so in the former ; and, in the same manner, 
the impossibility of the equation for any higher 
power of 2 may be shown to be involved in that of 
m=4: it is evident, therefore, that our equation, 
together with that of n=4, involves every possible 
value of greater than 2 


PROP. IV. 

84. If the equation z*—y"=x" he possible (a ° 

being a prime number, ‘and x, y, and z, prime to 

each other), then one of the four following eon- 
ditions must obtain; vz., 


UE ryan 'r, 
Ist, < ®—SRS", NS See seas 
yt sR. ‘lig eveie 


L—Yyr", L—YRT", 
atl, fae Ath, ‘aoe 
FHS. yt sant" 
Where 7, s, and ¢, may represent any numbers 
whatever, indicating only, that (v—y), (x—32), 
(y+), &c., are complete th powers, or that 
they are of the form 7’, s’, ¢. This follows 
from what has been demonstrated cor. 2, art. 80; 
viz. that «"—y" is divisible by x—y once, and 
after that neither by t—y nor by any factor 
of x—y, unless 2 be one of its factors, in 
which case 2"—y" is divisible by 7(#—y) once, and 
after that neither by 2 nor by «—y, nor by any 
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factor of x—y; andthe same must necessarily be true 
of the equal quantity 2"; viz. that it is divisible by 
_#&—y once, or by n(a—y) once, when 7 is a factor 
of «—y, but after that it is neither divisible by x 
nor by «—y, nor by any factor of x—y, and, 
therefore, (cor. 1, art. 16) «—y, in the first case, 
and n(w—y) in the second, must be complete nth 
powers; that is, 
r—ysr", or nx—y)ern; 

but the latter of these forms, since 7 is a prime 
number, must be 

n(x — yx) n'y", Or e-—ysanr; 
and, consequently, if the equation 

hy 3 

be possible, we must have v—y=#r’, or n""'7". 

But the equation 2”—y"=2" may be put under 
the form 2*—z"=y"; and, consequently, we have 
also the same result as to the difference r— %; viz. 

; xX — ces", or nes", 
_And again, by writing the equation thus, 
yt" =2", 
we shall; by means of cor. 2, art. 82, and the same 
reasoning as that employed above, find, that 
y+2crt", or n't", 
Hence, then, if the equation 
Lf" =z" 
be possible, the following conditions must ob- 
tain; viz: 

The difference of the roots ¢—y#r", or n""'r". 

The difference of the roots v—z<ks", or n"~'s”. 

The sum of the roots yt at, or ne. 

poe ay 2 
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But since (x—y), (x—z), and (y+2), are re- 
spectively divisors of the three nth powers, 2”, y"; 
and x"; and since these three quantities are prime 
to each other, their divisors must also be prime 
to each other; and, consequently, only one ef 
these can be of the latter form above given, as they 
would otherwise have a common divisor 2. ‘There- 
fore, if the equation be possible, we shall have 
either 

v— Yr’, 
L~- ZAS, 
CYA SHE, 
or two of these quantities will be of this form, and 
the third of the form n"-'9", which evidently re- 
solves into the four following cases, one of which 
must necessarily obtain, if the equation 2”— y"= x" 
be possible; viz. 


eye", e—-ysen'r’, 

Esti BoAmRe, 2d, L~-ScS", 

Yrsey Yr+sRl. » 

L—-YRr", | Seat ed 

3d, < 2—sthn""'s’, Ath, < x— zs", 
Lytsne. yt+szren"'t. 
@. E. D. 

PROP..Y. 


85. The equation a*—y"=x" is impossible 
in integers, 2 being any prime number greater 
than 2. 

We have before observed that 2, y, and z, may 
be considered as prime to each other, and by the 
foregoing proposition it is demonstrated, that, if the 
equation be possible, one of the four following 
conditions must obtain; vz. 
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L—y=r",* r—y=n"'r", 
Ist, < r—s=s", 2d, < #—-2=8", 
y+2=t'. y+ s=e. 
v—y=r"’, ; t-y=r", 
Bap ex a's sens et, Ath, < +—-23=s", 
ytz=e. yts=n't’. 


But at present we shall only consider one of those 
cases, for example the first, and in the result, by 
substituting n""'r” for r”, n"-'s” for s", &c., we 
shall arrive at all the possible cases. First then, let 
us ascertain whether the equation 2°—y"=2" he 
possible, on the supposition that 


—y=r", 
L—-L=S", 
44+ 8=0, 


Now from these three equations we derive the 
three following; viz. 


And, omen since 2"—y"= rn or f° = 4" +2", 
we have 


t+ (s' +r") pe "__(s"_— 7") n t” + (s*—7") n 
2 Ka 2 i 2 


Or 
ner 4 (s” at r”) es fhe ra (s” e y") A af \ & as (s” —r”) te 
Now 


f ff" 4 (s” th 7") \n is eit + nie" (s" — r”) f nat °"(s" 
ph a uDL SS ey rr) &c. 


% See note, page 137. 
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f {t"—(s"—r") "= t"—nt™* (s*— 7") + nat? *"(s" 
r")? — nbt™-°"(s"— 7") + &e. 

{ {e+ (st +7") =e" tnt? "(st +r") + nat *"(s" + 
ry? ee nbt"®=°"(s" 4 r’y? — &c.* | 
And here, since the sum of the two first expressions 
is equal to the third, it is evident that the latter, 
subtracted from the sum of the two former, is equal 
to zero. But in adding the two first together, the 
ad, 4th, &c., terms cancel; and, consequently, in 
subtracting tbe latter from that sum, the 2d, 4th, 
&c., terms will remain the same, except that the 
signs will be changed from + to —. And as to 
the Ist, 3d, &c., terms of the first two equations, 
and the same bene of the third, we shall have, 
by observing that 

(s°— 7")? = (s* +7")? —As"r", 

(s"— 7" }i= (s" 4+ r")* — 8(8'"'7r? + S79"), 

(s*—r")° = (s"+ 7")? — 128°" — 4087" — 128°r'"%, 

&e. &e. &e. 

for the sum of the two 
Ist terms 22", 
ad terms 2nat™-*"(s" + 7")?— 2nat™"-*" x As"r", 
5th terms 2nct™~*"(s” + 9")*— Inct™"-*"X 8s"r oe +7"), 
7thterms, &c. 

And, consequently, subtracting from those sums 
the Ist, 3d, &c., terms of the third line, namely, 

1st’ term. 2, 
3d term nat™-?"(s" +r ne, 
5th term net”-*"(s" +7"); 

the remainders of these particular terms will be, 


* By writing 2, na, nb, nc, &c., for the coeflicients of the bino- 
mial, cor. 1, art. 12. 
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st_rem. = 7™, * 
3d rem. =nat™-*(s" +r")? — 2nat™"™ x 4s"Pr°, 
| 5th rem. = nct™-*"(s" + r")* — Qncé™"™ x Bs"r"(s"" 4 
,2n ; 
xt), , 
‘threm. &c. &e, 


In short, the whole of the remainder which is 
equal to zero, will be expressed by 
f ie = (s* a r") Hy ad (Qnat™-™,4s"r") nd (2nct™"* 85"7") 
t (se"+r"\— &e, 
Aud here it is only necessary to observe, that all 
the terms on the latter side of this expression are 
divisible by ¢"s’r", so that, for perspicuity sake, we 
may write it thus, 

| by oe (s? - r”) \n mig E's" s ais OF 

and, consequently, 


{t"— (s? +7") = fs"7"A; 


, 


and here, since the first side is a complete xth 
power, the latter side, which is equal to it, must 
be so likewise; and, consequently, a must be a 
complete nth power, or A=A”; that is, 


PH (Sry vats”; © 
and, therefore, 
fps ESA’ + 
or, dividing by ¢rs, we have 


ee Cah peck 


which must necessarily be an integer. But these 
three fractions are in their lowest terms, be- 
cause r, s, and #, are prime to each other, and 
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each of the denominators contains a factor that is 
not common to the other two; they cannot, there- 
fore, be equal to an integer (cor. 2, art. 13); and, 
consequently, the equation is impossible under the 
first condition, And in order to arrive at the re- 
sults of the other three conditions, we have only to 
substitute 2"~'r" for vr”; 2”~'s" for s°; and n"~'t" for 
#’, whence we draw the four following conclu- 
sions; 


a were ase 
2d a re Spay =A 
aes ey st : 
a-1 n-t.n-1 n—1 
3d t nM § r mite 4 ft 
« “Ths Dee — eee J 
SiS iy: St , 
ata gel gin) gr} 
Ath, ee 


according as we assume the Ist, 2d, 3d, or 4th, con- 
dition. Inwhich expressions we ought to have one of 
the quantities a’, a”, a’, a”, an integer number, 
if the given equation were possible; but since in 
each of these expressions we have three fractions, 
in their lowest terms, and the denominator of 
each contains a factor not common to the other two, 
therefore (cor. 2, art. 13) they cannot produce an 
integer number. 

Having shown, therefore, that, if the equation 
x” —y" =z" were possible, one of the quantities a’, 
a’, a’, or A”, would be an integer; and having 
also demonstrated that no one of these quantities 
can be an integer; it follows, that the eqnation 


I} 
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whence they were derived is impossible; that is, 
the equation «"~—y"=3" is impossible, when 1 is 
a prime number. 

We have also demonstrated, art. 83, that the 
impossibility of the equation 2*—y"*=2", when 2 


js a prime, involves with it the impossibility of 


every equation of the form 
a” af- yf = 2", 


in which 2 is any number whatever except 2, or 
some power of 2; and we have likewise shown 
that the impossibility of the equation, when x is 
any power of 2, is involved in that of a*—y*=:2", 
which particular case has been demonstrated to be 
impossible (art, 73); and, consequently, the equation 


ety =" 


is always impossible, when 7 is any integer number 


whatever greater than 2.—a. E. D. 


Cor. Since the equation 
a” ane —_— 2" 


is Impossible, so also is a + wo g? for this is the 
aN aimee a 
saine as v"+y"= ma and, therefore, the equa- 


nu 


tion is likewise impossible in fractions. 


PROP. VI. 


86. If m be a prime number and x any number 
not divisible by m, then will the remainder arising 
from the division of x by m be the same as that 
from the division of a” by m. 
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For make «=2’+1, then we have 


a= (a + Lis ar oe a max 2 +Fa --mMme+ tT" 


And since all the terms of this expanded bino- 


mial, except the first and last, are divisible by m 
(cor. 1, art. 12), it follows that the remainder 
from the division (2 +1)" by m is the same as that 
from the division #’"+ 1 by m; which, by rejecting 
the multiples of m, may be expressed thus: 
1 A es PR fae ly 

Making now a’=a2”+1, we shall have, on the 
same principles, | 

wo a (ar 1) ae ae + 1)” he ae Pt 


th} 


Again, let 2” =a’ +1, and we obtain 


era + 1a" 4 2 = 2" 4 3, 


And thus, by contmual substitutions, we have 
etic an He mena ret aM 3= &c.; or, 
( a= (ex—1)"+1= (@—2)"4+2=(4-3)"4+3 &e. 
(t—2)"+2, © 
the Jast of which terms is equal to x; whence it 
follows, that the remainder arising from the di-. 
vision of w by mis the same as that from the di. 
vision of x” by m.— a. E..D. 


PROP.’ VIE. 


87. If m be a prime number, and a any num- 
ber not divisible by m, then will the formula 
x"-'— 1 be divisible by m, or, ‘which is the same, 

(v™-'—1)=M(m). 
For, by the foregoing proposition, the zemainder 


4m 


Ue an : 3 
of pet the same as the remainder of ie and, con- 
t : 
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sequently, the difference «”—w is divisible by m. 
But #*—xr=2(x""'—1), and since this product is 
divisible by m, and the factor x is prime to m, it 
must therefore he the other factor (w"~'—1), that 
is divisible by m (cor. 5, art. 11).—@. E. D. 

Cor. 1. Since «"-'—1 is always divisible by m, 
if x be prime to m, and m itself a prime, there are, 
necessarily, m — 1 values of x less than m, that satisfy 
the equation 

Pele 
ie ee » an integer ; 


that is, x may be any number in the series 
£51253, 4,05 Aéc., m—1, 


because all of these numbers are necessarily prime to 
m; and, since m—1 is an even number, we shall 
have also m—1 values of «, comprised between the 
limits —im and tm; that is, x may be any num- 
ber in the series 

ih m—1 

1 ee 

so that, in both cases, we have m—1 values x < m, 
that render the equation 


ed 1 9x Sys tty cas 


Fl rs: ] A 
Tt Van oe integer. 


Cor. 2. Since x”-'—1 is always divisible by m 
under the limitations of the proposition, therefore, 
xe"“'sam+1; and, consequently, every power, 
whose exponent plus 1 is a prime number, as (27), 
will be of the form am, or am+1; and thus we 
may ascertain the forms of many of the higher 
powers: thus, 


172 Powers in General. 


vith 5n, or 5n4+1; 
x sts 7n,'or.( 724+ 1$ 
2? =s1 19, OF lint]; 
x2 130, Or'13n+4; 
&e. &E. &e. 


Again, since m is a prime number, if it be 
greater than 2, it is an odd number; and, conse- 
quently, #—1 an even number; and, therefore, 


m-t m= 
Fen =(F ‘ 1) x G a 1); 


and, since this product, 


m= J m-y 


is divisible by m, and m is a prime number, one of 
these factors must be divisible by m; that is, 


m-1 


—_—_—— 


xv camati; 


and, consequently, every power, the double of 
whose exponent plus 1 is a prime number, as (mm), 
is of one of the forms 


an, OF ‘am + 1°; 
and hence again, we derive the forms of many 
other higher powers; thus, 
x°t Jn, or Fn+1; 
2 °=<e lin, or lin+ 1. 
x °ch13n, or 13n+1; 
irc 70, mR 98 ete: = 
2107. or LOnd 1: 
en 23n, or 23n+1; 
&os.o: KO, &e. 


And hence we have the following forms of all | 


ie 
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powers from 2 to 12, the 7th powers only excepted, 
which cannot be introduced into these forms, be- 
cause neither 7+1, nor 2.741, is a prime num- 
ber. 


Table of the possible Forms of Powers, from 
2 to 12. 


2° '32,.0r 3n+-1=5 57, or 42413 


eM hm a eee HR ORT 
eS aN: OTe (hn A tee we ee 
Oe a eR Se ae On Dee les 
x’ Fn, or Jn+1%813n, or 13N+1; 
Dy Sh We RS a ey, Pay m= 
Sa De 8 msm he i BOT 1.799 $4 Lee 
em: - - - - 19n, or 19N+1; 
Ge 137, OF Lit tat ss jn < 
eS St a Ape mR EN Bey OF BSI As 


v’sp13n, or 13m+1# - - - - - 


Scholium. By means of the foregoing table of 
formule, we may frequently satisfy ourselves of 
the possibility or impossibility of equations of the 
form ; 

ax" + by" =dz". 


And also whether any given number @ is a com- 
plete power or not, without the trouble of extracting 
its root: it is to be observed, however, that a given 
number may be of a possible form, though it be not 
a complete power; but if it be of an impossible 
form, then we are certain, without any farther 
trouble, that it is not a complete power. 


td 
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~T 


PROP. VIII. 


$88. If m be a prime number, and P be made te 
represent any polynomial of the nth degree, as 
p=a"+ar'+ br" +e" 4+ --- Gq, 
then, I say, there cannot be more than » values of 
xr, between the limits ++4m, and —tm, that ren~ 
der this polynomial divisible by m. | 
For Jet & be the first value of x, that renders P 
divisible by m, so that 
Aam=k" + ak’-' + bh’? + che3 + =-- q; 
then, by subtraction, we have 
p—am=(2"— hk") + ala"! — k'"') 4 Wa"? — h*) + 
&e. 
But the latter side of this equation, being divided 
by x—k (art. 80), we shall haye for a quotient a 
polynomial of the degree n—1; which, being re~ 
presented by p’, gives 3 


, 


p—am=(x—h)p’, or P=(«—k)p’+ am. 


Let now k’ be a second value of x, that renders — 


P divisible by m, then it follows, that (vw—k)p’+ am 
is also divisible by m; and, consequeutly, (@— k)p’ 
divisible by m, but the factor «—f, which now 


becomes (A’—), cannot be divisible by m, because — 
both #’ and / are less than tm; therefore, p cannot — 


Feat Pe ag ne ee 


ee, 


— 
a 


=p Og 


- 
ie 


be divisible a second time by m, unless Pp’ be divi- — 


sible by m. , 
The polynomial p is, therefore, only once more 
divistble by m than the polynomial Pp’; and, in the 


same manner, it may be shown, that p’, of the de< 


gree 2—1, 1s only ance inore divisible by m, than 
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p”, of the n—2 degree, &c.; and hence it follows, 


that, p being a polynomial of the m degree, ther¢ 
can be only » different values of x, comprised be- 
tween the limits +1m and — im, that render it 
divisible by m.— a. FE. D. 

Cor. We have seen (cor. 1, art. 87), that if m be a 
prime number, the formula w2""'—1 has m—1 
values of x, between the limits +m and —im, 
that render it divisible by m. Now, this being put un- 


der the form (= ma ef 1) @- ; a it follows, that 


each of these factors hag - 


values of x, Bante een 


the limits +1m and —4m, that:render them di- 
visible by m. For neither of them can have more 


7 m—1 £ . 
than such values, by the foregoing propo- 


sition; and, since their product has m—1, it is 
obvious, that they have each.the same number of 
values of x between the above limits, and that this 


. m—-id 
number is 


-— 
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On the Products and Transformations of certairt 
Algebraical Formule. 


PROP. I. 

89. The product of the sum and difference of 
any two quantities is equal to the difference of 
their squares. 

For, 

(c+y)(v—y) =a —¥’. @. E. D- 


PROP. Il. 

90. The product of a sum of two squares, by 
double a square, is also the sum of two squares; or 

(2? +y*) x 22?cna® + y”. | 

For, . 
(a*+y*) x 22=(a+y). 2+ le—y). 2°, 
which is evidently =:a%*+y”. 

Cor. Hence if a number be the sum of two 
squares, its double is also the sum of two squares. 
Also if a number wn be the sum of two squares, 2°N 
is so likewise. 

‘Thus, for example, 

G20) 4 ls Oe aed 
10x 2=20=4°4+ 2°; 20x 2=40=6°+ 2° &c. 


PROP. III. 

91. ‘The product arising from the sum of two 
squares by the sum of twe squares, is also the sum 
of two squares; or 
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PP2 4/2 
° 


ty )ar ty )jaer ty 
For, Fe 
) He is xn’ + yy’) + (ry — ay) 
as will be evident from the development of these 
expressions; and, consequently, 
(a? +9)\(2" +9") a" +y/": sa. E. D. 
Cor. Hence the product inay be divided into 
two squares two different ways. And if this pro- 
duct be again inultiplied by another, that is the sum 
of two squares, the resulting product may be di- 
vided irito two squares four different ways; and, 
generally, if a number wn be the product of n factors, 
cui of which is the sum of two squares, then will 
x be the sum of two 0 squares, and may be resolved 
fils two squares 2” different ways: 
For example; i A li 
13=3°+ 2° 


Then the product 65 = 8° + 1’, or 7°+ 4°. 
Again, - - 17 = 474-1? 


wal 2 2 4 QQ Os. 2 ® 
The product ; eg ieng = 33° + 4°=31* 412 
And this resolution of the given product into square 
parts, is readily effected by the foregoing theo- 
rem; for 
(SF 1)(4°41*)= (438+ 1)'+(8.1—4,1)°= 
(4. 8—1)°+(8.1+4.1)*, and 
p (794+ 4°)(4° +1) = (4.741. 4) +(4.4-7:1)*= 
(4.7-1.4)+(7. tua A)’, 
And in the same manner may any ee produet, 
arising from factors of this form; be resolyed inte 
its square parts. 


A 
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PROP. IV. 

92. The product of the sum of three squares, 
by the sum of two squares, is the sum of four 
‘squares; or | ; 

(a°+y? + 2°)(0? + y”) sew’? + a’? + y’? + 2” 

For, 

(a ty + 2\(att y")= 
(xx’ + yy’)? + (ay’ — ya’)? + a? 2? + y?2*, 
as will appear immediately, from the development 
of these formule; and, consequently, 
(ei +y?t+2?)(e? +y?) sw? +a? + yy? +2. 
@. E. D. 
For example, - 14=3°+2741° 
5=2°+1 
70= (3.2 + 2.1)? + (2.2 —3.1)* 
= BD t — eb. ree | Bef 
and a similar decomposition may be effected on 
any other similar product. 


Then the product 


PROP. \ 

93. The product arising from the sum of four 
squares, by the sum of two squares, is the sum of 
four squares ; or 

(w+ 2 +y? +2 e\(at +9) shy? +a” +49 + 2" z 

For, 

(w’ + 2°) (x? + y’) Rw? +2”, and’ 
(yt 2) hy) Ry” +3", 
by art. 89; and, consequently, 

(w 4 e+ y* + x°) (a? +y”) sw? + a” y+ g?. 

Q. E. D. 
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PROP. VI. 
94. The product of the sum of four squares, by the 
sum of four squares, is also of the same form; or 
! (w+ a> ty? + 3°)(w? +a? + y? + 2”) oe 
we +o +’? + 3°.) 

For, 

(wrt arty? + 2*)(w? +a? + y” bP on 
(we’ + xx’ + yy! + 23')* + (wx — ew! + Y% gy’)? + 
(wy’ — xx’ — yw’ + xu’)? + (we’ + ay’ — yx’ — zw’)’, 


as will appear immediately from the development 
of the above formule; and, consequently, the pro- 
duct in question 8(w’”? +a’? +4" + 2").—@. E. D. 
Cor. 1. As in this prodiict, there are only com- 
plete squares enter, we may change at pleasure 
the signs of the simple quantities; and, conse- 
quently, there will result several different formule 
equal to the same product, and each equal to the 
sum of four squares; and in so many different ways 
may any number that arises from the product of 
factors of the above form, be resolved into the sum 
of four squares. 
Cor. 2. This proposition may be rendered more 
general by the following annunciation: 
The product of the two formule, 
(w* — ba® — cy* + bex*)(w” — bx”? — cy’* + bez”) 
(w’? — ba’? — cy’ + ber’), 
For, 
(w* — ba* — cy’ + bez?) (w® ~ bx” — cy” + bee”) = zm 
(ww’ + baa’ + cyy’” + bezz’)* = 
b(wa’ + w'n + cyx’ + cy’z)y? — 
c(wy’ — baz’ + yw + bx")? +e 
bc(ay’ — we’ + zw’ Fyx’)’, 
N 2 
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as will be evident from the development; and, con- 
sequently, the product in question is of the same 
form as each of its factors. 


PROP. VII. 

95. The product of the two formule (2*— ay’) 
and (x — ay”), is of the same form as each of them: 
that is, 

(x* — ay’) (x? — ay”) ma’? — ay”. 
For, 
| (a® — ay’) (2 — ay”) = (xa’ + ayy’) — ary’ +2’), 

J Jy or (a” — ayy’) — al xy’ — xy’); 

and, consequently, 
(2° — ay*)(a’* — ay”) a’? — ay”. 
| a. E. D. 

Cor. The product of any number of factors, 

each of the form (7° ~ ay’), is always of the same 


form. 


PROP. VIIf. 
96. The two formule 
(x? +y° + 2°) and (a? + y* + 22°), 
are so related to each other, that the double of the 
one produces the other; that is, 
(2° +y°+ 2°) x Qa? + y” + 22”, and 
(2° + y? + 22°) x Qa” + y? + 2”, 
For, 
22+ y? + 2°) = 2a" + 2y° + 22° = 
(x+y)? + (a—y)* + 2a? + y” + 22", 
And | 
2(2° + y? + 22°) = 2a° + 27° +42°= 
(aty) t+ (e—y) +42 en? ty? 42" 
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For example, 14=3°+2°+ 1? 


Mult. by - 2 
) =28=(3+2)'+(3—2)'+2.1° 
The product Set 42, 
And - - 15 =3*+2?+2.1° 
Mult, by - 2 


, =30= (3 + 2)’+ (3—2)*°+ 2? 
The product | ih} 98-1693. , 


And the same of all other numbers of these forms. 


PROP. IX. 
_ 97. The formula x°— 2y° may be always trans- 
formed to another of the form 22”—y”, and this 
last may be conyerted into the former; that is, 
{ u— dy? Qu" — y™, 
26 — ye ae — Qy”. 
For, 
x — 2y' =2(xr+y)?— (wt 2y)*RQa”—y”, and 
2u° — y= (w+ 2y)*— 2(at y) Ra” — 2y"; 
as is evident from the development of these 
formula; and, consequently, a number that is of 
one of these forms is also of the other. — a. E. D. 
For example, 14=2.3°—2°=4?—2.1°, 
Pee a D8 =) — ero, AO”, 
And the same of any other numbers of either of 
these forms. 


PROP. X. 
98. The formula «°—5y’? may be always trans- 
formed to another of the form 5x2°—”, and this 
last may be converted into the former ; that is, 
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{ we — by 5a? — y”, 
; bar — yf oe” — by”, 
For, 
a — by’ = 5(a + 2y)’— (2a by)? ba? — y™, and 
5a? —y? = (5a+ 2y)’— 5(Qe+y) a” — by”; 
and, consequently, any number that is of one of 
these forms is also of the other. 
For example 29=7*— 5.2°=5.11°— 24°=5.3°— 4° 
And - - 41=5,.3°—2?=19°—5.8°=11°—5.4’. 
And a ‘similar transformation may be made on 
any other number falling under either of the above 


forms. 


PROP. XI. 
99. If a be any number of the form 6°+ 1, then 
will the formula w* — ay’ be resolyible into another 
of the form ax*— y’; and, conversely, this last may 
be transformed into the former; that ts, 
EF — (b+ ap ms 1)e?—y”, and 
(Bo +1)a°—y — (0° +1)y”. 
For, 
ee — (B+ 1)y?= (b+ 1) (a+ by) — [bet (B+ 1) yh’, 
and 
(+ 1)ae—y =| (b°+1)at by P— (8 4+1) (bret yy), 
the first of which transfermed formule is evidently 
(6? + 1)a”—y”; also the latter 
cea” — (6° + 1)y”; and, consequently, 
x — ay’=nax?—y”, and 
ax’ —y? ex” — ay”, when 
as.b? +1. 


Cor. These general formule furnish us with 
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many particular cases, which have the singular 
property of being convertible from one to the other ; 
such are 
oe — df Ww? -— yy", 
Date! ay ey a? — Bag 
r— sy" + 57? — yf”, 
5 — apse ah Sy”, 
a“ —10y*3102"— yy”, 
108° — yt a? —10y™.. 
e—l7yalze’— oy”, 
GE PP ITY 
&e, a, &e 


PROP. XII. 


100. If m and » be the two roots of the 
quadratic equation ¢—ad+b=0, then will the 
product of the two formule («+ my), and (x + ny), 
be equal to x° + aay + by’. 

This is evident from the actual multiplication of 
the factors («+ my) and (a +ny). 

For, 

(x + my) (e+ ny) =2° + (m+ n)xy + mny?*; 
and, since m and mv are the roots of the equation 
d*— ab+b=0, we have, from the nature of equa~ 
tions, m+n=a, and m=b; and, consequently, the 
above product becomes 
x + axy + by’. 
Gah. 1). 

Cor. Hence, conversely, every quantity of the 
form «° + avy + by? may be considered as the pro- 
duct arising from the multiplication of two factors, 
(v+my) and (~+ny), m and n being the roots of 
the quadratic equation 
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y—adt+ b=0; 
or, which is the same, m and n being such as ta 
answer the conditions, m+n=a, and mn=b. 


PROP. XIII. 
101. The praduct arising from the multiplication 
of the two formule 
x° + axy + by*, and a” + aa’y’ + by”, 
is of the same form as each of them; that is, 
(2° + aay + by’) (a? + ax’y’ + by”) 
(a? + agl’y? + by’). 
For, 
a + axy + by? =(x+my)(e+ny), and 
a” + aat'y! + by” = (a! + my’) (ae + ny’) 5 
and, therefore, the product in question is the same 
as the continued product of the four latter factors. 
Now, 
(xv + my) (a? + my’) = xx! + may’ + x'y) + my’, 
but since # is one of the roots of the equation 
g’—ag+b=0, 
we have m’—am+b=0, whence m’=am—6; and, 
substituting this value of m*, in the above formula, 
it becomes 
wu! — byy’ + may’ + av’y + ayy’). 
And if, in order to simplify, we make 
x = an’ — byy’, 
¥ Say’ + yx’ + ayy’, 
the product of the two factors, 


(x + ny ) ig » my’) =x RY : 


Products of Algebraical Formule. 185 


and, in the same manner, we find 
(x +ny)(a’ + ny’) =X+ ny; 
and, consequently, the whole product will be 
(x + my)(x + ny) =x? + axt + by’; 
that is, the product , 
/ eae + by')(a” + aaty’ + by”) (x 
yo: 


a Te 


+ ae’y” + 
Cor. 1. Hence it follows, that the product ot 
any number of factors of this form; as 
a + any + by’, 
yy? + ax’y’ + by”, 
ay f aM ax’y” + by’, 
ke, &e. 
will always be of the same form as those factors, 
Therefore, if we make r=.2’, and y=y’, we shall 
have x= 2" — by’, and y=2ry+ay’; and, con- 
sequently, 
(x* + axy + by’) =x? + axy + by*. 
And, therefore, if it were required to make a 
square of the expression 
x’ +axy + by’, 
we shall only have to give to x and y the pre- 
ceding values, whence we readily obtain for the 
root of the square required the formula 
x + ary — by’, | 
where 2 and y may be any numbers at pleasure. 
Ex.1. Find the values of x and y in the 
equation 
x + Bry + by? = 2", 
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Here a=3 and b=5, therefore, the general values 
of x and_y are 
pret bee 
mE 2tu t+ 3u*, 
where, for distinction sake, we write ¢ and w, in the 
above formule, instead of x and y. Whence, by 
assuming successively, 
Fes aoa). &e., 
US ae PA kKe:; 
we shall have the following corresponding values 
of a and y; 
w=4, 11, 20, 31, &c., 
y=9, 11, 13, 15, &e. 
Ex. 2. Find the ‘values of 2 and y in the 
equation 
xv —7Txzy + 3y°= 2", 
Here, since a= —7 and b=3, the general values 
of x and y are 
fr= F—3u', 
y=2tu—7w. 
And making now | 
EA BO TSR! Ke, 
e=1,'1;°1, 1,4, &c.; 
we obtain 
L=13, 22, 33, 46, 61, &¢:, 
KA 1, 3, 5, > 9, &e. 
Each of which corresponding values of x and y 


answer the required conditions of the equation ; 


and it is manifest, that an infinite number of other 
values might be obtained, by changing those of # 
and 2. 
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CHAP: VHT 


On the Quadratic Divisors of certain Algebraical 
Formule, | 


PROP. I. 

102. If the indeterminate formula 
py’ + 2qyz +72 =, 
the coefficients, p, g, and r, have not all three the 
same common divisor, and y and z be any numbers 
whatever prime to each other; and if 2g >p, or >7, 
this formula may always be transformed to a similar 
one, 


Bott 


PY +2qY¥% 
which shall be equal to the game quantity >, and 
in which 2q’ shall not exceed either p’ or 7’. 

Let us suppose, first, 2g >p; and in the case in 
which also 2¢>r, let p be the least of these two 
numbers p and 7, abstracting from their. signs. 
Now make y=y’—mz, m being an indeterminate 
coefficient; and substituting for this value of y in 
the given equation, we have 


+7'2"? =, 


ply’ — mz)’ + 2gz(y’ —mz)+rz*=o, or 

py” — 2(pm— qyy’2 + (pm' — 2qm +r)? = 
And here we may always take the indeterminate 
quantity m, so that + (pm—q) <p (art.10). Calling, 
therefore, +(pm—gq)=q’, and (pm?—2qm+r)=1r, 
the transformed formula will be 
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PY? + I2TYZATE =O 
in which 2q’ < p (this sign not excluding equality), 
and in which pr’—q?=pr—q’, for 

q’=pm — 2pqnm+q’, 

pr =p mv —2Qpqm+rp, 


therefore, by subtraction, 


PPG En ¢ 3 
where these quantities will always have the same 
sign. 

Now, since we have 2g > p, and 2q’ < p, it follows 
that g’<q. We have, therefore, now, an equation, 
PYF 2VY RATS As 
in which the mean coefficient 29’, does not exceed 
the extreme coefficient p; and if at the same time 
it does not exceed the other extreme coefficient 7’, 
the formula is transformed as required. But if 29’, 
though <p, be >r’, we may proceed in a similar 
manner to obtain a new transformation, In which 
the mean coefficient (which we may represent by g”} 
shall be less than g’, and so on again for others, in 
which the mean coefficient 2q’’ is less than 24”. 

But the series of integers. 


TU Mon et 
cannot go on continually decreasing, without he- 
coming finally less than the extreme coefficients ; 
and, therefore, by continuing these transformations, 
we must necessarily at last arrive at that, which ad- 
mits not of any farther reduction; and which will 
be consequently such, that the mean coefficient is 
less than either of the extremes, or at least not 
greater than the least of them; for with any 
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formula, in which this is not the case, a farther 
reduction may be made. Therefore, every formula, 
py? + 2qyx+ rz’, 
in which the mean coefficient 29 exceeds either, or 
both, of the extreme coefficients, may be trans- 
formed to another, in which the mean coefficient 
2g shall be less than either of the extreme co- 
efficients, or at least not greater than the least of 
them. — a. E. D. 
Cor. In the successive transformation of the 
formula, 
Py? +27 ys tr, to 
py +27 Ys t+r2, to 
py? +.29"y's' +r", Ke, 
we have always 
pr-G=pr-gapr ~q"; &e., 
each of these quantities having the same sigii; for 
we have seen this equality take place in the trans- 
formation that we have effected, and it is evident, 
that the same would still have place in any farther 
reduction, the operations being all effected in the 
same manner. 
The following example may be of some use in 
illustrating the foregoing proposition. a 
Let there be proposed the formula 
35y* + 17 2yz + 2102’ =¢, 
in which the mean coefficient 172 exceeds the first 
35; and let it be required to transform this to 
another equal and similar one, in which the 


mean coefficient shall be less than either of the 
extremes.. 
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First, put y=y’— mz, which value of y, being 
substituted in the given formula, gives 

35y” — (70m — 172)y’2 + (35m? — 172m 4+ 210)z° 
And now, in order that 70m — 172 < 35, take m=2, 
which reduces the above to 

35y” + 32y’z + 62° = 9, 

in which the mean coefficient 32, though <35, is 
still >6; and, therefore, we must proceed to an- 
other similar reduction. 

Let, then, z=2’— my’, and the second frans- 
formed formula will become 

2” — (12m —32)y'2' + (6m? — 32m + 35)y”. 
And here, taking m=35 in order that 12m—32< 6, 
we obtain 
6x*— 42! —Ty"=9, 
and this last formula has the required conditions; 
because 4<6 and <7. 
And moreover, in these tr ansformations, we 
have | 
Ath wes Naa iT: Bit ae 8 
35 .210—(66)*= — 46, 
35. 6—(16)=— ie 
me 6. 7 (2p 

all equal, and with the same sign, as observed i in 
the foregoing corollary. 


, PROP. If. hi | 

103. Every divisor of the formula f+ az*, in — 

which ¢ and w are prime to each other, and a any 

integer number whatever, positive or negative, is 
givbe a divisor of the formula g° +a. 
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For let p represent any divisor of the formula 

+ au*, so that 
t+ au = pp’, 

then it is evident, that p is prime to w, for other- 
wise ¢ and w must have the same common measure, 
which is contrary to the hypothesis, because ¢ is 
prime to uw; we may, therefore, find two other 
numbers, g and y, such that t=py+qu, q being 
+ or — as the case may require (art. 40): and if 
now we substitute this value of ¢, in the above ex- 
pression, we obtain | 


Py + 2pqyu+ (G7 + aur= pp’; 
or, dividing by p, we have 


p Ger GN ‘tae 
py +2qyut+ (2 ye =p; 


P 


and, consequently, since p’ Is an integer, (q*+a)u° 
is divisible by p, but we have seen that w is prime 
to p, and, therefore, it must be the other factor, 
(g°+a), that is divisible by p (cor. 5, art. 11); 
therefore, if p be a divisor of the formula ¢+ aw’, 
# and u being prime to each other, it is also a di- 
visor of the more simple formula g° + a.— a. E. D. 

Cor. Hence, conversely, if p be not a divisor of 
the formula g’+a, in which there is only one in- 
determinate quantity g, it cannot be a divisor of 
the more general formula ¢°+ au’, in which there 
are two indeterminates prime to each other. 


PROP. III. 
104. Every divisor of the formula ¢+ au’, in 
which # and w are prime to each other, is of 
the form py*+2qyu+ru*, and in which formula 
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pr-—g=a, and 2g<p and <r, or at least not 
greater than either of them. 
For, by the foregoing proposition; we have 


py + agus ( g, a =p; 


qG+a 


=; ther 


é + a. 
and, since ‘s 5 is an integer; make 


the above becomes 

py + 2qyut+ruec=p’; 
fhat is; the factor 

papy + 24qyut+ru; 
but p’ may equally represent any one of the factors 
or divisors of f+ aw; and, consequently, every 
factor or divisor of the formula f+ av is of the 
form 

| py’ + 2qyutru’. 


And again, since ion ar therefore, pr—7*? =a. 
And we have seen (art 102) how every indeter- 
minate formula, 

PY + 2qyu ru’, 
may be transformed to another similar and equal 
formula, 
py + 2qgyz+re, 
in which the mean coefficient 2q’ <p’ and <7’ (the 
sign < not excluding equality), and in which 
pr— ¢ is always equal to the same constant quan- 
tity a. And, consequently, every divisor of the 
formula ¢+ax° has tts divisors contained in the 
formula 


py + 2qyz+rs, 
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end in which 2¢ does not exceed p or r, and also 
such that pr— gq’ =a.— a. E. D. 

Remark. Since 2q < p,and 2q < r, independently 
of the signs of these quantities; we have 4° < pr; and 
because pr—q°’=a, it follows, that when a is nega- 
tive pr is also negative; for otherwise pr—q° would 
not have the samesignas a, which we hayeseen always 
takes place in every transformation; and hence we 
readily draw the following corollaries, according as 
a 1s positive or negative. 

, Cor.1. Every divisor of the formula ¢° + au’, when 
Q is positive, may be represented by the formula 


py + 29Y% +72"; 
in which pr— y =a, 19<p and <7, and, con- 
sequently, 4g°<pr; and, therefore, pr—g’=a, 
? iY a ae 5 hime Sear? : 
>3q°; or g< \/ 2 this is evident, because when 


is positive, p and r are both positive. 
Cor. 2. Every divisor of the formula ¢ — au? may 
be represented by the formula 


| py’ + 2qy2- 
in which —pr—q’*=—a; or pr+g=a, because, 


when @ is negative, pr is necessarily so likewise ; 
and, consequently, one of these quantities, p or 7, is 
+ andthe eas j and it is indifferent to which we 
give the sign — ; aac here, since pr < 4q°, we have 


a 
a> sq, ot ge 4 


Remark 2. We may have cases in. which 
p=r=2q; as; for example, when p=2, ¢g=1; 
and r=2; for then 2q does not exceed either 

bo. a 
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p or 7, neither are p, g, and r, divisible by the 
same number, which condition is, therefore, strictly 
within the limits of the proposition; and: hence it 
follows, that we must not consider the sign < m 


\ i ‘a a 
the two expressions q < / * and g< \/ re to ex- 
clude equality. 


PROP. IV. 

105. Every divisor of the formula @ +2’, ¢ and 
uw being prime to each other, is always of the same 
form yrs z*. Or the sum of two squares, which 
are prime to each other, cau only be divided by 
numbers that are also the sams of two squares. 

For by cor. 1 of the foregoing proposition, every 
divisor of the formula @+ au? is included in the» 
formula 

py + 2qYs +72, 


and in which ¢< \/2 3? and pr—q° =a. 


Now in the present case a=1, therefore, 


_ ee 


y/ 2 y/ i 
q< ~, or g=0, there being no integer < By 


and, since pr—g*=1, we have pr=1, and there- 
fore p=1, and r=1; and, consequently, the above 
formula, Which includes all the a dl of 2+’, 
becomes 

y+ Par : 
that is, every divisor of the formula ¢* + w is of the 


form y’+2°, or every divisor of the sum of two | 


squares, prime to each other, is also the sum of | 
two squares. — @. E. D. 
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| Thus, for example, 65=8°+1° can only be 
tlivided by 13 and 5, both of which are the sums 
of two squares. Also 50=7°+ 1 have for divisors 
B=1°4+1, 5=2°4+1°, 10=3°4+1°, 25=4°+3?, 
Again, 221 =10° + 11°is only divisible by 13 and 17, 
which are both the sums of two squares; and the 
same for all other numbers included in the 
formula 2 + 2°, ¢ arid u being prime to each other: 


PROP. V. 

100. Every divisor of the formula # + 2u’, ¢ and 
wu being primie to each_ other, is of the same form 
y+ 22°. Or the divisors of the sum of a square, and 
double a square, are also the sum of a square, and 
double a square: 

For every divisor of this formula ¢ + au* is con- 
tained in the formula 


py 12 2gYz fe rs 
> : 3 
in which q< Js, and pr— y Pps (cot. ia ‘is 


But in this casé a=2, therefore q< / 3 or g=0; 


also, since. pr—g=2, we have pr=2, whence 
= 2, and, r=dy. or p=il;and n= 2; therefore, 
the above formula becomes 

oy°+ x°, in the first case, and 

y + 22°, in the second, 
which are two identical forms, by changing’ y into 2, 
and x into y; consequently, every divisor of the 
formula ¢° + 2u° is also of the same form as itself. 

Cor. 1. With regard to the divisor 2, it can 
only be of the form 7’ + 22°, when y=0 and z=13 
so that, in this case, we have 0*+2.1°. 
o 2 
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As an example to this proposition, we may take 
99=1+2.7°, which can only be divided by 
3=1°+2.1°, 
Q= 184 22%; 
11=3°4+2.1', 
33 =5°+2.2°; 
and it is the same with every number that Is con- 
tained under the above form. 


PROP. VI. 
107. Every divisor of the formula ¢*— 2u*, ¢ and 
# being prime to each other, is of the same form 
y°—2u*. Or the difference of a square, and double 
a square, can only be divided by those numbers 
that are equal to the difference of a square and 


double a square. 
For since every divisor of the formula é — au’ is 
contained in the formula 


py’ + 2qyz— rz’, 


in which pr+q’=a, and also ¢< \/ fe or < \/ = 
(cor. 2, art. 104), it follows that g=0, whence 
also pr=2; and, therefore, p=2 and r=1, or 
p=1 and r=2; and, consequently, the above 
formula becomes either | 
2y°— 2", or y° — 22", 
which two forms are precisely the same, because 
2y°— = (2y4-2)—2y+x)'s. 

therefore, every divisor of the formula f— 2u’ is 
also of the same form. Or the difference of a 
square, and double a square, can only be divided 
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by numbers that are also the difference of a square 
and double a square. 

For example, 98=10°—2.1° can only he 
divided by 


49= 9° —2. Fe 
and the same of all other numbers in this formula. 


PROP. VII. 
108. Every odd divisor of the formula ¢ + 3u’ 
is also of the same form y’ + 32°. 
For since all its divisors are contained in the 
formula 


py” + 2gyz + rz", 
in which pr—gq’=a, or pr—g’=3; and also 


g= or < ‘fs (Remark 2, art. 104), so that g=1, 


or g=0; therefore, in the first case, since 2g is not 
greater than p or r, and pr—g’=3, we must haye 
p=2, and r=2, which renders the abave formula 
Qy° + QWqyz + 22°; 

but as this is evidently an even divisor, it does not 
belong to the case at present under consideration, 

which only sl ta the odd divisors of the given 
formula. 

In our case, therefore, ¢=0; and, consequently, 
pr— 7 =3, or pr=3; therefore, p=3 and r=1, or 
p= and r=3; whence the above formula is re- 
duced to 

By" +2%, or y v2 32°, 
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two expressions which are identical as to they 
form; and, therefore, every odd divisor of the 
formula f° + 32° is also of the form y* + 32°. 

Remark, With regard to the divisor 3, it is 
obvious that we must have y°=0, and z=1; or 
3=0°4+3.1°; but for all other divisors this ex- 
ception has not place. | 

For example, 5°+3 .6°=133=7.19; and 
7=2°+3.1’, also 19=4°+3 , 1°, both of the same 
form. ) 


PROP. VIII. 
109. Every odd divisor of the formula ¢*— 5u° is 
also of the same form y*— 52”. | 
For all its divisors are contained in the formula 
PY + Wye — TR’, 
in which —pr—q’=—a, or pr+¢g?=5, and 


| \/ 5 
GE Ol, SM eg and, consequently, g=1 or 0; but 


the first case gives only even divisors, the same as” 
in the foregoing proposition; and the latter case 
of g =0 reduces the above formula to 
By? — 3°, or y? or 52°, 
which are identical forms; because 
by? — 2° = (Sy & 2z)'— 5(Qy tz) 

and, consequently, every odd divisor of the formula 
t?— 5u° is itself of the same form. 

As an example in this dase, we may assume 
95=10°—5.1°, which is only divisible by 5 and 
19. (Now) (5= 5?=—5:. 27}. and. 1q=7°=5 12°; | and 
the same of all other numbers in the above form. 

Scholum. From the foregoing propositions it 


,‘ 
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appears, that all numbers which are comprised in 
the following formule, viz. 

P+u, P+, 6-2’, +3, and t— 5x’, 
¢ and w being prime to each other, can only have 
divisors that are of the same form. It is only ne- 
cessary to except those divisors of the two latter 
forms, 

2+ 3u°, and #— 5’, 
that are double of an odd number; the reason for 
which exception is explained in arts. 108 and 
109. 

Tt frequently happens, that a number falls under 
two or more of the above forms, in which case its 
divisors are also of the same double or treble forms. 
And in some cases we have numbers that belong to 
each of the forms above given. ‘Thus 
241 = 15° + 4° 13° 4+ 2.6°321°— 2.10°$7°+3.8'°= 

BU Ber, 


ey 


200 


CHAP. IX. 


On the Quadratic Forms of Prime Numbers, with 
Rules for determining them in certain Cases. 


2 


Lemma. 

110. Since all square numbers are of one of 
the forms 4n, or 82+1, we establish at once the 
three following theorems: 

1. Every odd number represented by the formula 

yt eceantl. 

2. Every odd number represented by the formula 

of + 22°e8n+1, or 8N4+ 3. 
3. Every odd number represented by the formula 
. y — 22° 8n+1, or 82+7. 

And from these three arise, by way of exclusion, 
three others; viz. 

4. No number of the form 42—1 can be re- 
presented by the formula y* + 2%. 

5. No number of the form 8n+5, or 82+7,. 
can be represented by the formula y*+ 22°. 

6. No number of the form 8r+3, or 8n+5, 
can be represented by the formula y* — 22’. 


| PROP. I. 

111. Every prime number of the form 42+ 1 is 
the sum of two squares, or is contained in the 
formula y’ + 2”. 
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For let m represent a prime number of this form, 

or m=4n+1; then (art. 87) 

(x”-'—1)=M(m), or (a —1)=M(m). 

But v” — 1 =(a"+ 1)(a°"— 1), and each of these fac- 
tors has 27 yalues of w contained between the Jimits 
+im and —1m, that render them divisible by m 
(cor. 1, art. 88), whence the factor a"+1 1s di- 
visible by m; but 2" +1 is the sum of two squares, 
and therefore its divisor m is also the sum of two 
squares; because every divisor of the formula ¢ + wv 
is itself of the same form (art. 105).— a. E. D. 

Cor.1. As the form 4n+1 includes the two, 
8n+1 and 8n+5; therefore, every prime number 
contained in these two latter forms is also the sum 
of two squares. 

Thus, 5, 13, 17, 29, 37, sit 41, are prime 
numbers of the form 42+1, and each of these is 
the sum of two squares; for 5=2’+ 1’, 13=3°+ 2%, 
17 = 4°4+1,29=5°+ 27,37 =6° + 17, and41 =5*+ 4’; 
and so on for all other prime numbers of this form. 

Cor. 2. We have seen (art. 91) that every num- 
her, which is produced from the multiplication of 
factors that are the sums of two squares, is itself 
of the same form, and may be resolved into two 
squares different ways, according to the number of 
its factors; and hence we may find a number, that 
is resolvible into two squares as many ways as we 
please, by multiplying together different prime 
numbers of the form 4+ 1. 


PROP. II. 


112. Every prime number 87+ 1 is of the three 
forms y +2, y+ 22°, and x’ — 22”. 
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For let m be a prime number of the form 87+ 1, 
or m= 8n+1; then, as this form is included in that 
of 4n+1, we know, from the foregoing proposition, 
that my’+%°; and it therefore only remains to 
demonstrate the two latter cases. 

Now since (2”"'—1)=M(m), or (@"—1)=M(m) — 
(art. 87), we may put this under the form 

. (a + 1)(a"—1); 

and each of these factors will have 4m values. of 
z<im, that render them divisible by m. (cor. f, 
art. 88), so that there are so many different values 
of «x, that render the binomial «+1 divisible by m; 
but this may be put under the form (2"— 1)? + 22”, 
‘and m being a divisor of this formula, it is itself of 

the same form y’ + 22” (art. 106). | 

We may also put the same quantity 2+ 1, un- 
der the form (#"+1)*— 2a"; and m being also a 
divisor of this formula, is itself of the same form 
y° — 2x° (art, 107). 

Hence, every prime number of the: Scaien 824+ 1 is 
of the three forms y’ + 3°, y’ + 22°, and y*®— 22°. 

@. E. D. 
Thus 41 = 5° + 47=37?4 2.4=p7P-— 9.2%, 
And’’73 = 8° +'3°= "1" +9", GY='9? 29" 2%, 


PROP. IH. 

113. Every prime number 82+ 3 is of the form 
of + 22°, 

For let m be a prime number of this form, or 

m=8n+1; then we have (by art. 87) 7 


(a"-'—1)=m(m), or ("***— 1) =M(m); 


and there are 8v+2 values of «x contained in the 
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series 1, 2, 3, 4, &e., 82+2, that render this 
formula divisible by m (cor. 1, art. 87); and, con- 
sequently, (2°°*?—1)=M(m), ) | 

But 2°*°—1=(94" + 1) OMEN 1), and, there- 
fore, one of these factors is divisible by ms; and it 
cannot be the latter, because this pag be written 
2.2**—1, which is of the form 2f—w’, or #—2u’; 
and, therefore, if m was a divisor of this, 1t would 
be itself of the same form (art. 107), or m=hy’ — 22°; 
but this formula cannot represent any number -of 
the form 8+ 3 (art, 110), whence, since m cannot 
be a divisor of this factor, it must therefore be a 
divisor of the other factor 2?"t'+1. But 

eta = eo? + baat + 2c 

and, consequently, its divisor m is of the same form 
(art. 106); that is, my’ + 2z°,— a. E. D. 

For example, 11, 19, and 43, are prime numbers 
of the above form; and 11 =3*°+2.1°,19=1°+2.3', 
and 43 = 5°+2,3°; and the same of others. 


PROP. IV, 
114, Every prime number 8n +7 is of the form 
af — 22". 
For let m be a prime number of this form, or 
m=8n+7; then we have (by art. 87) 
(a"='—1)=m(m), or (2°"*°—1)=Mm(m); 
and there are 8n+6 values of 2, contained in the 
series 1, 2, 3, 4, &c., 8n+6, that render this 
formula divisible by m (cor. 1, art. 87); and, con- 
sequently, 
(2°"*°_ 1) = m(m), 
But 2"*°1= (2’*41)(2*3—1), and there- 
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fore one of these factors is divisible by m; and, 
consequently, » will also be a divisor of one of 
them when doubled; that is, it is a divisor of one 
of the two quantities 


o(2"F94+ 4), or 2(2%° — 1), 
which two expressions thus become 
ge oF) and 2° —2.1%, 


and 7 1s necessarily a divisor of one of them. But 
it cannot be a divisor of the first, because this being 
of the form #4 2°, if m was a divisor of it, we 
should have my’ +22" (art. 106); but m=82n+7, 
and no odd number of the form y°+ 22° is of the 
- form 8n+7 (art. 110): since, therefore, m is not 
a divisor of this factor, it must necessarily be a 
divisor of the other factor 2*° — 2.1°, which is of the 
form f° — 2u’; and, consequently, its divisor m is also 
of the same form (art. 107); that is, my*— 22°. 
Q. E. D. 

For example, 31 =7*—2.3°, and 47=7°—2.1°; 
and the same of all other prime numbers in this 
form. 

Scholium. From the last four propositions, we 
may draw the following theorems: 

i. All prime numbers of the forms 82+1, and 
82+ 5, are, exclusively of all others, contained in 
the formula y? + 2’. 

2. All prime numbers of the form 82+ 1, and 
82+, are, exclusively of all others, contained in 
the formula 7’ + 22°. 

3. All prime numbers of the form 8n+1, and 
Sn+7, are, exclustvely of all others, contained in 
the formula 1? — 22”. , 
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4. All prime numbers of the form 8x41 are, at 
the same time, of the three forms 


9 
* 


+s, yr +22, and y*— 22°. 


4 


PROP. VY. 

115. To ascertain whether a given number of 
the form 4n+1 be a prime number. 

Since every prime number p of the form 47 + 1 is 
the sum of two squares, or p=2’+y’", it is obvious, 
that in order to determine whether a-given number 
of this form be a prime, we have only to ascertain 
whether it can be resolved into two squares; and, 
if it can, in how many ways this resolution may be 
effected; then, if it happen that the given number 
may be decomposed into two squares, in one way 
only, the number is a prime, but otherwise it is 
composite; and the object of the present propo- 
sition is to teach the easiest method of performing 
this decomposition. Now, because p=a*+y’, and 
since these squares cannot be equal, it necessarily 
follows, that one of them is greater and the other 
less than +p; if, therefore, every square >ip and 
<p be subtracted from p, there ought to be found 
amongst the remainders one square number only, 
if the given number be a prime; and if there be no 
square remainder, or more than one, it will be a 
composite number. 

Thus the number of operations in subtraction 
will not much exceed those in division, by the com- 
mon rule ; and the following observations will con- 
siderably abridge them, and, with the assistance of 
a small table of squares, render the method nearly 
as simple as can be expected, at least it is much 
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easier than any rule I have ever seen: which a* 
bridgment gag upon the following considera- 
tions.: 3 

Every prime nuinber > 5 is of one of the forms 
10n+1, 3, 7, or 9; or, which is the same, it is 
terminated by one of those digits. Again, all 
squares are of one of the forms 10, 102+'1, 4, 5,. 
6, or 9; or they ate terminated im one of the 
digits, 0, 1, 4, 5, 6; or 9; and therefore no num+ 
ber terminating in 2, 3, 7, or 8; can be a Square 
number ; therefore: 

1. When the last digit of the proposed number 
is 1, We may omit all squares terminating in 4, or 
9, because these will give remainders términating 
in 7, or 2, and, therefore, such remainders can- 
not be squares. . 

2. When the last digit of the given number is 3; 
we may omit all squares that terminate in 0, 1, 5, 
or 6; because these would- give remainders” ter- 
minating in 3, 2, 8, and 7; whist: therefore, can- 
not be squares. - 

3. Ifthe last digit be 7, we may omit all squares 
terminating in 0, 4, 5, or 9, for the same reason 
as above. 

4, Ifthe last digit be 9, we a! omit all squares 
terminating in 1 or 6. 

_ By these remarks the number of operations in 
subtraction will be reduced, generally, about one 
half, and will be considerably less than the num- 
ber of operations in division by the common rule. 

‘Ex 1. Let it be’ proposed to ascertain whether 
the number 10133 be a prime. eo . 

‘Since this number terminates in 3, the iginy 
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squares between 5066 and 10133, that do not ters 
minate in 0, 1, 5, or 6, are the following; viz. 


Given N°. Squares. Remainders. 
10133 — 5329 = 4804 
10133 = 5929 = 4204 
10133 + 6084 = 4049 
10133 '~ 6724 = 3409 
10133 — 6889 = 3244 
10133 — 7569 =. 2564 
“£01335. —~ . 7744. -= ..2389 
°10133° — 8464. =. , 1669 
10133 — 8649 = 1484 
10133\— 9409 .= . 724 
10133 — 9604 = 529 


Here the last remainder is 529=23’, and it is 
the only square; therefore, the given number 
10133 is a prime. | 

Thus eleven operations in subtraction are made to 
answer the purpose of twenty-four divisions, and 
even this supposes all prime numbers under 100 
to be known; for otherwise the number of divisions 
would be much more considerable. 

Ex. 2. Is 7129 a prime number? 

Ex. 3. Find whether 47933 be a prime number. 

Ex. 4. Find whether 47881 be a prime number. 


PROP. Vi. 

116. To ascertain whether a given number of 
the form 8x +3 be a prime number. 

Every prime number p of the form 8” +3 is also 
of. the form a°+2y*, or p=a°+2y°; and here 
wand y must be both edd squares, for otherwise 
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«* + 2y° could not have the form 82+3; also y° Is 
neceésarily less than +p; we must, therefore, sub- 
tract from p the double of every odd square < +p, 
and if amongst the remainders there be found one 
square, and no more, the given number is a prime; 
but otherwise it is not: 

These operations may be considerably abridged 
from the following considerations: 

We have seen, ie all prime numbers terminate 
in one of the Hines 1,3, 7, or 9; and the doubles 
of square numbers terminate in one of the digits 
0, 2, or 8; therefore, | 

1. If the given number terminate in 1, we may 
omit all those squares, the doubles of which ter 
minate in 8; because these would have remainders 
terminating in 3, which cannot be squares. 

2. If the last digit of the given number be 3 or 
7, we may omit all squares the doubles of which 
terminate in 0, because the remainders of these 
will terminate in 3 or 7, and, therefore, are not 
squares. | 

3. If the last digit of the given number be 9, we 
may omit all squares, the doubles of which ter- 
minate in 2; because these will leave remainders 
terminating in 7, which cannot be squares. _ 

4. It may be farther remarked, that every odd 
square has the last digit but one even, and, there- 
fore, in general, all those double squares may be 
omitted, that leave an odd digit in the last place 
but one of the remainder. 

Ex, Let it be proposed to ascertain whether 
the number 11051, which is of the form 87” +3; be 
a prime number. 
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Here; the last digit being 1, we may omit all 
those squares terminating in 9, because the doubles 
of these terminate in 8, and, therefore, the re- 
mainders in 3: Hence the operation, 


Given N°. Double Squares. | Remainders. 
1105, — 10082 = 969 
L105 =! 9529 "= 1529 
11051% (=) \\sdo0" =. 2601= 51" 
1FO5E: P25) 74498 = “8609 
11051. — 6962 = 4089 
1105 — °‘6050 = 5001 
L105 te ces ob 902. 2 5840 
1051 +. 54802. =. 6249 
V108T © =) '4050°U= 17001 
11051 — 3362 = 7689 
14051 1°)" 3042. >= «8009 
PIOR 8 2450 78604 
110Gb Avi s1G22* + hpleg 
11051 “= 1682 = 9369 
11051 — 1250 =° 9801=99° 


Having thus found two square remainders, We 
thay conclude with certainty, that the given num- 
ber is not 4 prime, and discontinue the operation. 

Remark. Our first rule extends to all numbers 
of the form 4n+1, which includes the two forms 
82+1 and 8n+5, and the above applies to all 
' numbers of the form 82+3; but those that fall 
under the form 8+7 are still excluded, nor can 
they be submitted to a similar test; for these num- 
_ bers being of the form x’ — 2y° (art. 114), there are 
mo limits to the values of x and y, nor to the num~ 
P 
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ber of ways in which a given number may be re- 
solved into this form; for 


(a* — 2y°) x (a” — 2y”) 
may be resolved two ways into the same form 
(art. 95): and, since we may find a”—2y”=1, by 
taking c=3 and y=2, it follows, that this pro- 
duct is still =a*—2y’*, that is, a number of the 
form &°—2y* may be resolved into this form in as 
many ways as we please, whether it be a prime 
number or not, which is not the case with the ~ 
two forms 2°+ 7° and 2* + 2y’. 


PROP. VII. 


ee; 
117. If abe any prime number, and the series 
of squares 


be divided by a, they will each leave a different — 
positive remainder. | 
This is in fact only a particular case of the ge- 
neral proposition demonstrated (art. 51); for, by 
making 6=1, the series of ey" . 


o*, 2°90”, ZO, A’d’, &e.; 


becomes 


a—l 


2 


each of which, when divided by a, will leave a 
different remainder, as is demonstrated in that 
article. ; j 
Cor. 1. And the same is evidently true of the 


: 


j 
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hegative remainders, which arise from taking the 
quotients in excess (cor. 1, art. 51). 

Cor: 2. Hence, also, we may see in what cases 
the positive and negative remainders are equal to 


‘each other; for then it is evident, that @ will be a 
divisor of the sum of two squares, and we shall have 


es 
» ; a , 
Therefore; when a is not a divisor of the sum of 
two of these squares, the positive and the negative 
remainders are all different from each other, and 


=é, an integer number. 


include ey ery number from 1 to a—1. 


Cor. 3: When a@ is not a divisor of the sum of 


two squares, that is, when all the positive and 


negative remainders are different from each: other, 
then some of each of those remainders are greater, 
and some Jess, than ta. For all the consecutive 
squares under a will be found ariiong’st the positive 
remainders, and some of these squares must neces- 
sarily be greater; and some less, than +a; and, 
since the positive and negative remainders together 
include all numbers from 1 to a—1; the same is 
manifestly true for the negative remainders. 


PROP. VIII: 

118. If a be a prime number, it is is. always 
possible to find four squares, w*, 2°, y°; 2° (the 
roots of each of which shall be less than +a), such 
that their sum may be divisible by a, or the 
equation 

+e +y’ +2 >= ad’ 
is always possible, a being any prime number 
whatever. 
Pe 
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‘First, when the prime number a is a divisor of 
the sum of two squares,. the proposition is evident; 
and it will, therefore, only: be necessary to: con- 
sider the case in which a is not a divisor of the 
sum of two squares, and, consequently, when alk 
the remainders of the consecutive squares are dif- 
ferent from each other (cor. 2, art. 117). 

Now, in this case, we shall find some of the 
positive remainders greater, and some less, than 
4a; and the same of the negative remainders (cor. 3, 
art.117).. It is, therefore, always possible to find 
two squares, such that each being divided by a, 
the positive remainder of the one shall exceed the 
negative remainder of the other, by unity: and 
also two other squares in the same series, suclr 
that each being divided as before, the negative 


remainder of the one shall exceed the positive re-_ 


mainder of the other, by unity; that is, the equa- 
tions wi+a°—-t=ma, and y'+2'+l=na, are 
always possible, which may. be demonstrated as 
follows: 3 | 
Let p be the least negative remainder, then p+ 1 
must be found amongst either the positive or nega- 
tive remainders; if it be found amongst the positive 


> 


remainders, we have at once a positive remainder, — 


that exceeds a negative remainder, by unity; and if— 


it be not found amongst the positive, then p+ 1 is 
still negative: and p+ 2 must be either a positive 
er negative remainder; if it be positive, we have a 


f 


positive remainder exceeding a negative one, by 


unity, but if not, p+2 is still negative, and p+3_. 


must be either positive or negative; and proceeding 


thus, we must necessarily (as some of each of these’ 
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remainders are greater, and some less, than +a) 
arrive at that negative remainder p’, such that 
p’+ shall be a positive one; and, consequently, 
the equation w*+a°—1=ma is always possible: 
and, in the same manner, the possibility of the 
equation y° + 2°+1=na may be demonstrated. 

Having thus proved the possibility of the equa- 
tions wt+a°—l=ma, and y'+2°+l=na, we 
have _— 


a : 


wet a ty? + 2" 
—— =Mm+N, an integer; or 


we+ae+y +2 =aa’ 
always possible. —a. E. D. 

Cor. It is obvious, from the foregoing demon- 
stration, that these roots w, xv, y, 2, are less than 
4a; because we have only considered the squares 
contained in the series 


5 Lauicais a1)" 
8 ue) Ras poe. ely Sd Be: ( i y. 


But, independently of this limitation, 1t may readily 
be shown, that if a@ be a divisor of the sum of any 
four squares, wt+e+y+2°, each of which Is 
prime to’a, that it is also a divisor of the sum of 


the four squares 
(w— ada)? + (w — Pa)’ + (y—yay + (2-da)’, 

in which it is manifest, that «, B, y, 9, may be 
always so assumed, that -+ (w—aa)+ (rv— a), &c.,: 
shall be less than ta; whenever, therefore, it is 
_ demonstrated, that any number a@ is a divisor of 
_ the suni of four squares, we may always consider 
_ each of their roets as less than +¢@,. 
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PROP. IX. 

119. Every prime number a is the sum of two, 
three, or four squares. 

For, by the foregoing proposition, the equation 

We + x + Y' + 2° = aa’ 

is alw rays possible, each of the roots of these 
squares being less than ta; and, consequently, 
each of the squares less than 4.0%, whence we have 


aa’<a’, orea’<a. Now, if a’=1, it is evident 


that 
were+y+2=a, 
and the proposition will be demonstrated. 
But if a’ >1, then, because @ is a divisor of the 
formula 
w+ a+ y? + 2°, 
it is also a divisor of the formula 
(w—aa’)* + (@— fa’)? + (y—ya’)’ + (z—-6a’)’, 
where each of the roots is less than 4a’ (cor. 
art. 118); assuming, therefore, 
(w— aa’) + (%— Ba’)* + (y—ya’) + (2 da)? = aa’, 
we shall have, for the same reason as above, 
Ga <a", Or a <a, 


Now, by means of the formula (art. 94), if we 
multiply together the values of aa’, and a’a’, we 
shall find a product that is the sum of four squares, 
and of which each is divisible by a; and having: 


performed this division, we obtain 


@”a=(a—aw— px—yy— dz)’ + (av — Pw.+ yz —dy) 
+ (ay — yw + dx — Px)? + (ax — dw + By ~ yx)*s 


| 
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or, for the sake of abridging this expression, 
w+ ae? + y?4+2°=a'a; 
and here we have a@’<a’. If now a’=1, the 
above becomes 
| w+ ae"? ty" 4+2"=a, 
and the proposition will be demonstrated; but if 


a’, though <a’, be >1, we may proceed, in the 
same manner, to find a new ie 


772 


we ae ty 4 Pm ava.. 
and in which a” < @”’; and by ee ne thus the 
decreasing series of integers a, a’, a”, a”, a”, &c., 
we must necessarily, finally, arrive at a term a” 
equal to unity, and then we shall have a equal to 
the sum of four squares. — @. E. D, 


PROP. X. 


120. Every integral number whatever is either 
a square, or the sum of two, three, or four squares. 
This follows immediately from the foregoing 
proposition, and the formula (art. 94); for every 
number is either a prime, or produced by the mul- 
tiplication of prime factors; and since every prime 
number is of the form 
(w+ + y+ &°), 
and the product of two or more such formule 
being still of the same form (art. 94), it necessarily 
flame: that every integral number whatever is of 
the form 
(w+ a+ YP + 2B"). 
But it 1s to be observed, that no limitation in the 
course of the demonstration of the foregoing pro- 
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position was made, that could prevent any one oF 
more of these squares from becoming zero; there- 
fore, every integral number whatever is either a 
square, or the sum of two, three, or four squares. 
@. E. D. 
Cor. All that fe been proved in the foregoing 
proposition for integral numbers, is equally true of 
fractions; for every fraction may be expressed by 
an equivalent one having a square denominator; 
therefote, every fraction is of the form 
w+aetyt+e?  w 


Yo t t+ 
mn mm mt mM 


this curious property, therefore, extends to every 
rational number whatever. 

Scholium. ‘The theorem that we have demon- 
strated, in the two foregoing propositions, forms a 
part of a general property of polygonal numbers, 
discovered by Fermat; which is this, ‘‘ Every num- 
ber is either a triangular number, or the sum of 
two or three triangular numbers. A square, or the 
sum of two, three, or four squares.. A pentagonal, 
or the sum of two, three, four, or five pentagonals, 
And so on for hexagonals, &c. Or the same may 
be more generally expressed thus: If m represent 
the denomination of any order of polygonals, then 
is every number nN the sum of m polygonals of that 
order ; ; it being understood that any of these po- 
lygonals may Becsinie! zero. 

Let, therefore, n be any given number, and x, y, %, 
indeterminate quantities; then the different parts: 
of the general theorem may be detailed in the fol. 
lowing order: 
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Pre PY BAB 


ist, N= 5 or per, 
ad,-N=wtetyt+s 
80 —u 3w—w  3a—x. 3y—y . 32%- g 
38d, N=——- + ————- + —— mul Ft i lie Be ; 
2 2 2 2 bP is 
Ath, &c. &e, Sena ee &e, 


The second form which relates to the squares 
has been demonstrated in the foregoing pro- 
position, and Legendre has also demonstrated 
the first case, for triangular numbers; but. all 
the: other cases, past the second, still remain 
without demonstration, notwithstanding the re- 
searches and investigations of many of the ablest 
mathematicians of the present time, and of others 
now no more: amongst the former we may mention 
Lagrange, Legendre, and Gauss; and of the latter, 
Euler, Waring, and Fermat himself; the latter of 
whom, however, as appears from one of his notes 
-on Diophantus, was in possession of the demon- 
stration, although it was never published, which 
circumstance renders the+theorem still more in- 
teresting to mathematicians, and the demonstration 
of it the more desirable. 

We have demonstrated the second case, but this 
carries us no farther, whereas, if we had demon- 
strated the first, the second would flow from it as 
a corollary; and’ it may not be uninteresting to 
show in what manner these different parts of the 
same theorem are connected with each other. 

First, let us suppose the possibility of the equation 

Ren nate ylaargh ans 


Bornwouh.2 2: 
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to have been demonstrated, from which may be 
drawn this, 
8N4+3=(2e+1)*+ (2y+1)*+ (2341), or 

8N4+3=0°+y"4+2", or 
BSN+4=2° 4+ y7% 427415 

and since these four squares are all odd, the num- 

bers @& +y’, a’—y’, 2’+1, and z’—1, are all even; 

and hence we have, in integers, 


AN+2=5 


at + 2 att — ay’ 2 ef t.9 2 Cae | 
——~ } +(——*_ } 4 + 
2 Dib) 2 2 


or, for the sake of abridging, 


AN ~ I= we? + a” ar +2 tent 


of which squares two are even and two odd, for 


otherwise their sum could not have the form 


4n+2; we may, therefore, write 
AN + 2=4r? + 48° + (2¢4+1)?+ (2041); 
from which we deduce. 
2nN+1=(r+5)? + (r—s)?+ (+041)? + €-0)’s 
that is, every odd number is the sum of four 
squares, and the double of a number that is the 
sum of four squares is itself the sum of four 
squares, for 
2m +n +p? +q°)= 
(m+n)° + (m—n)' + (p+ 9) + (p—q)’s 
and, therefore, every ods is the sum of four 
squares. 
If, therefore, the case which relates to triangular 
numbers was demonstrated, that which relates to 
squares would be readily. deduced from it; but the 


<aipeda ee 
- Pc 
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converse has not place; that is, we cannot deduce 
the first case from the second. 

The third case gives 
_38u—u 3w—w 3r°—2 3y’—Yy 32z°—2 
my 2 Bae i h rar or myo + Re 
24N+5=> 
(6u—1)>+(6w—1) + (6~—1)? + (6y—1)4(62_1)*, 
So that the enunciation of this particular part re- 
_ turns to this, 

Every number of the form 24n+5 is the sum 
of fwe squares, of which each of the roots is of 
the form 6n—1. : 

The fourth case returns to this, - 

Every number of the form 8N+6 may be de- 
composed into six squares, of which the roots are of 
the form 4n—1. 

And, in general, the proposition is always re- 
ducible to the decomposition of a number into 
squares, and all the partial propositions that we 
have considered are included in the general form, 
Ban + (a+ 2)(a—2)'= 
(2ax—a+2)’+ (2ay—a+2)*+ (Qaz—a+2)’+ &e, 


, OF 


the number of squares on the latter side of the 
equation being (4+ 2). 


320 


CHAP, X 


On the different Scales of Notation, and their 
Application to the Solution of Arithmetical 
Problems. 


PROP. I. | 

121.. Every number n may be reduced .to. the 
form 

N=ar"'+ br’! + cr’? +, &c, pr +qr +, 
where r may be any number whatever, and a, 8, e, 
&c., integers less than r. 

For let n be divided by the greatest power of r 
contained in it, as 7", and let the quotient be a, 
and remainder n’, so that . 

Nar +N’, 

Divide again n’ by the next lower power of 7, as 
r*-*, and let the quotient be 6, which will be an 
integer or zero, according as N’ > or <?""', and the 
remainder nN”, whence | 

N=ar'+ br’ +n" 3 

Dividing again wn” by rv’? 

quotient c, and remainder »’ 


, and supposing the 
”, we have 
N= ar aa br"! a pee 4 spain 
And by thus continually dividing the remainder 
by the next lower power of r, we shall be evidently 
brought finally to the form 
war + be + er? - - = pr +art+ey; 
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in which expression, as a, 6 c, &c., are the quo- 
tients arising from the division of a number by the 
highest power of r contained in that number, it 
necessarily follows, that each of those coefficients, 
a, b, c, &c., is less than r.—a. E. D. 

Cor. If r=10, then a, b,c, &c., are the digits 
by which any number is expressed in in our common 
method of notation; thus, 


76034=7.10'+6. sag 10°+3.10+4, 
18461=1.10°+8.10°+4.10°+6.10+1, 


which form is always understood in enumerating 
the value of any number proposed; that is, we give 
to every digit a local, as well as its origimal or 
natural value: thus, in the number 76034, the 
second digit from the right is 3, but we consider it 
as representing 30, on account of its local situation, 
being in the second place from the right; in the 
same manner, the 6 represents 6000, and the 7 
70000, so that the value of each digit is estimated 
according to its local situation and its original 
value, the former indicating the power of 10, and 
the latter the number of those powers that are in- 
tended to be expressed. 

Cor. 2. It is evident, from the foregoing pro- 
position, that a number may be in the same man- 
ner represented by any other value of the radix r, 
and hence arise the different scales of notation, 
which receive the following particular denomi- 
nations according to the value of the radix r. 


If r= 2, it is termed the Binary scale. 
r= 3, - - - - Ternary. 
r= 4, - - - - Quaternary. 
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If r= 5, it is termed the Quinary. 


PR B=. 60s 2. Senarty: 
r=10; = + = - Denary,orcommonscale: 
r=12; + += - + Duodenary. 


And since, by the foregoing proposition, a, ), c, 
&e., are always less ve rs the radix of any 
system into which they enter ; therefore it follows 
that for every scale we must have as many cha- 
racters, including the cipher, as are equal to the 
number expr essing the radix of the system: ‘Vhus; 
the only characte are, for the 


Binary scale, ~ = 0, 1: 

Ternatyy 40-53 0, 1; 2: 

Quaternary, = - 0, 1, 2, 3: 

Senary, ST pir Oa: Las By 3; A, 5; 

Denary, or com- ] : 
Paul O; 1, 2, 3, 4, 9, 6, (, 8, Qe 


And hence it follows, that in the duodenary 
scale, we must have two additional characters for 
representing 10 and 11, and as these characters 
may be assumed at pleasure, we shall, in what 
follows, express 10 by the symbol 4, and 11 by =; 
whence the digits of the duodenary scale will be 


0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 9, ms 


PROP. Il. 
122. Having given the equation 
N=ar" + br*"'+ cr’? - - - pr’ +qr +, 
in which n and 7 are given numbers; to find the 
unknown coefficients, a, b, c, &c., and the ex- 
ponent 7. Or, which is the same, to transform a 
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number from the denary to any other scale of no- 
tation. | 

It is evident that this may be done by propo- 
sition 1; namely, by dividing N successively by the 
highest power of r that is contained in it; but it is 
more readily performed by dividing Nn successively 
by r; thus, if 

N=ar"+ br’! +er"* - - - pre+qr+w 
be divided eZ r, the quotient will be 
PL aI as Ns prr+g, 

and the i abaibe w. 


This last quotient being again divided by 7 gives 
for a new quotient 


ay * 4 brs Port* = == py 
and aremainder g. And this quotient, divided by 
r, gives a ‘a 
gn hak Heit cps, 
and a abit Dp. 

Whence it is evident, that the successive re- 
mainders will be the coefficients w, g, p, &c., or 
the digits that express any number in the scale of 
which 7 is the radix. 

Ex. 1. Having given the equation 

17486 =a.6"+b.6""'+c.6""* = - = w, 
to find a, b, c, &c. Or, which is the same, let it 


be proposed to convert 17486 from the common te 
the senary scale. 
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Here, by the foregoing proposition, 


6)17486 


6)2914 rem. =2=w. 


6)485 --+ 4=9 
6\s008 9. bee 
Sign. oe 
6)2 --- 1=b 

0 --- 2=a 


Therefore, 17486, in the denary scale, 
pressed by 212542 in the senary. 

Ex. 2. Transform 1810 into both the 
and ternary scales. 


2)1810 3)1810 
2)905 rem. =O 3)603 rem. 
QAO ces tak 3)201 - - 
2)226 ~-- 0 3)67 = - 
Dido. Swe, O 3)22 - - 
ay36. anon ByPt 
2)28 --- 0 Erle 
Dee 


Groat 


is ex= 


binary 
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Therefore, 1810=11100010010, in the binary 
scale; and 1810= 2111001, in the ternary scale. 


Ex. 3. Transform the two numbers, 844371 ° 


and 215855, from the denary to the duodenary 
scale. 


12)844371 12)215855 
12)70364 rem. =3 | 12)17987 rem. = bi sor 
12)5863 --- 8 H2)i 408 2208 1t=7 
12)488 pst 4 12)124 +-- 10=@ 
12)40 --- 8 12)10 --- 4=4 
12)3 +--4 Oro eae 
Peer 


Hence 844371 =348783 
and 215855 = d4oz7, 
And thus a number is readily transformed from, 

the denary to any other system of which the radix 

is given, and hence we find 1000 is expressed in the 
following manner according to the value of the 

radix 7. 

Ifr= 2; 1000=1111101000; 


} in the duodenary scale. 


r= 3;,1000= 1101001; 
r= 4,1000= 33220: 
r= 5, 1000= 13000: 
y= 6, 1000= 43443 
eo 71000 = 2626; 
y= 8,:1000= 1750; 

= -9,'1000= 1331; 
7=—10, 1000= 1000; 
T=11, 1000= 8203 
‘7=12, 1000= © Or. 

Qa 
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Hence it is evident, as it is indéed from the na- 
ture of the subject under investigation, that the 
greater the radix is, the less will be the number of 
digits necessary for expressing any given number 3 
but the operations of multiplication, division, &c., 
will be the more complex; and, therefore, in 
judging of the advantages and disadvantages of 
different systems, we ought to keep both these 
circumstances in view, as also a third, which is 
the number of prime divisors of the radix; and, on & 
just estimate of the whole, the radix 12 will be 
found preferable to any of the other systems: but | 
on this subject we shall add a few remarks at the 
conclusion of this chapter. 


PROP. III. 


123. To transform a number from any other 
scale of notation to the denary, or common scale. 

This proposition is the converse of the foregoing 
one, and it is readily effected by the reverse opera- 
tion. 

For let 


ar? + br’! + er"? - - - pr+gqr+w 


represent a number in any known scale of notation, 
whose radix is 7; then, since a, 8, c, &c., are also 
known, we have only to collect the successive values. _ 
of the different terms, and their sum will be the 
number transformed, as required. i | 
Ex. 1. Transform 7184 from the duodenary | 
to the common seale of notation. 
First, | 
MISder7 1994 1.19 48.1244, | 


Different Scales of Notation. 207 


‘Therefore, we have, 
7 .129°=12096 
1.19%: 144 
8.12 96 
4= A. 


¥ 
Duodenary 7184 =12340 Denary scale. 


Ex. 2. Transform 1534 from the senary to the 
ilenary scale. 


1534=1.6°4+5.6°+3.6+4 


.0-=210 
5 .6°=180 
§8,.6°= 18 

43° 4 


eet 


Senary 1534 =418 in the common scale. 


Cor. By means of the two foregoing propositions 
a number may be transformed from one scale of 
notation to another, neither of which is the denary, 
by first transforming it from the given scale to the 
common scale, and then into the particular one 
required, : 


PROP. IV. 

124. Inevery scale of notation, whose radix is 7, 
the sum of all the digits expressing any number, 
when divided by r—1, will leave the same re- 
mainder as the whole number divided by r—1; 

_that is, if 
N=ar"+br""'+ cr"? - - - pr+qr+w, 
then will N+(7—1), leave the same remainder, ag 
(a+b+c--- p+tq+w)+(r—-1). 
Qa2 
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For make r—1=7’, or r=?r’ +1, then 
me (r—l)=(r4+t)"'+r 
will leave a remainder 1, because every term of 
the expanded binomial cr +1)" is divisible by 7”; 
except the last, which is 1; and, consequently; 
va +1)"+7r’, or r Pe —1), will leave a remainder 
1, and this property is entirely independent of the 
value of 23; and hence it follows, that every power 
of r divided by r—1 will leave a remainder 1, or 
the powers 7’, r-', r°~*, &c., are all of the form 
m(r—1)+15; that is, 7” ay —1)+1, whatever 
integer value is given to 7’. 
And hence it follows, that 
ar” snam(r—1)+4, 
br? bm’ (r—1) +b; 
er’? rem’ (r—1) + ¢, 
Xe. &e. 
pr apm’ (r—1) +p, 
gr segm"(r—1) + q5 


lye th 


} Ww. Ws 
And, consequently, 
Nm (r—1)+(at+b+e+ --- p+qt+w); 


and, therefore, when divided by r—1, it will 
evidently leave the same remainder as the sum of 
its digits (a+ b+c, &c. w).— a. E. D. 

Cor. 1. Hence, if the sum of the digits in any’ 
system of notation be divisible by r—1, the whole 
number is divisible by »—1; therefore, in the com- 
mon scale, if the digits of a number be divisible by 
9, the number itself is divisible by 9, and if there: 
be any remainder in the former, there will also 
be the same remainder in the latter; and if the 
sum of the digits he even, and divisible by 9, then 
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will the number itself be divisible by 18; because, 
if an even number be divisible by an odd number, it 
is divisible by double that number (cor., art. 5). 
And since 3 is a factor of 9, the same property that 
has been shown to belong to the number 9 belongs 
also to 3; namely, if the sum of digits of a number 
be divisible by 3, the number itself is divisible by 3, 
and if the sum be even also, then will the number 
be divisible by 6. 

Cor.2. It is upen this obvious principle that 
our rule for proving the truth of operations in mul- 
tiplication, division, &c., is founded, ‘by dividing 
by, or casting out the 9s contained in the two 
factors, and in the product; and what remains of 
this last ought to be equal to what remains of the 
product of the two former remainders divided oy 9, 
if the work be right. 

For let a atic 6 represent any two factors, and 
make 


=9n+a, 
b=9m+0’. Then 
ab=9(9nm + ma’ + nb’) + a’b’; 


_and, therefore, ab--9 leaves the same remainder as. 
wb’ divided by 9: ‘but the remainder of a+9 is 
the same as the digits of a by 9, and the remainder 
of b +Q is the same as the digits of b+9, and the 
same of the product ab; and hence the reason of 
the rule. : 

The same is obviously true for any other system 
of notation, by taking the number next less than 
the radix for the divisor. Thus, for example, 
we have seen that 215855=4¢77 in the *duo- 
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denary scale, and 215855+11 ‘leaves a re- 
mainder 2: but 
$44+¢6+7+7=10+44+10411411=46, 


which, divided by 11, gives also a remainder 2. 
Suppose it was required to multiply ¢4¢x7 by 
$4, the operation and proof would stand thus: 


Operation. Proof by NM. 
Adam rem. 2 4 
PAGa aa ‘ 
G€O4 rem. 2 Pa 
307778 
881172 


881172 
95088518 rem. 4 


[tis unnecessary to observe, that in this operation, 
as in all others in which the radix is r, we must in 
multiplying, dividing, &c., divide by the radix; 
that is, by 12 in the above example, and set down 
the overplus, instead of dividing by 10 and setting 
down the overplus, as is done in the common scale. 


PROP. V. 


125. In any. scale of notation whose radix is 7, 
the difference of the remainders of the sum of the 
Ist, 3d, 5th, &c., digits by 7 +1, and the sum of the 
ad, 4th, 6th, &c., digits divided also by r+ 1, is 
equal to the remainder of the whole number divided 
by r+. 

Let 

N=sar"t+ br +er* - - - pr t+qr+u, 


then, I say, the remainder of (w + p+ b&c.) +(r+1), 
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minus the remainder of (g+c+a &c.)+(r+1), is 
equal to the remainder of N--(r+ 1). 
For make r +1=7", or r=r’ —1, then it is evident 


. n=l), 7 | 
that sia 4 will leave a remainder +1, or —1, 


according as » is even or odd; for all the terms in 
the expanded binomial (7’—1)" are divisible by 7’, 
except the last, which is + 1 or —1, according as 7 
is even or odd, independently of any other value of 


| ‘ 
n; and, therefore, ; will also leave the same re- 


mainder in the same cases; that is, every odd power 
of r is of the form m(r+1)—1, and every even 
power of r is of the form (7 +1)+1. 

Therefore, in the above expression, we have 


w Ss =, 
gr <ngm (r+1)—-4q, 
pre sapn (r+1)+p, 
cr’ scm’ (r+1)—c, 
br’ nbn’ (r+1)+86, 
ar” cham’ (r+1)—a, 
&c} Ke, 


And, consequently, 
neem (r+1)+w—qt+p—etb—a; 
and, therefore, when divided by r+ 1, it will leave 
the same remainder as 
(w—g+p—c+b—a) divided by r+1, or as 
(wt+ptb, &e.)+(rt+1)—(q+et+a, &e.)+(r4+1). 
| @. E. D. 

Cor. 1. Hence, in the common scale, if the sum 
of the digits in the odd places be equal to the sum 
ef those in the even places, or if one exceed the 
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other by 11, or any multiple of 11, the whole num= 
ber may be divided by 11. 

Cor. 2. The above proposition factetthied us with 
another rule for proving the truth of oper ations in 
multiplication, division, &c., which, in the com- 
mon scale of notation, the iidhiv being 10, 1s as 
follows: 

From the sam of the Hicitedl in the 1st, 3d, 5th, &c.. 
places, subtract those in the oad, 4th, 6th, &c., places 
in both factors, and in the product; also reserve the 
three remainders, when each of those differences is 
divided by 11; multiply the two former together, 
and cast out the 11s, which remainder ought to be 
equal to the remainder of the product, if the work 
be right. Note, if the sum of the 2d, 4th, &c., 
digits be greater than the sum of the Ist, ne &e., 
11 must be added to the latter. 

Thus, for example, to prove the truth of the 
multiplication in the following example : 

741746 diff. of digits, 5 
3462 diff. of digits, 8 


1483492 11)40 
4450476 = 


296984 rem. 7 TZ 
9225238 7 


ecu duff, of digits, i 

This method, though not so easily expressed, is 
nearly as ready in practice as the rule by 9s; and, 
being independent of it, we may conclude, with ~ 
a very considerable degree of certainty, that any 
example that proves right by both rules is really so 
in the operation. And the same rule is applicable 
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to any other radix by making that radix plus 1 
the divisor. 

Cor. 3. By means of cor. 1, art. 124, and cor. 1, 
art. 125, we are enabled to ascertain if a number be 
divisible by 3, 6, 9, 11, and 18, without attempting 
the operation, which is useful in finding the com- 
mon measure of two numbers, reducing a fraction 
to its lowest terms, &c. And to these rules we 
may add the following; viz. If a number terminates 
with 5 or 0, it is divisible by 5 in both cases, and by 
10 in the latter case; and if the two last digits of 
any number be divisible by 4, the whole number is 
divisible by 4; if the three last digits be divisible 
by 8, the number is divisible hy 8 ; and, generally, 
if the n last digits be divisible by 2", the whole 
number is divisible by 2°, 

_ For eyery number ending i in 5 or 0 is of one of 
the forms 10N+5 or 10N+0, both of which forms 
are evidently divisible by 5, and the latter by 10. 

Again, every number may be expressed by 
Ax 10"+8B, where B represents the » last digits: 
thus, for example, 

7846144 = 784614 x 10+ 4=78461 x 10°+44= 
* 7846 x 10°+144, &c. 
And since 10 is divisible by 2,10"+2"; therefore, in 
the form ax 10"+8B, which may represent any 
number whatever, 10"+2" and B+ 2" by hypo- 
thesis: therefore a x 10"+.B is divisible by 2”, if B be 
so; that is, if the x last digits be divisible by 2”. 


PROP. VI. 
126. To perform duodecimal operations by 
means of the duodenary scale of notation. 
Transform the number of feet, if above 12, 
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into the duodenary scale, by art. 122, and set the 
inches and parts as decimals; then multiply as in 
common arithmetic, except carrying for every 12 
instead of every 10, as in common operations. 
And, in the result, transform again the integral 
part of the product into the denary scale. 

Ex. 1. Multiply 17 feet 3 inches 4 parts, by 
19 feet 5 inches’ 11 parts. 


Proof by 11. 15°34=17 ft. 3 in. 4” 
Ee Ae AD 5 1). 
aN 13908 - 
7248 
O07 4 
1534 


Answer, 240°9688 =336 ft. 9’ 6” 8”” 8". 


Ex. 2. Find the solidity of a cube, whose side 
is 13 feet 7 inches 7 parts. | 
LEE Ua ee. f 


Lei 
Proof by 11. 
7751 | 3 
| i: 
_ {n5l We 
1177 ya, 
1177 
135°9761 ye 
11°77 | aN 
9049867 
9049867 
1359761 
1359761 


1571281417 = 2533 ft 2’ 8” 1/” Av 1Y Ze 


Different Scales of Notation. 235 


Remark. This method, which I first published 
in vol. xxv. of Nicholson's Philosophical Journal, 
appears to me to possess considerable advantage 
over the common rule, both on account of the 
facility of the operation, and the accuracy of the 
result, as, likewise, that it is thus submitted to 
proof, the same as common multiplication, which 
it is not possible to apply to the old methed. The 
above examples are proyed by 11, and they may 
also be proved by 13, according to rule, art. 125. 

And in the same manner any other arithmeti¢al 
operation, such as division, extracting the square 
root, &c,, is performed with as much facility as in 
common numbers, 

Ex. 1. Giving the area of a rectangle equal to 
174 feet 11 inches, and its length 15 feet 7 inches; 
to find its breadth in feet, inches, &c. 


174 ft, 11 in. #1267 and 15 ft. 7 in. =13°7 
13°7)120'2(3'2841 
1235 


360 


272 
Proof by 11. saa 


0) PPO - 
Camels 


nd 


540 
524 


180 
137 


A5 
The breadth is, therefore, 11 feet 2 inches 8’ 4” 1°”, 
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As the above method of proving division is 
seldom or never given in books of arithmetic, it 
may not be amiss to say how it is effected, which is 
thus: from the sum of the digits in the dividend, 
take those in the remainder ; ies the remainder 
from the divisor and quotient, ought to be equal ta 
that of the dividend thus reduced, if the work be 
right. The reason for which is evident, because 
the dividend minus the remainder may be con- 
sidered as the product arising from the multipli- 
cation of the dividend and quotient. 

Ex. 2. Given the breadth and area of a rectangle, 
equal to 24 feet 9 inches, and 971 feet 10 inches, 
fo find its length. 

24 ft. 9in. =20°9, and 971° ft. 10 in. = 682° 

20°9)682'°$(33'323 
623 


623. 
Proof by 1k. tates 
S05 670. 
ae 623 


ad 


490 
A416 


“760 
623 


139 
Therefore its length is 39 feet 3 inches 2’ 3” 
And the same principles are equally applicable 
to the extraction of the square root, as is evident. 
by the following example: 
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Ex. 3. Having given the area of a square equal 
to 17 feet 4 inches 6’, required the length of its 
side. 
15°46(4°202o 


14 
ce Proof. 
82 146 NS 
2 144 LPR 
oy Neh A 
8402 20000 
2 14804 
8404G 737800 
674404 
A378 


Therefore the side is 4 feet 2 inches 0’ 2” 10”. 

And thus may any other numerical operation be 
performed with nearly as much ease as in common 
arithmetic. 


PROP. VII; 


127. Every number less than 2°**', is com- 
pounded of some number of terms in the series, 
Diego dee: 25.02. ace. 2, 
This is made evident by transforming any given 
number wn <a"! into the binary scale, which, from 
what has been observed at cor. 2, art. 121, will 
assume the form, 

N= 0.2" +b,2""'+0¢.2"* - - - p.2*+q.24+w; 
where a, b, c, &c., are each less than 2, and con- 
sequently either 0 or 1; and as every number less 
_than 2"*' may be thrown into this form, therefore, 
with the above series, eyery number whatever, 
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within the assigned limits, may be compounded of 
some number of those terms. 

Cor. 1. What is said in the above demonstra~ 
tion, not only proves the truth of the theorem, but 
also points out the method by which it is to be 
effected; and at the same time it is evident that 
there is only one way in which the selection can be 
made. 

Cor. 2. In the above theorem, the greatest 
power of 2 is 2", and consequently the greatest 
mumber that can be formed is 2”*'—1; but, if the 
power of 2 be unlimited, so also will the number 
that may be compounded of those terms; that is, 
any number whatever may be compounded of the 
terms of the indefinite series, 1, 2, 2°, 2°, 2*, &c. 

Ex. Having a series of weights of 

Ib. tb, Ub. tb. Ub. 
B28; 3 POenbsoes 


it is required to ascertain which of them must be 
selected to weigh 1719 pounds. 

First, 1719 in the binary scale is expressed by 
11010110111: the weights therefore to be em- 
ployed are, 

OS NS Ree A cee ot Oe 7 
Miia a hp, Ooh aut ae es 


PROP. VIII. 

128. Every number whatever may be formed 
by the sums and differences of the terms of the 
geometrical series, 1, 3, 3°, 3°, &e. 

For, by alii ie the given number n into 
the ternary scale of notation, it will assume the 
form, 

N= a3"+03""'+¢3""* - - - p3°+93 +3 
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where each of the coefficients, a, b, c, &¢., is 
less than 3, and consequently they must be either 
2, or 1, or 0. Now, in order to proye the truth of 
the theorem, it will be better to select a partial ex- 
ample, the reasoning on which will be evidently 
applicable to every other case. First, then, it is 
obvious, that, if no one of these coefficients be 
greater than 1, the question is resolved agreeably to 
the conditions of the proposition: we need, there- 
fore, only consider the case, in which some one or 
more of the coefficients are equal to 2. Let, 
then, 


N= Bh 2.397490 .BF-* + QiBNtP 4 BP E+ OBE 
2B 8 Ge. 


the above expression is the same as 


(2.3" +4 3"-* + S"7* + 3"-°) we (23) aia: + $92") = 
GBP 38? +.3"7" +3°7°) — (3° 437714379 43" )on, 


agreeably to the conditions of the proposition.— 
@. E. D. | 
Remark. The latter part of the above demon- 
stration is only for a particular case, but it is evi- 
dent that the same reasoning will apply to any 
case, or even to the general form, but it would have 
only tended to lengthen and embarrass the demon- 
stration, and at the same time would not have 
added to the certainty of the conclusion, for which 
reason it was thought better to proceed as above. 
This demonstration, like that in the foregoing pro- 
position, *has the advantage of pointing out the 
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method of solution, at the same time it proves the 
truth of the theorem, and, like that, also shows that 
there is only one way in which the theorem can be 
effected. 

Cor. It appears from this theorem, that with a 
series of weights, 

: ib. 1b. lh. 6. 0. 

ay 3, 3°; 3°. Big &C.; 

any number of pounds whatever may be asceitained; 
by placing some of those weights in one scale and 
some in the other, when the case requires it, oF 
only in one scale when the given weight is com- 
pounded of any number of those terms. The 
solution of which problem is readily deduced from 
the foregoing demonstration. 

Ex.1. Reguired in what manner the weights 
must be selected out of the foregoing series, to 
weigh 716 pounds. 

First, 716 in the ternary scale is expressed by 


3 222112 
Add te i | 


222120 
Add 10. = 


222200 
Add 100 =" 3* 


1000000 = 3° 


therefore, 222112=3°—(3°+3+41): that is, 3¢ 
must be placed in one scale, and the three weights 
3°+3+1 im the other scale, with the body to be 
weighed. 


Ex. 2. What weights out of the above 


— 
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series must he selected, to ascertain a weight of 
1319 pounds? | 
First, 1319= 1210212 in the ternary scale: | 


1210212. 

Add. . ER SaACT 
1210220. 

Add A 
1211000 


Add °100000 = 3° 


2011000 Hy 
Add 1000000. =. 3° 


—_—_ 


10011000 = 3743'4+3? 


And hence we conclude, that the weights 
3'+3*'+3° must be put in one scale, and the 
weights 3°+3°+3+1 in the other scale, with the 
body whose weight is to be ascertained. 

These curious numerical problems are mentioned 
hy Euler at*page 253 of his dnalysis Infinitorum, 
and tlie possibility of. any weight being ascertained 
by such a system of weights is rigorously demon- 
strated; but the demonstration in the two fore- 
going problems is much simpler, and they have 
moreover the advantage of mdicating the mode of 
solution, which is not attainable by Euler’s method. 

129. Scholium. Before we conclude this chapter, 
it will not be improper to make a few general ob- 
servations on the comparative advantages and 
disadvantages of the different scales of notation, 
that have been the subject of our investigation. 
On this head, simplicity is evidently the first con- 

R 
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sideration to be. attended to, for in that alone con~ 
sists the superiority of one system over another; 
but this ought to be estimated on two principles, 
viz. simplicity in arithmetical operations, and in 
arithmetical expressions: Leibnitz, by considering 
only the former, recommended the binary scale, 
which has certainly the advantage in all arith- 
metical operations, in point of ease; but this is 
more than counterbalanced by the intricacy of ex- 
pression, on account of the multiplicity of figures 
necessary for representing a number of any consi- 
derable extent; thus we lave seen (prop. il. of this 
chapter), that 1000 in the binary seale would re- 
quire ten places of figures, and to express 1000000 
we must have twenty places, which would necessarily 
be very embarrassing, at the same time that all 
calculations would proceed very slow, om account 
of the number of figures that must be made to enter 
into them. 

The next scale that has been recommended is 
the senary, which certainly possesses some. im- 
portant advantages: first, the operation with this 
system would be carried on with - facility; the 
number of places of figures for expressing a number 
would not be very great; beside, that those quan- 
tities equivalent to our decimals, would be more 
frequently finite than they are in our system: for 
example, every fraction whose denominator is not 
some power of one of the factors of 10 is indefinite, 
and those only are finite that contain the powers of 
these factors; and it ts exactly the same in every 
other scale of notation; namely, those fractions 
only are finite, that have denominators com- 
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pounded of the powers of the factors of the radix 
of that system; therefore, in the decimal scale only 


- are finite, but in the 


gt” 


fractions of the form 
senary scale the finite fractions are of the form 

a e . , . . 
aa and as there are necessarily more numbers 


of the form 23", within any finite limit; than there 
are of the form 2"5”", it follows; that in a system 
of senary arithmetic, we should have more finite 
expressions for fractions than we haye in the de- 
nary, and, consequently, on this head; the pre- 
ference must be given to the senary system; and, 
indeed, the only possible objection that can be 
made to it is, that the operations would proceed 
a little slower than in the decimal scale, because 
in large numbers a greater number of figures must 
be employed to express them. This leads us to 
the consideration of the duodenary system of 
arithmetic, which, while it possesses all the ad- 
vantages of the senary, in point of finite fractions, 
it is superior even to the decimal system for sim- 
plicity of expression; and the only additional bur- 
den to the memory is two characters for repre- 
senting 10 and 11, for the multiplication table in 
our common arithmetic is generally carried as far 
as 12 times 12, although its natural limit is only 9 
times 9, which is a clear proof that the mind is ca- 
pable of working with the duodenary system, without 
any inconvenience or embarrassment; and hence, 
1 think, we may conclude, that the choice of the 
denary arithmetic did not proceed from reflection 
aid deliberation, but was the result of some cause 
R 2 
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operating unseen and miknown on the inventor of 
our system; and it may, therefore, be considered 
as a fortunate circumstance, that for this accidental 
radix, that particular one should have been se- 
lected, which may be said to hold the second place 
in the scale of general utility. 

All nations, both ancient and modern, with a 
very few exceptions, divide their unumbers into 
periods of 10s, which singular coincidence of dif- 
ferent people, entirely unconnected and unknown 
to each other, can only be attributed to some ge- 
neral physical cause, that operated equally on all, 
and which there is litthke doubt is connected with 
the formation of man; namely, his having ten 
fingers, by the assistance of whicli, in all preba- 
bility, calculation, or at least numbering, was first 
effected.—See some ingenious remarks on this head, 
in Montucla’s Histoire des Mathematiques, vol. 1. 

Our present scale of notation, however, though 
founded on this principle, was not the immediate 
consequence of this division, but was an inprove- 
ment introduced a long time afterwards, as is 
evident from the arithmetic of the Greeks, who, 
notwithstanding they divided their nunrbers mto 
periods of tens, nad no idea of the present system 
of notation, the great aad important advantage of 
which is, the giving to every digit a local, as well 
as its original or natural value, by means of which 
we are enabled to express any munber, however 
large, with the different combinations of ten nu- 
merical symbols; whereas the Greeks, for want of 
this method, were under the necessity of employing 
thirty-siv different characters, and with which, for 


Different Scales of Notation. 245 


a long time, they were not able to express a number 
greater than 10000; it was, however, afterwards 
indefinitely extended by the improvements of 
Archimedes, Apollonius, Pappus, &c. 


A Dissertation on the Notation and Arithmetic 
of the Greeks. 


130. We have before observed, that the Grecks 
divided all their numbers into periods of tens, but 
that, for want of the happy ideaof givinga local value 
to their numerical symbols, they were under the 
necessity of employing thirty-six characters, most 
of which were derived from their alphabet, and 
with which they contrived to render their arithmetic 
very regular, and as unembarrassing as such a 
number of symbols would admit. 

Instead of our 
digits, - - 
they employ- t 
ed the cha- CONG = RRL FOUL) Pk ee 
racters - - sf 

To represent - 10, 20, 30, 40, 50, 60, 70, 80, 90, 


they made 
test ike ie by a, a [5 ¥, E, a4, 7, 5. 


For the hun- 
dreds; they ~)p;;.95 7; .¥,. o) x, Ws ay) ®. 
had tan). .) 


But the thousands, 1000, 2000, &c., were re- 
| presented Dyin!) a, Py Hiy7ys Oey yes Se Awad. 


That is, they had recourse again to the characters 
of the simple units, with this difference only, that, 


4 
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in order to distinguish them from the former, they 
placed a small iota or dash below the latter. 

With these characters, it is evident that the 
Greeks could express any number under 10000, or 
a myriad. Thus, 


991 was represented by 4a, 


9999 =i dAin nr ee, 
7382) =) tah Se Be rap, 
8036 - + = 5 2 WAS, 
BAB ire ie ie sania Pie Sux, 
5 Maelo 


and so on for others: whence it is evident, that 
neither the order nor the number of characters had 
any effect in fixing the value of any number in- 
tended to be expressed; for 4001 is expressed by 
two characters, 6420 by three, and 7382 by four. 
Also the value of each of those expressions is the 
same, in whatever order they are placed; thus 


67)48 is the same as 7496, or as 444%; 


and so on for any other possible combination; but 
as regularity tended in a great measure towards 
simplicity, they generally wrote the characters ac- 
cording to their value, as in the examples above. 
In order to express any number of myriads, 

they made use of the letter m, placing above it the 
_character representing the number of myriads they 
intended to indicate. ‘Thus, 

a B y 3 

M, M, M, um, Sex 
yepresented 10000, 20000, 30000, 40000. ‘Thus, 


re 
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also, M expressed 370000, _M =43720000; and, 
generally, the letter m placed beneath any number, 
had the same effect as our annexing four ciphers. 

This is the notation employed by Eutocius in his 
‘Commentaries on Archimedes, but it is evidently 
not very applicable to calculations. 

Diophantus and Pappus represented their my- 
riads. by the two letters mu placed after the num- 
ber, and hence, according to them, the above 
numbers would be written thus; 


a.Mu, 2.Mu, y.Mu, 0.Mu, &c. 
370000 =28.mMv, and 43720000 =dr08.Mv. 


Also 43728097 is expressed by dro8.Mu 759, 
And 99999999 - - - by 8%54.mu 97)59. 


This notation in some measure resembles that 
which we employ for complex numbers, such as 
feet and inches, or pounds and shillings. 

The same authors, however, employed a still 
more simple notation, by dropping the Mv, and 
supplying its place with a point; thus, instead af 

éro8.mMu 44°, they wrote drof8.y58; and for 
67)56.mv 9755, they wrote 62)49.97)59: 


this last number, with the addition of unity, be- 
comes 10000° = 100000000, which was the greatest 
extent of the Greek arithmetic; and, for common 
purposes, it was quite sufficient, because their 
wnits of weight and measure, such as the talent 
and stade, were greater than our pound and foot. 
It was, therefore, only astronomers and geometers: 
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who sometimes found an inconvenience in this limi- 
tation; thus, for example, Archimedes in his Ari- 
narius, in order to express the number of grains of 
sand, that might be contained in a sphere that had 
for its Hes the distance of the fixed stars from 
the earth, found it necessary to represent a number 
which with our notation would require sixty-four 
places of figures; and in order.to do this, he as- 
sumed the square myriad, or 100000000, as a new 
unit, and che numbers formed with these new units 
he called numbers of the second order; and thus*he 
was enabled to express any number which in our 
notation requires sixteen figures; assuming again 
(100000000)’ for a new unit, he could represent any 
number that requires in our scale twenty-four 
figures, and so on: so that by means of his num- 
bers of the 8th order he could express the number 
in question, which, as we have said above, required 
sixty-four figures in our scale. 

Hence, aeeottihte to Archimedes, all numbers 
were separated into periods or orders of eight 
figures, which idea, as we are informed hy Pappus, 
was considerably improved by Apollonius, who, 
instead of periods of eight*places, and which were 
named by Archimedes octades, he reduced to 
periods of four figures; the first of which, on the 
left, were units, the second period myriads, the 
third double myriads, or numbers of the second 
order, and so on indefinitely. 7 
Jn this manner Apollonius was able to write 


any number that can be expressed by our system of 


numeration; as, for exaniple, if he had wished to 


represent the circumference of a circle, whose , 
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fliameter was a myriad of the ninth order, he 
would have written it thus: 


y- avis. Oo€e. yor. er. yous. Pypy. 
3.1415 9265 3589 7932 3846 2643. 
yore. ony. Burd. 

. 3832 7950 2824. 


y 

Having thus given an idea of the Grecian nota- 
tion for integer numbers, it remains to say a few 
words on their method of representing fractions, 
A small dash set on the right of a number, made 
of that number the denominator of a fraction, of 
which unity was the numerator; thus 


$ Edo, peo’ = +1 A ag 
but the fraction + had a particular character, as 
C, or<, C, or A. 
When the numerator is not unity, the denomi- 
nator is placed as we set our exponents. Thus, 
se", represented 15", or 3; and 


, 


gem’ “represented 7™', or +2: also 
! . 
oby-yop ee = 2633844" Mae S| 


This last fraction is found in Diophantus, book 4, 
question 46. | ) 

As it was only our intention m this, place to 
convey to the reader a connected and general idea 
of the notation of the Greeks, in order the better to 
estimate the value of the modern, or, as it is 
sometimes called, the Indian arithmetic, we have 
not entered into an explanation of their sexagesi- 
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mals employed by astronomers in the division of 
the-circle, and of which ours is still a representative, 
as is evident from the following example: 


0.5.96 ny Agee At se Nee 
Po S* ak «igi Br weadee Uo pion babs 9 By 


131. It still remains for us to explain, by a few 
examples, the method that was employed by the 
ancients in order to perform the common rules of 
arithmetic, with this complicated system of nota- 
tion, and must refer the curious reader, who wishes 
for more particular information, to an ingenious 
essay on this subject by Delambre, subjoined to 
the French translation of the Works of Archi- 
medes, to which essay we are indebted for many 
of the foregoing and following remarks. 


EXAMPLE IN ADDITION. 
From Eutocius, Theorem 4, of the Measure of the 


Circle. 
wes. Y7Dxa 847 3921 
&. av 60 8400 
Tn. Pre. 908 2321 


In this example the method of proceeding is so 
obvious, that it needs no explanation, being per- 
formed exactly as we do our compound addition of 
feet and inches, or pounds, shillings, and pence; 
but it 1s more simple on account of the constant 
ratio of ten between any character and the suc- 
ceeding one. 
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EXAMPLE IN SUBTRACTION. 


Eutocius, Theorem 3, on the Measure of the 


Circle. | 
O.yxAs 93 636 
B.yv 6 23409 
°. ar 70227 


This example also is so simple, that the reader 
will find no difficulty in following the operation, 
by proceeding from right to left, as in our sub- 
traction, which method seems so obviously advan- 
tageous and simple, that one can hardly conceive 
why, the Greeks should ever proceed in the con- 
trary way, although there are many instances which 
make it evident that they did, both in addition and 
subtraction, work from left to right. 

In multiplication they most commonly proceeded 
in their operations from left to right, as we do in 
multiplication of algebra, and their successive pro- 
ducts were placed without much apparent order, as 
is evident from the following examples; but as 
each of their characters retained always its own 
proper value, in whatever order they stood, the only 
inconvenience of this was, that it rendered the 
addition of them together a little more trou- 
blesome. 

As it is burdensome to the memory to retain in 
mind the value of all the Greek characters, we 
have, for the ease of the reader, in the following 
examples, made the substitutions as belew, by 
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which means their operations will be the more 
readily comprehended. 


Fora, B, y, 5, &c. we write 1°, 2°, 3°, 4°, &c. 


Yen i Nigar ae 9 Si cin ai Ri RS pc BR ap 
2, 7, 7, Us Xe. tS SL A Pum 3”, Fe &e. 
ot, B, 7s a, &e. bee th Nee al 1: Pee aty, wire &e. 


And the myriads are represented by ” placed over 
the number of them. 

Thus, 1°, 2°, 3°, &c., have their proper value; 
1’, 2’,, 3’, &c. willrepresent 10, 20,30, &c. 
1D) PERG A La ++ 100, 200, 300, &e. 
De Or eC Me 1000, 2000, 3000, &c. 


1”, 2”, 3", &c. will be so many myriads. 


After which it will be extremely easy to follow 
the work in all the succeeding examples. 


ep vy iit: age 

guy 1D ied 

a.ET fig fe a itis igs 

eBd py 5 f?? ott 5” Tas 5’ 
+pv6 3% 4% 5’ g° 

B.yu4 age L? ited An ; . O° 


‘This example may be farther illustrated: thus, 
hy beginning on the left hand, we have 
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px p=a, or 100 x 100= 10000 = 1” 


pxv=e, or 100x 50= 5000= 5” 
px y=7, or 100x 3= 3005. 3” 
Again, 
yx p=, or 50x 100= 5000= — 5” 
yxyv=PBG,or 50x 500= 2500=, 27 5” 
yXy=py,or 50x 3= :150= 1” 5° 
Also, 
“x P=, or -3 x 100= sr 
y¥xv=py,or 3x 50= See. sa 
YX y=y or SK B= g° 
Whence, by addition, we have Qn 3’ 4 9° 
evidently - - - - - - 


The above example is exactly copied from Eu- 
tocius, and is sufficient to indicate the method 
that the Greeks employed in their multiplication, 
but it will not be amiss to present the reader with 
another example drawn from the same squrce. 


ll peo f i? 


Pon 5 
Gon ie fotek? 
xs 1 eb 55” 2 is ie 5” 
MoM’ 

> i iteh wi) ee ep 
¥ s07R)0 Bb AL’ ORNT 
M ‘ 

yi ae / @) 

. doa 5 1 ] 
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The division of the Greeks was still more in- 
tricate than their multiplication, for which reason 
it seems they generally preferred the sexagesimal 
division, and no example is left at length by any 
of those writers, except in the latter form; but 
these are sufficient to throw some light on the 
process they followed in the division of common 
numbers, arid Delambre has accordingly supposéd 
the following example: 


EXAMPLE IN DivIsIoNn. 


TAB.yTxh (awey Mono oY a ak eo 


emh.y awxy 182 3 TRA RE 
PRESEN. Hon 1500329 
pp-e-yu 145 8 4 
0. a72)x4 41929 
¥- SUE : 3646 
ued | 5469 
eu) 5469 


_ This example will be found, on a slight in- 
spection, to resemble our compound division, or 
that sort of division that we must necessarily em- 
ploy, if we were to divide feet inches and parts, 
by similar denominations, which, together with 
the number of different characters that they made 
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use of, must have rendered this rule extremely 
laborious; and that for the extraction of the square 
root was of course equally difficult, the principle of 
which was the same as ours, except in the dif- 
ference of the notation, though it appears. that 
they frequently, instead of making use of the 
rule, found the root by successive trials, and 
then squared it in order to prove the truth of 
their assumption. 

From the foregoing slaiieh of the notation and 
arithmetic of the Greeks, the reader will be able to 
form some estimate of the value and importance of 
the present system, which does perhaps as much 
honour to its inventor as any other discovery in 
the whole circle of the sciences, being that to which 
we must consider ourselves indebted for the many 
brilliant advances that have been subsequently made 
in the modern analysis and astronomy. Let any 
one compare the complicated multiplications of the 
ancients with the logarithmic operations of the 
moderns, and he will soon be convinced that he 
cannot set too high a value upon the discovery of 
- our present system of arithmetic, which laid the 
foundation of that of logarithms, and many other 
of the most important. improvements that have 
been made for facilitating calculations, and thereby 
extending the bounds of science to their utmost 
possible limits. He will also perceive how slow 
and progressive are the steps to knowledge, and by 
what imperceptible degrees we arrive towards per- 
fection: from the first rude efforts of the Greeks, 
when their notation carried them no farther than 
to write down 10000, or a myriad, he will be able 


256 Different Scales of Notation. 


to trace them through their several successive im 
provenients, until it became indefinite like our own ; 
first, by placing the character mM under the number 
of myriads that they wished to represent, they ex- 
tended it to 10000°, or 100000000; but this po- 
sition of the character being found inconvenient, 
was changed for Mv, following the number it was 
before placed under; and this again was afterwards 
dropped for the more eligible form of a point, se- 
parating the myriads from the simple units: after- 
wards Archimedes invented his octates, or periods 
of eights, and thus gave an indefinite extent to the 
Grecian arithmetic, an idea that was considerably 
improved upon by Apollonius, by making the pe- 
riods consist of only four places instead of eight, 
and dividmg all numbers into orders of myriads. 
In this form it seems most astonishing, that he did 
not perceive the advantages of snicini the periods 
to consist of aless number of characters; for having 
by this means given a local value to his periods of 
four, it was only necessary to have done the same 
for the single digits, in order to have arrived at the 
system in present use, which is the more singular, 
as the use of the cipher was not unknown to: the 
Greeks, being always employed in their sexagesimal 
operations, where it) was necessary; and, conse- 
quently, the step between this improved form of 
their notation and that of the present system was 
extremely small, although the advantages of the 
latter, when compared with the former, were in- 
calculably great. | 

It is mich to be riopnientbedy that we are ignorant 
to whom the brilliant invention of the decimal seale 
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is dtie; even the nation where it took its origin is not 
distinctly known, though it seems most probable 
to belong to the Indians, it being from these people 
that the Arabs first acquired their knowledge of it, 
which they carried into Spain about eight hundred 
years back, and whence it soon after circulated 
among the other European nations. 

132. We shall here conclude our Numerical In- 
vestigations, adding, by way of praxis, the following 
propositions, the demonstrations of which depend 
upon the principles that have been the subject of 
inquiry in the preceding pages: and shall, in the 
following part, endeavour to show their application 
to the Indeterminate and Diophantine Analysis. 


MIscELLANEOUS PROPOSITIONS. 


1. The square of any prime number p, of the 
form 4n+ 1, is of the form 25n* + m’. 

2. The sum of any number of consecutive 
cubes beginning with unity is a square, the root 
of which is equal to the sum of the roots of all the 
cubes. 

3. The common difference of three integral 
square numbers in arithmetical progression cannot 
be an odd number. | 

4, Vhere cannot be four square numbers in 
arithmetical progression. 

5. The commnion difference of three square 
nunibers in arithmetical progression cannot be a 
square number. 

6. There cannot be three cube numbers in 
arithmetical progression. 

s 
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jew 


7. There cannot be three square numbers ia 
arithmetical progression either in. integers or 
fractions, whose com amon difference is 1, 2, or 8. 
8. If m be a prime number greater than 3, 
then will m’°— 1 be divisible by 24. 

9g. In order to ascertain whether a given num- 
ber a be a prime number, it is only necessary to 
solve the equation a +y'=s*, a minimum,  Re- 
quired proof. 


10. No triangular number, except unity, is @ 


cube number. 

11. No triangular, except unity, can be equal to 
a pentagonal number. 

12. The difference between a Gactinn] and its 
reciprocal cannot be equal to a square. 

13.. Ne cube number, except 8, when in- 
creased by unity, can be a square. 

14, ‘The equation 22° + Bair Fi is impossible. 

15. The equation az° + 7y° = 2° 1s impossible for 
every, value of a, except ost that fall under one 
of the forms 7%, or 7n +1. 

16. Every odd number prime to 5. is a diyisor 
of any repetend digit, and the number of digits 
necessary. to form the complete dividend will never 
exceed the number of units expressed: by the di- 
visor. | 

17. If r be a prime number, then will eyery 
prime divisor of the formula a’ +1 be of the form 
Qnx +1, except only the divisor @+1, when the 
eta sign is +, and the divisor a—1 when 
that sign is —. 

18. No square number can terinitiate with more 
ae three equal eflective digits. 
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i9. The squares of all numbers composed of 

‘Jess than ten units, as 11, 111, 1111, &c.; always 
tiave the form 1, 2, 3, 4, - - - 4; 5, 2, 1. 

20. The equation (2° ve a —7y=z* is 
impossible. 

21. The following equations are impossible: 

1. sytye=e. 

2. @ba* + aby? = 2°. 

8. abet + 2d04* =e" 

4. 2a°bx* + Aab’y' = x”. 
Required the demonstrations. 

22. Find the rational values of x and y in the 
two equations 22*°+ 8y'= 2%, and 6r*+ 54y*= 2°; 
or prove that there can be no sucli values. 

23. Every even number is the sum of tivo prime 
numbers, and every odd number is the sum of three 
prime numbers: Required proof. 

24. Every prime number of the form 3%+1 is 
also of the form 2° + 3y’. | 

25. Let 1, 2; 3, 4, &c: = \- = nj represent any 
continued product of 7% terms, and let p be any prime 
number whatever; then will the above product be 
divisible by such a power of p as has its exponent 


expressed by the sum of the integral parts of the 
fractions 


Required proof. 

26. What weights must be selected out of the 
singlé series 1, 3, 9, 27, 81, &c., to weigh 
100100 pounds? 

27. How many terms must be selected out of 

$s 2 


260 Miscellaneous Propositions. 


the single series 1, 2, 4, 8, 16, &c., that their 
sum may be 17845? 

28. Let x be any number whatever, and a the 
difference of x, and the next greater square; also b 
the difference of n, and the next less square; then 
will x —ab be a complete square. 

29. ‘The expanded binomial 

iy n(n—1) n(n—1)(n—2) 
Ucn ued Te pean atest 
and if these terms be respectively multiplied by the, 
series 


+&c.=0; 


a 


be Oe oy ti Ane. ROG 
or by any power of these terms, except the nth, as 
[ty aasy ats Boo: 
the sum of all the terms thus produced is equal to 
zero. Required proof. 
30. The continued product 
Ve al eee Ne Na ie 


n(n — 
n"—n(n— LF erat ae ane intia) 2 


hy Seat aad LS 
Hewig 3 ~(n—3) + &e. 


Required proof. 
O17 it ayo, and’e; represent the three sides of 
a triangle, and c the angle’ contained by a and 4, 
then, if 
a+b =c*, the. <c=00°; 
[i rabebme, the <c=120°; 
a —ab+bh°=c’, the <c=60°. 


PART I. 


ON THE INDETERMINATE AND DIOPHANTINE 
ANALYSIS. 


CHAR. I. 


Continued Fractions, and their Application to 
* 
, various Problems. 


DEFINITIONS. 


133. 1. Every expression having the following 
form, viz. 


— “Tt 
C —-+ &e, 
+7 


a, 6, and c, being integers, is called a Continued* 
Fraction; and it is rational or irrational according 
as the number of its terms is finite or infinite, 


- 


* Every expression of the more general form 


is a continued fraction; but in what follows we shall only have 
to consider those fractions that are of the form above given. 
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2. The series of fractions formed of the first 
term, the first two terms, the first three terms, &c., | 
of any continued fraction, are called Converging 
Fractions; thus, 

‘id 1 1 


Si , ne Sa my? 


I 
a ! 1 i ee ~ 
b — b+>3 


when reduced to the following forms, 
1 b be+1 
© TL DATES Niet pues 8 ey RE? SPARE b] &e. 
a’ ab+1’ a(ab+1)+e 


are converging fractions. 


PROPOSITION I. 
. ae 
134. To reduce any proposed fraction, => ta 


the form of a continued. fraction. 

Let N>M; and suppose that x, when divided by 
M, gives a quotient a, and remainder Pp; then we 
have 


Dividing in the same manner M by P, and. supposing 
the quotient b, and remainder a, we have, in the 
same manner, 


M Q P 1 
—=b+—, and —= ; 
P P M Qa’ 
| aia anc 
P 
P R Q 1 
— =c+—, and —= ; 
@ Of sutra Bis R 
: : que 
@ 
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Q s R 1 
—=d+—, and—= -; 
R R De ass 
oo 
R 
&e. &e. &e. 


where a, b, c, &c., are the quotients arising from 
dividing, successively, N by M, M by Pp, P by a, 
&e. And if now we substitute for the fractions 
—, —, = &c., their respective values, found as 
above, we obtain the following expression: 


M Baie por 1 


P 
a+— a+— at+— 
M b AN Dia b p 
P Bn 
Qa 


ee Me, 
and, consequently, the fraction ls reduced to 


a continued fraction as required. 

135. We are thus furnished with a very simple 
practical method of performing this reduction, in 
all such cases; viz. divide the denominator by the 
numerator, then the divisor by the remainder, and 
so on, as in finding the greatest common measure, 
of two numbers; and the successive quotients will 
be the denominators of the fractions, above re- 
presented by a, b, c, &e. 

Note. If the numerator be greater than the de- 
nominator, the continued fraction will be preceded 
by an integer, 
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1171 
9743 


1171)9743(8 
9368 


Ex. 1. Reduce to a continued fraction. 


375)1171(3 
1125 


46)375(8 
368 
7) 46(6 
prado 
A)7(1 
A 
3)A(1 
3 
1)3(3 
3 


oo 


0 
‘Consequently the fraction proposed becomes 


yt 
A8>.8+— 
9743 3 


ia 
ve 


which is therefore reduced to a continued fraction 
as was required. 
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A3 sy : 
Ex. 2. Reduce a to a continued fraction. 
611)743(1 | 
611 


132)611(4 
528 


ae 


83)132(1 
83 


A9)83(1 
49 


34)49(1 
34 


oe 


15)34(2 
30 


4)15(3 
12 


ee 


3)4(1 
3 


1)3(3 
3 * 
And therefore we have for the required fraction 
743 1 


wae dt od 
611 OP sai vt 


which is preceded by an integer, as stated in the 
foregoing note. 
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Remark. We call the integers a, b, c, d, &c., 
obtained in the foregoing operation, Quotients, 
being the results of successive divisions; and each of 

Q 


‘hie 4 : Zs 
these, with its depending fraction, as a+ + b+ = 


R - 3 
c+ > &c., 1s called a Complete Quotient. 


PROP. UH, 

136. To transform a given continued fraction 
to a series of converging fractions. 

Let 1 


be any continued fraction: it is required to trans- 
form it to a series of converging fractions. 

This is in fact performed by the common rules 
for the reduction: of complex fractions to simple 
ones; thus 


ea 

a a 
1 r b 
G45 abs 1. abba 

b 

b 

1 1 1 
ey ree a AOR. KY 

| b4- be+1 ~ be+1 

Y Cc 

Re rs oo). BC a RE ae 

a(be +1) +e r abe +1) +e (ab+1)c+a@ 


Se ee oe 


Continued Fractions. 
And in the same manner we find 


Sha _ (be+1)d+b 
@+— 1 ie 
b+ 


ong 


ey {(ab+1)e+a\d+ab+1 


But this reduction, when there are many terms 
in the continued fraction, becomes very em- 
barrassing, and at the same time unnecessary; for, 


from what has been already done, a very 


obvious 


law of formation discovers itself, in order to render 
which the more manifest, let us resume our fore- 
going results, making also the successive substitu- 


tions as below; viz. 


1 mae 
Fg sise hk ralsk daN GaSkOR Sha aca coxa 
any b 
Liar site ale dated MG ah ads Sa! x 
1 
cae tpi wate aches 
b+ ~ (ab+1)e+a 
Mile aah a (be+1)d+5. 


ote 4 - {(ab+1)c+a\d+ab+1 


Now here it is obvious, that 


2 a eee a ed 

p =bp - - + g =be+t 
RN eet i a a 
py =dp’ +p’ A fe gq’ =dq’ +9 


p* — ep” + p” a . g* _ eg +g” 


ass ae 
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and thus the successive terms of the series of con- 
verging fractions may be obtained as far as we 
please, by means of the given quantities a, b, c, &e.3 
these terms being 


Psy Ciahatbety  ricsg) vs 


137. Hence we have the following very easy 
method of reducing any continued fraction to a 
series of converging fractions. 

Write all the denominators of the successive 
terms of the continued fraction in a line, thus 


1, Dye Cais 10, OCS. 


then the first fraction will have unity for its nu- 
merator, and the first term, a, for its denominator; 
the second will have the second term, 8, for its nu- 
merator, and for its denominator ad+1; and the 
numerators of all the succeeding fractions will be 
found, by multiplying the numerator last found by 
the corresponding term in the above series, and 
adding to the product the preceding numerator; 
and the denominators are obtained in exactly the 
same manner, as is evident from the foregoing 
proposition: thus, 
ee ge ee d, ey. ae. 

ais b be+1 (be+1)d+b 

@ ab+V (ab+1)c+a’ | (ab+1)e+a}dt 
(ab + 1), &e. 


the last term of which series will be the original 
fraction first proposed, 


ial 
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Ex. 1. Transform the continued fraction 


to a series of converging fractions ; 


Denominators, 7, 6, 5, 2, 3, 
TRO Bio Gs.) 235 


Conv. fractions -, — —, —— 
rae 438999" 487 1683" 


the series required. 

138. It is also obvious, that we may thus find 
the series of fractions converging towards any 
given quantity, without reducing it first to the con- 
tinued form. For we have seen (art. 135), that the 
denominators a, 6, c, &c., of the terms of any 
continued fractions, are the quotients obtained 
from finding the common measure of the two terms 
of the given fraction; and, therefore, having found © 
these quotients, we may immediately ascertain the 
series of converging fractions, without any inter- 
mediate step; in fact, the consideration of any 
quantity under the form of a continued fraction is 
entirely useless, otherwise thar as it leads us to the 
properties, and the law of formation, of the con- 
verging fractions; for it is in this form only, that 
these expressions are at all applicable to any useful 
purposes. 
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Ex. 2. Find the series of fractions converging 


° 6 39 : 
t 7 Rite 
owards the given fraction 187 
39)187{4 
156 


~-31)39(1 
31 


8)31(3 
24 
7)8(1 
7 


D77 
7 


* 


sk 3, Ly Vic 
atid Sia: Sacre 
ee 8 LO no atone 


Quotients, 4, 
Conv. frac. - - 


which is the series of converging fractiotis tes — 
‘quired. 


139. If now any series of quotients derived 


berth es Ke 
from the fraction ey be represented by 


GEO Cs) Lig Oe ty Os ARO 


a iO atte eee mea 
ead Sly moh aida ak ee gee 


pila .ty sine 7 talks a5 
vi &. nes 143 3 

be the corresponding converging fractions; then, 
from what has been shown above, 


i ie up’ + p° 
4} 


g ug +g’ 
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and if instead of w, we substitute the complete quo- 
tient corresponding with it, as w+ 2 (remark, 


page 266), we shall have the original fraction 


q’ (u +2) + 2° 


For it is evident, referring to the original form, 


that, by stopping at any particular quotient, and 
j 4 | : 
annexing thereto the remainder Z we have the 
precise value of the original fraction, as will be still 
more obyious by turning to the form at art. 134. 


q : 
Let now wu +2 = u’, then the above becomes 


M 1 


- 


N a gh &ec. 1 
at 
v 


59 


and as the order of formation of the converging 
fractions does not depend upon any particular 
values of these quotients, it is obvious that the 
same law will obtain for the complete quotient w’ 
as for any other; supposing, therefore, 
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1 1 
an se 
a+ &.1 UP and 2+ &e. =} a 


t q v 


we shall have, on the principles of art. 138, 


1 
at &e.1 i! +p 
| 1 ae Sop , or 
bt Nd gu+¢ 
4 Y ° 
yD IP 
Se ee Q. E. De 


a ae a 3 

Gur )+49 
Tid 

For example, in the reduction of 963° if we stop 


at any term as below, 
711)953(1 
711 
242)711(2 
A484.» 


15 
227)242(1 307 complete quotient 


227 
15 
we shall have the following result : 
: 15 
Quotients, - - 1, 2, Ser 
(1+ at 
2 22 
Conv. frac.- - ~, -, d pl 
3 1 
(1+ 359) # 


2(227+15)+227 717 


eereeeteneeeeeaeianeenaetal t riginal fra eiion : 
3(227 +15) +227 953° he ong ° 
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and the same has place for every complete quotient, 
as is evident from the preceding demonstration. 


PROP. III. 
. 2? p . ; 
_i4o. If on and — be any two - consecutive 
q q : 
terms in’a series of fractions converging towards 


[ So ad 
fra then will 


PY-PPrss 


the ambiguous sign being + when Paice and — 


ri; b, Gt RC Dye tbe: eb ad 
1 b Oo 4 4? rit ‘ 
: 7? &e. BS on ge i &e. 
ye ay an : 
represent any series of quotients, with their cor- 
responding fractions; then (art. 159) we have 
p’=p in and q”’"=q’w+q; 
4/7 / 
po Pe Re! read bbab: 
Be qY 
and, therefore, | 
p” q”— Pp’ q”’ es ert rl. pp” q’; or 
pg = py” 7 ea x =p re —p g 
And, in the same manner, since 
py” =put+p, and g”=qu+q°; we have 


a4 (9) 4} 1@) 
p Ne oy 2 4 ; whence 


Por q ! 
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PUP Y=PY—pes oF 

PY PY =PY -~PYs that is, 

BIE GAR eRe Ce 
or the successive differences . between the products 
of dach namerator and consecutive denominator, 
and the product of the denominator and the nu- 
merator of the same fractions, are equal (abstracting 
from their signs); but the difference (ab+1)—ab, 
that is of the first two fractions, is 1, and since the 
differences are all equal, they are each equal to 1; 
and, therefore, p°q’—p'g? = +1. 

, 


rr 


ie) 
| M M 
but when fs gee then —< os and, conse- 
f] y : 


quently, erg and i uh Ee ——; and, therefore, 


GY - q 
py >pea; thatis, p’g’—p’¢g?= +1. 
| ste 
And, for the same reason, if ‘< —, then we 


t nbuaawan 
have p°q’ —p’¢°= —1.—@. E. D. 

141. It is this property of converging fractions, 
that renders them so useful in the solution of all in- 
determinate equations of the first degree; for every 
equation of this kind has its solution depending 
upon that of the equation, — 

— ax—by= +1, 
as will be shown in the next chapter. 


Now the solution of axr—by= + 1 is obtained by 
finding the series of fractions converging towards 


at 
Zo 2 and assuming for x and y the terms of that 
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° ° . ° a . a | y 
fraction, immediately preceding z a8 is evident 
from the foregoing proposition. | 
Ex. 1. Find a and y in the indeterminate equation 
164~—41ly=1. 
First, 
16)41(2 
32 
9)16(1 
9 
7)9(1 
7 
2)7(3 
6 


1 )2(2 


Quotients, 25. 1, 1; 35,' 2, att 
Le Pe 2 ie LUG 
gee ee Ne 41 
_ whence we have r=18, and y=7, which gives 
16c—Aly=1, or 16.18—41.7=). 
And it is obvious, that we shall have the same 
result if we take r=18+441m, and y=7 +.16m; 
m being indeterminate for this substitution gives also 
16(18 + 41m) —41(7+ 16m) =1; 
and by means of the indeterminate quantity m, an 
infinite number of values of x and y may be ob- 
tained, that will answer the conditions of the 
equation. 


Cony. frac. 


bo aw 
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If the given indeterminate equation had been 
ax—by=—1, 
ie we must have taken 
2=Alm—18, and y=16m— fe 
which gives 
16(41m— 18) — 41(16m— Aa —1; 
where the indeterminate quantity m is also the 
means of furnishing an infinite number of solutions 
to the equation ax — by= — 1. 
But as this subject belongs properly to the next 


chapter, we must dismiss it for the present, and 
continue our investigation of continued fractions. 


PROP. IV. 
ionaair fs L. E Bige &c. be a series of | 
DG BBUG g 


fractions converging towards any given fraction 
, then will these fractions be alternately greater 


and less than the given fraction; but each ap- 
proaches. nearer to the true value of the original, 
than the one which precedes it. | 

The first part of the proposition is evident from 
considering the law of formation of these fr actions: 
for let 


Gi ee 
ad &e.; 


s j a; feta ia a s 1 M ‘ 3 e 
then it is obvious, that heaped becatise, in order 


= 
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to have the exact value, we must .add a certain 
quantity to the denominator @ (equal to all the 
_ other part of the expression): and 


4 : 1 
b b+— ] 
Ce 


d 


for the same reason; whence it follows, that 


ie 
ary N°? 


eel! ; ; 
because, in adding — tothe denominator a, we make 
ew: 


l 
it too great, and, consequently, the fraction too 
small; and in the same way we find that 


1 1 
ee tee M 
é N 


and so.on alternately. But, by article 136, 


1 1 1 
a’ ne Pe aaah Ons 
b anor a 


are the successive terms of the converging series, 
being equal to 


op) a) a 


TEs: Tag 


and, therefore, these terms are alternately greater 
and less than the original fraction; and hence it 
follows, that the value of this last is always con- 
tained between any two consecutive terms of the 
converging series, 
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Now, in order to demonstrate the latter part of 
the proposition, let us consider the difference be- 
tween any converging fraction, and the original one 
to which it is an approximation. For which, purpose, 


let - be the fraction immediately preceding ; and 
let w+ be the complete quotient, corresponding 
to a ALS for the sake of simplifying, put 


v P 
UuU+r—=U, 
be 


then we shall have, the same as in art. 139, 


M _ pu +p +P 
N qu ng 
from which we derive | 
M ae it q—PT +1 
TRA ; Tages Dor Bedi Tait Grrr tiem Bink, Kae and 
Ng g(qutg) — qqu+@? 


of MS _(PP-Pqw _ tw 
sn P Fete) Pqw+ gy 
Whence we draw the following conclusions: 


1.. Phat i an a He) have always. dif- 
N HP 4 3 


ferent signs. 


2. That the. difference By aes —-; which may 
N q 


3. That “ae is less, abstracting from its 


2 
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° M p . ‘ 

sign, than ———~ >; the former being equal to 
a N gq 


, and the latter to = that is, 


J Ut 
ge +) P(qe+@e)’ 


M J ] 

yl Boavciey. Jeat th and | 
N -¢ -]. gerd 

M p “at 1 


NP ang gu +g + 
x 4 i ’ 
Now wv’ =u+—; and, therefore, « >1, andg>q’, 


from the nature of these fractions; much more, 


, - 


. u 1 e . 
then, 1s e a Since, therefore, the difference 


hetween any converging fraction and the original 
is less than the difference between the preceding 
one and the original, it follows, that the value of 


ae M 
any fraction P approaches nearer to that of —— than 
. q,¥ N 


any one which precedes it. 


PROP. V. 

148. To convert the square root of any given 
number n (not a square) into a continued fraction, 
and thence to a series of converging fractions, ap- 
proximating towards the /N. | 

It is evident, in the first place, that this series 
must be infinite; because the square root of a num- 
ber not a square cannot be expressed by any ra- 
tional fraction (art. 18); but we shall ‘find, that 

the quotient, whence the series of converging frac- 
tions are deriyed, will be periodical; and, therefore, 
the extraction may be carried on at pleasure. ‘The 


| 
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method of transformation, in this case, will be 
better shown by a partial, than by a general ex- 
ample; and we shall, therefore, first extract the 
square root of 19, and afterwards show the ap- 
plication of the same method to the extraction of 


; N+M 
any quantity of the form a; N, M, and P, be- 


Ing integers. 


Extraction ef v19 in Continued Fractions. 


Unng: A POPES sith Se entgg ot 
3 
~/19+4 19—2 5 dea 
3 V19+2 V19 + 2" 
5 
“VIQt2 19-3 2 4 
ce ct AS eas Pri LG 8s 
s : 5 V19+3 V19 + 3° 
fe 2 
194+3 /IQ—3 5 i 
thas AS OD ibe ee OR ras, 
2 2 NAD ch 93 v1I9t3 
5 
V19+3 /19—2 : : 
cS 2 Sas mabe, iat he aeeerarce 
5 5 J19+2 © VIQ+ 2 
3 
4/19 +2 /1Q—A I : 
V19 Tater) A cia J isa? Meee TERVeNT GE | er MRR eT 
Wana 3 V19+4 J19 + 4° 
WSIQG+A Yt Name 
a &e. 


And here, since we have obtained the same ex- 


LTA te et PETA 
> So. a ee - 
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pression as we began with, we may discontinue our 
extraction; as the quotients 45 2, 1, 3, 1, 2, 8; 
2, 1,3,1, 2, 8; 2,1, &c.; must necessarily recur 
again in the same order, ad infinitum. 

Now if we substitute for the fractions 

V19+4 V19+2 vV19+3 °V19+2 

is Reig ots Mi aC hae te hy ha 
their respective values, as found in the foregoing 
operation, we shall have 


; 1 l 
VO he ee eb 1 
VII VI9+4 php Pesos gt 
re ane Oe V19+2 
3 Ae 
5 
Bie a4 1 
‘ eal A "O4e 1 
VIO +3 arn 1 
oy 2+ 


8+ &e. 
and, therefore, the square root of 19 has been 
transformed into a continued fraction, as was re- 
quired: and hence it is obvious that the same may 
be converted into a series of converging fractions, 
as in art. 136; thus, . 


Strotients, 4, 4250 1, widde dei 2, 8, 
| 9. 13.48 61. 160 


ee es ee 
2 2” ae ee 14’ 39” 


Cony. frac. 


each of which fractions expresses the square root 
of 19 nearer than any preceding one, as is evident 
from art. 142; and it is manifest, that they may be 
continued at pleasure to any degree of accuracy 
required. | | 

The operation in this partial example is obvious: — : 


282 Continued Fractions. 


~ 


we first find the greatest integer contained in 4/19, 
which is 4, whence 

V19—4 

CA Ant RINT REC 
and this quantity being transformed to the follow- 
ing form, by multiplying both numerator and de- 
nominator by ./19+ 4, we have 


= ema oii ef OE al Ty) 1 
HURT ae ye 719 fat alenees 
3 
We then proceed to find the greatest integer con- 
: 19+4 eae : ; 
tained in wie inert which is 2; hence this fraction 
. becomes 
VI9+4 V19—2 5 1 
eg ee 5p 
3 3  V1I9+2 VW19+2 


D 
And in the same manner we find the greatest in- 
teger contained in this last fraction, and so on, till we 
arrive at the fraction ao 
same as the first, all the terms will again recur in 
the same order, ad infinitum; and, consequently, 
the operation from that period may be discon- 
tmued. And it is obvious that the same prin- 
ciples may be applied to any quantity of the form 
/N+M 
TM 
144. The above operation, which is tedious ac- 
cording to the method that has been explained, and 
which was necessary in order to show the origin of 
the rule, becomes extremely simple, by observing the 


a 
~, 
— 


A ; 
-, which being the 


ROSEN lc 
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following law in the formation of the successive 
quotient; vez. let 


A1Q+m | 
eS + &e, 
J19+m 


y =u + &e. 


represent any two consecutive fractions in the 
foregoing example, w and w’ being their respective 
quotients, then will 


m =nu—m, and 
1/2 
srelg =m 
Ib Ses 
n 
so that each value of m’, n’, and w’, is deduced 
from those m, n, and uw, in the preceding fraction: 
hence the foregoing operation, by means of this 
law, will stand thus: 


T 


19+0 19 4° 
ote At &c. 1.4—0=4; a a3. 
"V19+4 19% 3° 
———-=2+ &e. | 3.2-—4=2; ———=5. 

‘ + &e. A tere 

19+2 be ADS: 
pee ee ee: | ee male 

5 | a o 
/19+3 19—3° 
Meteo 3 + gob abst wag, tt = 5. 

2 ; 2 
/19+3 oe 
1+ &e. | 5.1-3=2; Be rai 43, 
an? 0 

&e. &c.° 


Where the calculations on the right hand of the 
line are set down only to explain the operation, 
but they are unnecessary when this is once undex- 
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stood; and hence the extraction of the square 
root by this method becomes very simple. 

145. This law has at present only been deduced 
from observation, but the universality of it may be 
demonstrated as follows: | 


Let 
/N+™m J/N+M— nu 
——_———— =u +—___—_, and 
n n | 
VN +m ) 
Reso =t iN &e. 


be any two consecutive fractions derived from the 

/N, N being any integer whatever not a complete 
square; then, from the nature of the operation, we 
must. have 


VJN+m n 
= —-, or 
n JN — (nu—m) 
(/N+m’) x { /N—(nu—m)}=nn’, 

and since this product is an integer, » and n’ being 
each whole numbers, it follows, that m’=nu—m, 
for otherwise the product of the two factors would 
not be rational; whence again 


2 


( /N+m’)( /N—m’)=N—m”=nn’, or 


», N-m™ 

eA ay ae 
so that the law is universal. 

And hence the square root of any number n, not 

a complete square, may be extracted in the follow- 
ing manner, supposing a to be the greatest im- 
teger contained in yn, and wu, w’, uw”, &c., the 
greatest integers contained in the respective frac 


tions to which they correspond; viz. 


a ee See ee ee 


_ 


gn ee ae 
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J 2 
VN+0 | Bia 
———- =a +&e/1 2.a-0 =m; r=. 
nA 106 | iy Me Oe , 
Y/N 4 a? - . N ae mn’? 
————— =u + kein’ ww —m =m"; —— =n". 
n 7e 
J/N+m” . Py woe wr w Na mi” "We 
BO tate + &e.|n wu” — Mm” =m”; ——— =n”. 


&e. &e. 


And by continuing thus the extraction, we: shall 
; ‘ N+™ 

always arrive at a fraction equal to “= 3 after 
which, the quotients will recur again in the same 
order, ad infinitum, as will be Hee aattsteds in the 
following propositions. 

146. Thus the extraction of ./23 (omitting the 
calculations on the righthand side of theline, which 
are supplied very readily as we proceed) becomes, 


2470. 

ml 4+ &c; 

 rflQ23+A4 

piacere get BG. &e. 
$3 48%. 

ee See ae &e. 
2 P 
23+3_ | 

Asin stad + &c. 
7 
93 +4 

ee See gee 
1 . 
93+4 

ES 7 aay 8c. 


And having thus arrived at a fraction equal to 
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f23 +4 

set a 

continued, as the quotients after this recur in the 

same order as at first; and hence we may calculate 

the series of fractions converging towards 4/23 to 

any degree of accuracy required; thus: 

SJuotionta, 45. 1513, Maly WBS od, By hy Btoks ees 

4'5 119. 24211 

a eo Wes as &e. 

| es? A ) Ad 
Scholium. Numbers falling under any of the 

following forms, viz. 


the second the operation may be dis- 


Conv. frac. 


pl, pxp, or pt—p, 
have their’ square roots very readily extracted by 
continued fractions, the period of circulation never 
exceeding three terms: thus, for examples, 
/17 +0 
1 
VIZ +4 
| 1 
which last quotient will be repeated, ad infinitum. 
/15+0 
1 
att =1+ &e. 
J/15+3 
. 1 
the two last of which quotients will be repeated as 
before. 
And it is the same with all pibem falling 
under any of the above forms. 


=A+ &e. 


=8+ &e. 


~=3+ &e. 


= Op t&c. 
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PROP. VI. 

147. The series of quotients arising from the 
extraction of the square root of any number n, not 
a square, will be periodical. 

We have already seen, that this has been the 
case in the partial examples which we have given 
in the foregoing proposition; and it is here pro- 
posed to demonstrate, that this law must ne- 
cessarily have place for every possible value wn, 


when it is not a square. 
BX. , 


I 


First, let us suppose ” ; >, to be any con- 
| 7” 4 


secutive fractions,. converging towards the Nn; 
and let w°, «, wu’, be the corresponding quotients, 
w being supposed the greatest integer contained in 
/N+m : 
the complete quotient ————-: so that, in the 
. n 
following expressions, 
Ue uy U, 
te) , 
su fF Hs &e., we have 


Bad ig 


And if instead of u we take the complete quo- 


/N+m 
» Whence w was derived, we shall 
n : 


have, in the place of the foregoing equation, 


tient 


JNtM 
ii, 
hy ee OE A are Y30); 
N+m 


/ EPR a 
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which becomes; by reduction, 


We ap ON Pee “nt 
’ Gg VN+ qm+qn’ 
whence we draw the equation 
| QN+ /N(gm+ gn) =p /N+ pm + pon} 
and since here we must have the rational part eqiial 
to the rational, and the irrational to the irrational, 
we obtain the two following equations: 
gN=pm+pn, 
p=qm+ gn. 
Multiply the first by q°, and the second by p°, gives 
gy N=pqm +pqgn, 
pp =qpm+p qn; 
then, by subtraction, 
g¢'N— pp = (py — gp )m, and 
pp —Nqq= (PY — 9p" )ns 
this last being derived in a similar manner, by 
multiplying the first equations by g and p. 
Now, by the property of continued fractions 
(art. 140), we have 


py — gp = +3, if > VN3 


py —gp = —-1, ifs VN: 
Whence it appears, that pg°—gp° has always the 
same sign as pp—Nqq; because, if - ; > Yaar >N; 
and, consequently, pp >Nqq; and the contrary, if 


3 < /N; and hence again it follows, that 2 is always 


Continued Fractions. 289 


positive, because pp—nqq=(pg°?— gp°)n, and 
pp—wsqq, and (pq°—qp°), have always the same 
sign. And this furnishes us with the means of 
ascertaining the limits of m and n; for, since 


N-—m 
SLOT elt (art. 145), 


and n and n’ are positive, it is evident, that m”?<\N, 
orm’ < ,/N; also, m being an integer, it can never ex- 
ceed the greatest integer contained in yN. And since 
m=nu—m' (by the samie article), or m+m’ =nu, 
and m and mi’ are each < yw, it follows, that 
neither n, nor uw, nor nu, can be greater than 
m+m’; and we have seen, that neither m nor m’ 
can exceed a (supposing a to be the greatest in- 
teger contained in ,/N), therefore, neither n nor zw 
can exceed 2a; or, which is the same, 2a is the limit 
both of m and the quotient 2. 

And hence it appears, that in the transformation 
of /N into continued or converging fractions, 
which (from art. 145) bas always the form 


aa =a + &e. 
Hab ih =u + &e: 
oe =u’ + &e. 
a ew 4 &e. 
&e. &e. 


since m, n, and uw, can never exceed certain limits; 
that is, m not >a, n not > 2a, and w not > 2a: 
U 
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also, the expression itself being infinite, the same 
values of m and nmust necessarily come together 
@n infinite number of times; and thus form a series 
of periodical quotients, which will continue to be 
repeated ad infinitum, as we have seen in the partial 
examples in art. 143/—,. Ey D. | 


PROP. Vil. 


, 148. In ally series of quotients derived from ./N, 
the second is that which first recurs, and com- 
mences the second, and all the other periods of 

circulation; that is, the quotients always recur in | 
the same order as. at first, excepting only the 
first a, which expresses the greatest integer con- 
tained in 4/N. 

..In order to demonstrate this (since we know 
that the quotients recur in periods), we shall 
suppose the first period to be 


: a3 a, 6, 75 9, &e. rd BS A, Ut, u’, uu”, &e.; and 
~ = ee ee te wy Uw’, Ue’, &e., 


part of the second period; and then prove, that 
A=w, the quotient preceding ~ = that preceding 
w, and so on to a; which must, therefore, ne- 
cessarily be that quotient which commences each 
of the periods. | 

Let, then, 


a; a, P, y¥,- - - a, 65 Hs tS, Sey W, Ut, Uy Ate 
a Pp Pp PP 
—- &. ---=,5, - - - —73 
1 gq 4g a7a 
represent any series of quotients, and their corre- 
sponding converging fractions; also, let 
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VN + /N+m? VN+mMm- 
FEMA cen Weal pore, 3 
/N+m_ VN+™m 

Fe alias) s lh a a Al 


be the corresponding coniplete quotients. | 
Then, from what has been demonstrated 
{art. 145), we have N—m’?=nn°, arid N—m?=nn; 
whence n° =n; and we shall also have (by the same 
article) m=an°—m°, and m=wi—m; 
| m°—m | 
whence we draw TRE ee But (art. 147) 


on 


| q “9 gba 
gym+qn=p, or m= -—1"; and since“ is an ap- 


proximate value of yN, we must have Poata 
| q 


7 a ; : ; 
eye (a being as above the greatest integer 
in yw), and hence result 


° ¥ 
n—T 
1h ARE 
q 

And since q°<q, from the nature of continued 
fractions, we shall have a—m<n; and in the 
same manner. a—m°<n°, a—m<n:_ and, there- 
fore, a fortiori, m°—m<n°. But we have found 
m —m 


pee kw, which must necessarily be an in- 


teger or zero, because 4 and w are each whole num- 

bers; and since m°—m<.2°, this cannot be an in- 

teger; it must, therefore, be zero, that is, m°=m, 

or a=w. And, inthe same manner,itmay be proved, 

that the quotient preceding w is the same as that 
u 2 
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preceding A, and so on till we arrive at the quotient 
a; and, consequently, it is this which first recurs, 
and commences every period. — @. E. D. 


PROP. VIII. 


149. The last quotient of every complete period 
of quotients is equal to 2a, a being the greatest 
integer contamed in ,/N. mre 

Since we know the period of circulation by the 
foregoing proposition, we may now represent the 
series of quotients, converging towards /N, and 
their corresponding converging fractions, as fol- 
lows; viz. 


G3 0, By 95.0, 3.0.7 Ag Us ad, B, Ys ---+ A, u; &e. 
° ) 
a ) p° P 
185 a AIA Per nde aeaeel qo? g? Xe: 


so that £ is the converging fraction, which cor- 


responds to the last quotient u, of the first period 
a; B, y, 0, &c. a, «3; and let 
N+ 
n 


be the complete quotient whence w is derived; that is, 


JN+™m 
—————=u+ ke. 


then, on the same principles as in art. 147, 


JN+M |g 

a P 
J/Nt+m 5 
- i 


/N= 
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Now, if we attend to the law of formation, we 
shall have, 


JN+a 


nN— a? * 


P } a , 
for the complete quotient, answering to a which 


will be equal to that succeeding 
/N+m 


n 
But it is ebvious, from art. 145, that 
N+m N— (nUu—m 
n Le 


3 


and the succeeding complete quotient is 


J/Nt+(nu-—m) V/N+4a 
Se ld arene Lisles . ore 9 
_ N—(nu—m) N-—@ 
n 
whence nu—m=a, and, consequently, we have 


J/N+mM JN—-@ 
6 + i 
n n 


It also follows, from the above, that 
~ N-—(nu-m)? N-@ : 
SS Sn e,—" 
n n 
whence we have n=1; and, therefore, 
/N+m /N—-a@ 


5 , becomes 


‘ JN+M _ 


JNM 


and, substituting this value of in the original 


expression for ./N, viz. 
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vN+m 
+ 
atta A 
VN TN ean a 
4+ 
n 
we deduce immediately this equation, 
_p VN+p(u—a) + kay 
g /N+q(u—a)+q”’ 
which furrishes the two following equations; 


— p(w—a) pa mrigite 
qu ve a) mE q = P> 
the second of which gives by nae 
q _P 
Us A) PTS 5 
(u— a) a9 
whence again it follows, that w—a is the greatest 
2 


integer contained in 3 but as this fraction is an 
TOG ae 


n/N= 


approximation towards /N, the greatest integer 
contained in it is a: we have, therefore, u—a=a, 
or u=2a; that is, the last quovent in the period 
= 2a.—@. E. D. 


PROP. 1X. 


150. The equation p*—Nq’=1 is always possible 
in integers, if N be any integer number whatever 
not a square. 

For, by the foregoing proposition, the complete 
quotient answering to the last quotient in any 


J/N +m 


period, as =u-+ &c., is such, that w= 2a 


(a being the greatest mteger contained in ,/N); 
and, consequently, as we have seen, n= 1, because 


ra 
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2a is the limit of nw (art. 147), therefore m= 2a. 
GF . 7. 

If, now, we represent by ; =, and 2 two converg- 


ing fractions, the latter corresponding to the quo- 
tient 2a, we have also (by art. 147) 
ping = (pq? p°g)es 
but, in the present case, n=1, and pq — Dg ake a 
by the property of continued fractions ; therefore, 
. Rigas We 


the upper sign having place when * > VN; and 


the lower one when P < /N. 


But all the converging fractions in the even 
places are > yw, and all those in the odd places 
< ,/N, as is evident, because they are alternately 
greater and less than nN, and the first 1s always 
less than yn; but since these periods of quotients 


recur ad infinitum, if red the first fraction answering 
q 


to the quotient 2a, be not in an even place, it must 
necessarily be so when that quotient recurs again; 
and, consequently, the equation 


ae find Ng” —_ 1 
is always possible, N being any integer number not 
a square; and there are an infinite number of vaines, 
that may be given to pand q, which answer the 
conditions of the equation; viz. every fraction 


~p . . : y bh ; 
P standing in an even place, and corresponding to. 
7 : 
the quotient 2a.— a. E. D. 
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Cor. 1. It appears, from the foregoing proposi- 
sition, that the equation 


Rae a 
is also possible in all cases where the quotient 2a 
occurs first in an odd place, and that there are 
likewise an infinite number of values that may be 
given to p and q, which will answer the required 
conditions ; ‘but if 2a occur first in an eyen place, 
then the equation 
p-xg~=z-l 

is impossible. 

Cor. 2. Hence es the indeterminate equation 

— ay = 
is always possible i in anton ; for the equation 
x — ay” =1, gives 
X'S" — AYR = B; 

this equation, therefore, is always solvible in in- 
tegers; which has in fact been otherwise demon- 
strated in PartI. | 

151. It will not be amiss to illustrate what has 
been demonsirated in the foregoing propositions by 
a few examples: 


Ex. 1. Find the values of x and y in the equa- 
tion 3 


“—15y? =. 

Here we have, by the conversion of ./15, 
ry aes uit 16 4)3% | 
ching + &c. | 1.3-0=3; — 439 
AAS 15+ 3? 
——- + &e. | 6.1-3=3; ——= 

4) ahi: c° 
fl o+ 3 


et —=6+ + &e. | 1.6-3=33 &e. 
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Quotients, 3, 1, 6, 1, 6, &e, 


A 
&e. 


Fractions, at a3 


Gabon ‘ 
Now the first fraction 7? which answers to the 


quotient 2a, is in an even place; we have, therefore, 
w=4, and y=1, which gives 


A Pek hs 


Ex. 2. Find the values of 2 and y in the equa- 
tion 


e—17y=1, 


First, 

'/17+0 | + he — Ae 
A 4+ ke. 1.4—0=4; “ & = 
17+4 AEE se & 
ote =84 &e. | 1.8—4=4; won 

VSIT+4 
wert =84 &e. | 1.8—4=4; &e. 
Quotients, 4, 8, 8, 8, 8, &c. 
439 
Fractions, Yo. a 


And here, the first fraction corresponding to 8 
being in an odd place, we employ the second, 
which gives x=35 and y=8, whence 

33°—17.8°=1. 
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Ex. 3. Find the values of x and y im the equa- 


v—13y'=1. 
First, 
13 +0 3-3 
“A ; 3+ ce: 1 1.3-0=38; ; a 
1343 | 13—12 
YS daa Ree be =3 
A A 
/13 +1 13% 
I —=514+ &c.4'3.%+ 12 — 15 
3 3 
13 +2 Bay 
arg ae: Ben Nira 2 al sore =4, 
J/I3+1 13% 3° 
gh GB a gO Fr. hey BENE OS =1 
A i 4 
J134+3 
“ ; —~=6§+ &e. | 1.6—3=3;. &e 


which last gives the quotient 2a, or 2.3; we have, 
therefore, for 


Quotients, 3,459,141) -By 15; lg 4,48: 05-1, de. 
Pract 5 4.7 11 18 119 137 256 393 649 
actions, | 5 9) 3 9 Ss 
APA dg? FP? 830 3B” 109 180° 
Now here again the first fraction answering to 
the quotient 6, being in an odd place, we proceed 
till we meet with 6 a second time, which will ne- 
cessarily be in an even place; and the fraction 
. hee | 
corresponding to it is —, so that #=649 and | 
y=180 are the least values of w and y, that . 
answer pe conditions of the equation 
x —13y'°=1. 
If the proposed equation had been 


L—13y° = — 
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we should have had, 2=18 and y=5, for-the least 
values of x and y that satisfy this equation. 

But if the first fraction answering to the quotient 
2a be not found in an odd place lien it first occurs, 
then it follows, from what has been demonstrated, 
that the equation 

La wy = —1 
is impossible, as we have before observed. 

152. Scholium. ‘The solution of the equation 
ye ny? =]. 

is one of the most important preblems in the in- 
determinate analysis, it being necessary to the 
solution of many other interesting questions of this 
kind; and, notwithstanding the. method we have 
given is direct and simple, yet the least values of 
«and yin many cases being very great, the task of 
finding them is very laborious: thus the least yalues 
of « and y that solve the equation 


x —211ly=1, are 
£= 278354373650, and y= 19162705353, 
And the equation 
xu’ ~5058y°=1 
has the least values of x and y as follows; viz. 


sir 1661007 2525797731839820799846220132 

fz 4702014613503. 

te 698 2530164167 7049915777594022902100 
J~) 9391003072. 

These circumstances have induced a few cele- 
brated mathematicians to form tables ef the values 
af x and y, necessary for the solution of the equa-. 
ton 2 — Ny? = 1. ; 
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Euler first undertook this task, for all values of 
w from 1 to 100, which was afterwards doubled by 
Lagrange, both of which tables are given in the 
second volume of Euler’s Algebra. But Legendre 
has extended the same to upwards of 1000, at 
least for the solution of the equation 


av ny” =-+1; 
and he has shown the method of deducing from 
them the solution of every possible equation 

L—-NY= +A, 
whether the numbers in his table give 

x —ny= —1, or 2 —ny= —- 1: 

a part of this table is subjoined to the present 
work, which will be found useful in many cases. — 


See Table IT. 


PROP. X. 
153. Given the difference between 7 and ./N;3 vt. 
p ) 
— A/N cod aes 
q 


6 being less than unity, to find the necessary 
conditions for the value of 6, that ; may be a 
fraction arising from the extraction of UN. 

P 


Let the given fraction ; be converted into a series 


of converging fractions, giving the 


Quotients, a, b,c, --- 4. 
| a ab+i 7 on 
Conv. frac. 3 A Mica, oe ES B 
Gi 
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Now if - be a fraction converging towards yn, 


it follows, that all the quotients a, b, c,,&c. are 
likewise obtained from the same development; 
and, consequently, that the quotient w is followed 
by others, w’, wv’, w’”’, &c. Let now the com- 


plete quotient, answering to the fraction si be’ 
q 


J/N+m 
Sewn Ble hee 
~ mM 
then we have, on the same principles as in art: 147, 
Norm, 
n 
Ff JN+m 9° 
n 


/N= 


Or, by substituting for the complete quotient 
J/N+m 
n 


3 


the above expression will become 


pet pe 
We To oe 
qut 
‘Whence, by substituting for yx, we have 
- P_ PY PT 1 


Dospan gOS A SRNR 
|g get) g(qetY) 


ne 3 
which last expression must be equal to ro that is, 
x . 
ord: acy peiegeeeT: d 53 Or uae Aa et 
Y G(mt+q) q+ 4 | 
Now since » is the complete quotient corre- 
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yi 


sponding with the fraction 7 it must be positive, 


and greater than unity, and, therefore, 8< d 5 


and hence, conversely, if ar >, the value of p 
must necessarily be positive, and greater than unity ; 
and, consequently, 7 will, in this case, be a frac- 
tion converging tsward JN: 


That is, if ; be any fraction, and the difference 


—_ * 
FF 


abate RELA 7 
| q rar q 


then is ae fraction, which arises in the develop- 


ment of /N into converging fractions. Which is 


Le 


the condition required to be found. | 


PROP. XI. 
154. If the indeterminate equation 


A 
f=Ny = +A, 
q ¢. : 


be possible (A being < nx), a. must be found in the 
denominator of one of the complete quotients, 
arising from the development of ,/n. 

It appears from art. 147, that when a is found 
in the denominator of any complete quotient, as 
JNEM 
rae 

' ie) p’ 
that is, when m=, and e.g? be two converg- 


ad 
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ing fractions, the latter corresponding with this 
complete quotient, we shall have 


P —Nq =a(pg—p'g); er, since | 
PY —P Gg= +1, we obtain 
PONe = LA. 


' 
> 
\ 


And it is here proposed to demonstrate, that this 
equation can only have place when a is thus found 
in the denominator of one of the complete quo- 
tients, derived from 4/N, A being always sup- 
posed less than Nx. 

Now, first, from the equation 


+A : 
—_—_ 3 7C 
Ptque’ 
+ A 


APB Sea he Seer ens 
q q(p+q VN) 


p-q vN= 


And, if we represent, as m the foregoing article,. 


St fa 
fs /N by —, we have 
vi q 


O +A’ + Aq 
a hy QE 
q\p+q VN) Pt+q VN 


16) ' tS 
Let now - be the converging fraction preceding 


2 in the series of fractions arising from the develop- 


ment of = then, by the preceding article, we 


have to prove that 
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soe apy ae 
P+avN Gt” 
for in that case it necessarily follows, that < is & 


fraction arising from the development of N 
(art. 153). ' 


P 


: ”) 
Now, since—-— .N=—>, we have 
| oot a g 
P) o « 
P=9 VN in again, if 


A 
Z =, so is also 


PLaWN 9+9 
A(q+q°) <(pt+q WN) 


or, substituting for p, it becomes 
A(g+g°) < (2g VvN+ @) 


Now this inequality is readily demonstrated; for 
it may be put under the form 


yvinen 
2g yi ee ee ee 


c BLS 
(q+q)( vN—4) + (9-9) NE ae 


and since ./N>A, and g>qg°, the whole of this 


expression is positive; and, therefore, >0, at least — 


when @ is positive; and if 3 were negative, we should 
have evidently 


: 3 
ot) ee 


and, therefore, in either case the inequality is 
established: that is, 


- 
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se geal 
e ptqvy 9+ 


atid, consequently, ‘ is found among thé fractions 


converging- towards the ,/N:. 

Therefore, when it is required to find the values 
of « and 7 in the equation 

» @—ny?= +A; 
A being < ./N, we must Corivert N into a continued 
fraction, by the forms given in art. 145; and if a be: 
found in the denominator of arly one of the com- 
plete quotients obtained by this development, we 
shall have the soltition sought, by finding the con- 
verging fraction answering to this quotient, which 
solution will give: 
ie — ny? =A; or a — Nyt = —A; 

according as the fraction is found in an even or odd 
| place; and if A be not found in an odd place, the 
latter equation is impossible; and if A be not found 
in the denominator of any of these complete quo- 
tients; we may be assured; that the proposed equa- 
tion is impossible under either sign. 

Ex. 1. Find the values of # and y in the equag, 
tion 


i r 23y° = 9; 
Kirst, by the dey elopment of ./23,; we have 

23 +0 

hated PET 

1 

23°+4 

eg 
Vos +3" 

a Cage ERS + &e: 


x 
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and in this last fraction, 2 being found in the de- 


nominator, we have _ —e & 
Quotients, 4, 1, 3, &e. 
y 4 5 
Fractions, alse &c. 


the last of which, answering to the quotient 3, gives 
r=5, ere ie so bee 

—23y°=2, 
as was required. 


Ex. 2. Required the possibifity or ee ad 
of the equations 


es 
xr-l7y= 3, 
x —-l7y= 2, 
x l7y = —3, 
x — 7y" =— 2, 
First, by the development of AV we » have 
17 +0 - 
MT Oh is &e. 
] : 
WIT +4 
aie 8+ &e. 
&e. &e. 


Phence it follows, that since neither 2 nor 3 enters 
into the denominator of the complete quotients, 
the equations are all impossible. 

Cor. 1. The mdetermmate equation 


et @+hy=ta 
is always impossible, if a>1 and < ,(a*+1); be-- 
cause the complete quotients arising from y(a*+1) 


have only unity enter for a denominator: we must 
of course except those cases also in which a is a 
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complete square; as these will always be possible 
from the equation 2° — ny’ = 
For, by the forms art..145, we have 
A@+1)+0 


= a+ &e: 
1 
a+il)+@ 
Rasta alt =2a+ &e; 


which last complete quotient will be repeated to 
infinity. 
Cor. 2. The indeterminate equation 
| —(a—1)yP~= ta 
is also impossible, under the same limitations, be- 
cause, by art. 145, we have 


/(a LALA S. as + ee 

/(a pala beut Coren Re a ey 
2a—2 

feat =2(a— i)+ &e. 


and these two last complete quotients will be re- 
peated ad infinitum ; and, consequently, only 1 
and 2(a—1) will ever be found in the senor nately 
of them. . 
Cor. 3: The HE WL equation 
e—(a+ayyr=ta 
is always impossible, if A>1 and <a, excepting, 
as before, those cases in which « is & complete 


square. . 
For 
a+d)\+0. | 
haned ih 7 ‘<= a+ &e. 


x 2 
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Mat Ow oh Re 
a. 
‘a 
a = 24+ Ke. 


The two last of which fractions will continually 
recur;, and, consequently, the equation is always 
impossible under the above limitations. 

~ Cor. 4. The tadeterminate equation 
a —(a—ajy=ta 
is always impossible, ifaA>1and <(a—1), except 
the cases. in which. A is a complete square, 


For 


UR as Comey. 
DACA sd 1) = 2 + &e. 


f(a’ — a) + (a— ¥) 


: =2(a—1)+ &e. 


which two fast quotients will be repeated, as before, 
ad infinitum; and, therefore, no. number under 
the above limitations, will enter into their denomi- | 
nators ; and, consequently, the equation, is im- 
possible. 


~ PROP. xt. : 
ISS. Uta bea prime number of the eee 4n+1, 
the equation 
a* — ay Thy 
is always resolvible in integers. 


~ 
s 
a 
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Let p and q be least values (excépt 1 and 0) that 
satisfy a requanen - aroaighy | 
-ag=1, or » een 1)q° S1; 
then it is hie that g must be even, for if it was 
odd, q° would be of the form 8x +1, and . 
ag’ +1s2(4n +1) x (8n’ st) A be An” +2, 
which cannot be a square: since, then, g must be 
even, let us make g=2mn, m and n being in- 
tegers prime to each other; then we shall. have 
p—1=4m'n’; but p being odd, and, consequently, 
p —1sp8n’, it follows, that either # or n is even, 


and the other odd, for othetwise we should not 


have p*—128n‘, and they cannot be both even, 
because they are prime to each other. Let us there- 
fore suppose 7 to be odd, then the equation 


(p+1)(p—1)=4am’n’, 
in which the factors p+1, and p—1, can have 
only the common measurfe 2 (and this must ne- 
cessarily have place, because p is odd), will be: re- 
solvible into the four following forms: 


\ 


“4 p+1=2am’, M J p+l=am’, 
¥ p-l=2n’. L p-1=2an’. 
3 J pti =2an', 4 3 Ptt = 27", ; 
'( p-1l1=2m. | p-l=2am. 


Now the second and fourth of these forms give 
1=m’—an’, or 1 =v —an’; 
which equations cannot have place, because m and 
n are Jess than p and q; and these last were the 
least that satisfied the equation p>—ag’=1. There 
remain, therefore, only the first and the third, 
which give | 
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n—am= ~ 1, or m?—an’= —1, 


and one of these equations must necessarily obtain; 
but either of them resolves the equation 


x —ay*= —1, 


which is, therefore, always possible, when a is a 
prime number of the form 4n+1. It may also be 
observed, that, of the above two equations, the last 
is the only one that can obtain; for, since 2 is odd 
and m even, it is evident that the first cannot be- 
come equal to — 1. 

Cor. It results from this theorem, that when @ 
is a paar number of the form 4n i every num- 
ber Niea@’—ay’* is also ax”®—y”; for since, in 
this case, we may suppose m°—an>= —1, we shall 
have | 


= (a* — ay*)(m* — an’) = a(my + ver (mx + any)*. 


PROP. XIII. 


156. Tf abea prime number of the form 87 + 3, 
the equation 
a —ay’ = —2 
is always resolvible in integers. 
For let p and q be the least numbers that satisfy 
the equation 
pag =i; 
then it is obvious, that p and q cannot be both even 
nor both odd: we must, therefore, have either p 
even and q odd, or g even and p odd; which di- 
vides this proposition into two distinct cases. 
Case 1. When p is even and q odd. 
Here, if we make g=mm, these quantities, m and 


ro 
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n, being sapposed prime to each other, and both odd 
cigs the equation 

po rsag 
can only be resolved into factors in two different 
ways; viz, 


1. ptl=am', pti=m, 
ot p-1l=n. i p-l=ar. 


The second of which forms gives m> — an’ = 2, which 
cannot obtain; for m and m being both odd, and 
ae8n' +3, we have an?+2=m’, or 
m= (8n' + 3)(8n” +1) + 28n'” + 2, 
which is impossible. Therefore, if either of these 
forms be possible, it must be the first, which, by 
subtraction, becomes n° — am’ = —2; in which case 
the equation a” — ay" = — 2 will be possible. 
Case 2. When q is even and p odd. 
Here we may make g=2mn; whence 
p—-\=4anm'n’; 
but since p is odd, p’=38n’+1; and, consequently, 
Amn +8n'; 
therefore, either 2 or m is even, and the other odd: 
Jet, then, m be odd, and the equation 
(p+1)(p—1)=4am'n’, 
in which the factors (p+1) and (p—1) must ne- 
cessarily have a common measure 2 (and they can 
have no other), is reso] vible into the four following 
forms; viz. | 
p+1=2am’, 6 ah Atiban 2m’, 
p-l=2n’. ")Y p-1=2an’. 


p+l=2an’, pt+l=2n', 
_p-l=2m. pPri= 2ant 5 


1. 


3. 


: F @: 
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The first form gives n*— an? = —1, which is im- 

possible; for, since 7 is odd and m even, . 
ne An’' +1, and am? 4n"; 

and, consequently, their difference cannot be equal 
to —1. 

The second form gives m°—an’=1; ail thus 
p and g would not be the least numbers, thal 
satisfy t the i ae . 


P ce aq’ "i 1; > 
which is contrary t fa the hypothesis, 
The third form gives m — an = —1, which is 


also an impossible equation ; for m being even, we 
should have | 
4n— (8n'+ 3)(8n” +1) 4n'" +1, 
which can never become equal to — iy 
The fourth form gives the same result as the 
second, and, therefore, cannot obtain for the same 
reason. 
Hence it appears, that, of the several forms 
which have been given to the equation 
p- ag = =1, 
only one of them can be possible, and this is the 
equation 
22° —am= — 25 
which arises in our fieette case, where we suppose 
g=mn: this, therefore, must necessarily obtain ; 
that is, the equation _ 
x —ay’= —2 
is always possible in integers, if @ be a prime numr 
ber of the form 8x +3. 
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PROP. XIV. 

157. Ifa hea prime number of the farm 8n— 1, 
the equation | 
a — ay = 2 
is always resolvible in integers. 

_ For let p and g be the least numbers that establish 
the equation 
p Li g =1, 
then we may have either g=mn, or g=2mn, ac- 
cording as we suppose q to be odd or even, which 
give the four following resolutions of the equation 
pa-lsag’; viz. 


. p+l=ant, 9 pti=m, 
Sl R—h= 2. ep ~e haan. 

g.{pt+i= 2am’, yD 8 ore a 2m’, 
"U p-1=2n. OO pal = gan" 


The first of which forms gives 
am’.— n= 2, 
an equation that cannot obtain, because, m and 7 
being both odd, the first side is of the form 
(8n —1)(8n’ +1) — (8n” +1) 287" — 2 
which can never be equal to 2. 

The third form gives am>—n°=1, which is 
also impossible; for if m and » were both odd, then 
an’ —n* would be even, and, therefore, not equal 
to 1, If mwas even and 7 odd, then 

an’ — ns An’ + 3, 
which cannot be equal to 1; and we have the 
same. result by. taking m even and m odd: therefore, 
this equation is impossible. 


= 
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The fourth form gives m*— an?=1, which cannot 
have place; because p and q are the least numbers 
that satisfy the equation p’—aq’=1. 

Therefore, the second is the only possible form, 
and this gives 

m—an’=2; 
and, consequently, the proposed equation 
— ay’ =2 
is always possible, toe a@is a prime of the form 
8n—1. | 

158. Cor. If, in the equation p’—ag’= iy we 
resolve a into any two factors prime to each other, 
as mn, we have, by transposition, rn 

Pp -1=mnq, 
which equation may be decomposed into factors 
four different ways; VIZ, | 
+1=j7m bl= fu 
A sae cap vf Peta fie 
a.f BHA SIme wap iets = fg", 
—1=fh’ % fy DE tne 


From which result the four following equations; 


ye 2 

Ek Samah ' shea ng® — mh", 
2 2 

ye 


= mng’ —h’, Ze = —mnh’, 


where f must be either 1 or 2, which numbers, being 
successively substituted for f, Ewe the following 
eight combinations; viz. 

I. rc — n=, 3 ba bt 


2. Umg?—-nl?=2, - 4. U ng’-mh’?s2, 
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5, § h?—mng*= —1, ‘ak ‘ec pei Be Ae 

6. | A’—mng*= — 2, 8. | g’—mnh’?=2; 
but of these, the seventh, viz. g°— mnh’=1, cannot 
have place; because we suppose here, as in the 
foregoing proposition, that. p and qg are the least 
yalues that satisfy the equation 

p —ag?=1, or p> — mng® == 1, 

Now by means of these decompositions we 
readily draw the following conclusions: 

1. Ifthe numbers m and n are both of the form 
4n+3, no one of the bottom equations can obtain; 
for, in this case, whatever forms we give to the two 
squares g° and h*, the equations will be of one of 
the forms 4n, 4n+ 1, 4n+3, no one of which can be | 
equal to + 2.. The fifth equation is also impossible 
on the same supposition; because this, by transpo- 
Wh + 1 
Jhave shown, that no number that is the sum of two 
squares prime to each other, can be divided by 
numbers of the form 4n+3 (art. 105, and lemma 4, 
page 200). 

There remains, then, only the two equations 1 
and 3, one of which must, therefore, necessarily 
obtain; and hence we draw the following remark- 
able theorems. ‘ 

1. Jf mand n be both of the form 4n+ 3, the 
equation | 

mx —ny’ = +1 


sition, gives =g°, an integer, whereas we 


will be always possible in integer numbers; that ts, 
under one or other of the signs + or —1. 

If we suppose m and n to be both of the form 
4n+1, then the same reasoning will apply, except 
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to the fifth equation, and, therefore, in this case, 
our theorem must be expressed thus: 

2. ff mand n be both of the form 4n+1, then 
one of the equations 

v—mny’ = —1, or me—ny’= +1, 
will always be resolvible in integers. 

And in a similar manner we may deduce the 
following theorem, which is still more general. 

3. If m and m’ be two prime numbers of the 
form 4n+3, and n a prime number of the form 
—4n’+1, it will be akways possible to satisfy one of 
the three following equations : 

nx —mm'y*= +1, 
me—m ny = +1 
mR 


mx* —mn y= 
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CHAP. H. 


On the Solution of Indeterminate Equations 
of the First Degree. 


PROP. I. 


159. To find the values of # and y in the equa- 

tien 
cx —by= +1. 

We have already considered this equation 
{art. 141), and it is only repeated here to preserve 
uniformity, and to offer a few remarks that could 
not be properly introduced in that article. 

First, it may be observed,, that.a and. 6 must. be 
prime to each other, for otherwise the equation 
will be impossible; because the first side of the 
equation would be divisible by the common divisor 
of a and. 6, but the other side +1 would not. But, 
if a and 6 have these conditions, then the equation 


is always possible in integer numbers. 
oe 


Now we have seen, that if pe be any two con- 
Y 


secutive terms of a series of converging fractions, 
then p°g—g°p=+1; and, therefore, to find the 
values of x and y, in the aboye:equation, we have 
a 
b 
tions, and to assume, for these-quantities, the terms 


only to convert. = into; a.series of converging frac- 
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§ Z " . a ae 
of that, which immediately precedes ZB 80 shall wé 


have ar—by= +1, the upper sign having place 
when % < Si and the lower when Y, os 
eb A 
Let, then, p and q be the terms of the fraction 
hay bol 
preceding Z3 then, if ag — bp = — 1, we may convert 
it into +1, by making e=bm—gq, and y=am-—p, 
which evidently gives ? 
a(bm—q)—b(am—p) = +1. 
And, on the contrary, if ag—bp= + 1,. it may be 
converted to —1, by a similar substitution; and it 
is evident, that, by means of the indeterminate 
letter m, an indefinite number of solutions may be 
obtained in both cases; and when we require no 
change in the sign, then we have c=bm+q, and 
y=am+p. 3 
Ex. 1. _ Find the values of 2 and y in the equa- 
tion | | _ 
15x—17y=1. 


First, by the rule for continued fractions, 


15)17(1 
215 ¢7 
~qa(2 
Quotients, EVN pe? aE 
ae frac. 1.8 aze | m 
hi loi ato habla igh Bin 


whenice ‘p=8, and g=7, which give: | 
Lip -17g= +155 
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therefore, the- general values of x and y are 
-®=17m+8, and y=15m+7; 
and by assuming m=0, 1, 2, 3, &c., we shall. 
have, for the corresponding values of x and y, as 
follows: | 
X=8, 25, 42, 59, 76,:93, 110, &c. 
y=7, 22, 37, 52, 67, 82, 97, &e. 
Ex. 2. Find the general values of x and y in 
the indeterminate equation 
. 13x2—9y>1. 
Here, by the rule for continued fractions, 


9)13(1 
, he Pa AIK 
| | 1)4(4 
Ouotients, 1 Peat: 


Cony. frac. 
ate ee : 
whence p=3, and g=2, which gives 
. 13q—9p= —-1; 
and, therefore, the general values of « and y are 
x=9m—2, and y=13m~—3; 
and assuming m=1, 2, 3, 4, &c., we have the 
corresponding values of x and y, as follows: 
Ge 7, 10,. 25,343.43) 69. Oh. &e. 
y=10, 23, 36, 49, 62, 75, 88, &c. 
These two examples, with what has been before 
done in the preceding chapter, will be sufficient to 
render the student ready in the solution of any 
equation of the above form, which is the more ne- 


ert ~ " 
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cessary, as we shiall see that every indetermiinaté 

equation of the first degree, which has any possible 

solution, depends upon the solution of the equation 
av — by = +1. 


PROP. it. 

160. ‘To firid the ae values of x and 2 y in 

the equation 
ax —by= +c. 

First, with regard'to the limits of possibility of 
this equation, it may be observed, that a and b 
must be prime to each other, or, if they have a 
common divisor, c must have the same, for other- 
wise the equation is unpossible; and if each of? 
these quantities have acommon divisor, the whole 
equation may be divided by it, and thus reduced to 
another, in which «@ and 6 are prime among them- 
selves; for, if this cannot be effected, the equation 
cannot obtain in integers... Supposing, then, a and 
b to be prime-to each otlier, and q and p the least: 
numbers that fulfil the conditions of the equation 

ag~bp=+£), 
determined by the foregoing Baeyeesiidst then it if 
eviient-tHat we. shall. have 
a.cg-bocp= 40% 
making, therefore, w=cg; and y=cpy we shall 
have the solution required: but‘it is obvious that the 
same‘result will be obtamed by writing 2= mb + cq, 
and yma +.cp, which gives: also 
a(neb'4- eq) — bOna'+ ep) = +c; 
where, by means of the indeterminate m, an in- 
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definite ee of values of # and y may be obtained. 
And we may always convert thé value of the equa- 
tion from +c to —e, or from — to +, by taking 
ep and cg negative; and, in this case, m positive, in 
order that x and y may be so; for, if 


% 


a.cq—b:cp=+c, then 
a(mb — cq) — b(ma— cp) = —c; and if 
a.cg—b.cp=—c, then will 
a(mb— cq) — b(ma—cp)= +e. 
So that the general values of « atid y are, 
e=mb+ eq, and y=ma+ cp, 

the upper sign having place for cq and ep, when 
the expression ag—bp has the same sign with c in 
the given equation, and the lower one when it has 
a different sign. — 

Ex. 1. Find the values of w and y in the in- 
determinate equation 

¢ Ox Tr l3y= = 10. 

First, in the equation 


99 < 1Sp= cb he, 
we have g=3 and p=2, which gives +1, the 
same sign as 10 in the proposed equation ; and, 
therefore, the general values of x and y are, 


| r=13m+30, and y=9m-+ 20. 
. Therefore, assuming successively 
MNS = Dy it, OO, hysla Sata RE; 
we have the following corresponding values of » 
and y, which are alt deduced from the first two, 
by adding successively to the values of x the co- 


© efficient of y, and to y the coefficient of 2. 
. Y 
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2=4, 17, 30, 43,,56, 69, 82, &c. 
Y=2, 11,20, 29, 38, 47, 56, &e. 

Whence we obtain the following solutions: : 
9: 4-18. 2=10, 
9.97 £13.11 =10,) 


9 .30+13'. 20=10, z 
a. 9.43 +13 ,29=10, 
&e. &c. 


Ex. 2. Find the values of x and yin the in 
determinate equation i 


7x —12y= 19. 
First, the equation 
| | 79-12p= 1, 
gives g=5 and p= =3, from which is derived 
4 Rap hes ae @ 


which is a different sign from 19 in the given éqta- | 
tion; therefore, the general values of x and y are, 
x=12m—5.19, and y=7m—3.19; or 
x=12m—95,* and y=7m—57. 
Whence we obtain the, corresponding values of 
2 and y, by assuming Sa 
m=O PO., Wes ater 


and it is obvious, that we cannot take m < 9, Be | 
cause we should then have aw and’ y negative; and 
these values of 2 and y are deduced from each other, 
as in the foregoing example, by simple addition. 
@#13, 25, 37;°49,, 61, 733.85, &e. 
tye 06; 13, 20,27, 'S4{i41, 48, &e. 


ay 
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PROP. III: 

161. To find the general values of x and y iti 
the equation 

ax + by =c, 

and to ascertain the number of possible solutions, 
that the equation admits of in integers. | 

In the, foregoing proposition, where the dif- 
ference of two quantities was the subject of investi- 
gation, we found, that the number of solutions was 
infinite, providing a@ and 6 were prime to each 
other; but when we consider the sum of the two 
quantities, as in the present case, the number of 
solutions is always limited, and in many cases the 
equation is impossible; we have, however, de- 
monstrated (art. 41), that this equation will al- 
ways admit of at least one solution, if a and 6b be 
prime to each other, and c>ab—(a+6); and it is 
proposed, in the present proposition, to ascertain 
the exact number of solations when the equation is 
possible, and to point out more accurately the 
limits of possibility. 

The solution of the indeterminate equation 
ax + by=c 
tga like that in the foregoing proposition, 
upon the equation : 

| aq—bp= +1, 
though its connexion with it is not so readily pers 
Gi oe 


For let p and g be the terms of the con- 


a 
verging fraction, immediately preceding y then 


we shalMitways have either 
aq —bp =1, or bp—aq=1; 
y 2 
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and, in this case, it is indifferent which of the twa 
terms is the leading one, because we are only con- 
sidering the sum 
dx +by=c. 
Let, then, ag—bp=1, then we have also 
| a.cg—b.cp=c; | 

and it is evident, that we shall have the same result 
if we make 

x=cg—mb, and y=cp—ma; 
for this stil] gives 

a(eg — mb) — b(cp — shiiys Me ee 


s 
assuming, therefore, for m such a value, that 
cp—ima may become negative, while cg—mb re- 


mains positive, we shall have i 
a(cq — mb) + b(ma — cp) =¢3 

and, consequently; w=cq—mb, and y=ma—cp; 
but if m cannot bé so taken that cp—ma shall be 
negative, while eqg—mb remains positive, it is a 
proof that the proposed equation is impossible in 
integers. And, on the contrary, the equations 
will always admit of as many solutions in whole 
numbers, as there may be different values given to. 
m, such that the above conditions may obtain. 

And hence we are enabled to determine, a priori; 
the number of solutions, that any proposed equa- 
tion of the above form will admit of ; for, since we 
must have cg>mb, and cp<ma, the number of 
solutions will always be expressed by the greatest 
integer contained in i alien” 

cg * 


—— ee 
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as is evident, because m must be less than the first 
of those fractions, and greater than the second; 
and, therefore, the difference between the in- 
tegra] part of them will express the number of 


. Cq : 
different values of m, except when 3 is a com- 


; : .. cg’) 
plete integer, in which case, as m<--, we must 
take the next less integer; or, which is the same, 


. b > . oe 
we must consider + as a fraction in this case, and 


b 
reject it; but this must not be done with the other» 


: cp 
quantity, because m > a? 


Ex. 1. Required the values of x and y im the 

equation 
9x + I3y = 2000, 

and the number of possible solutions in integers. 

First, in the equation 

9q—13p=1, 
we have at once p=2, and g=3; therefore, the 
number of solutions will be 
2000 x3 2000 x 2 


= 46} — 444 = 17. 
13 . . | i 


Which are readily obtained from the formule. 

r= cq — 0, and y=ma—cp; or 

«= 6000—13m, and y= 9m— 4000; 
in, which, assuming m=445, in order that 
9m > 4000, we shall have the following solutions, 
‘each of which is deduced from the preceding one, 
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by aditing successively 9 for the values te y, aud 
subtracting 13 for those of 2. 
L=215, 202, 189, 176, 163, 150, 137, &e. 
y= 5, 14, 23,° 32,’ 41,50, “59, &e, 
That is, P 3 
9.215+13. 5=2000, 
9.202 +13.,14= 2000, 
-9.189+13 . 23 = 2000, 
&e, &e, &e. 
Ex. 2. Let there be proposed the equation 
llx+13y=190 
to find the number of solutions, and the values of , 
wand y. 
First, in the equation ) % 
‘lig—Isp=1, 
we have g=6, and p=5; therefore, 


190.6 190.5 - } 
—— _ + = 87 - 86=1: 
13 ype aan: 


> 


whence it follows, that there is only one possible 
solution, which we readily obtain from the formule 
x=cq—mb, and y= ma—cp; or 
x=190.6—13m, and y=1lim—190.5: 
where, by taking m= 87 , in order that 11m > 190.5, 
we have r=9, and y=7, which gives 
11.9+13.7=190, 
as was required. 
Ex. 3. How many different ways may 10001. be 
paid i in crowns and guineas? 
Putting 2 for the guineas and y for the crowns, 
and reducing 1000/. to shillings, we have 


+ 


> 


< 
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21a + Sy = 20000; 
and it is required to determine the number of sos 
lutions that this equation admits of in integers, 
For this purpose we have the equation 
21q—5p=1, 
which gives g=1, and po; then we have 
cece, cp _ 20000 _ 80000 


that is, 1000/. may be paid 190 different ways, by 
the combination of crowns and guineas. In this 
exainple we deduct 1 from the result, because 
20000 + 5 is an integer, 
Cor. If it were proposed to pay 10001. 
guineas ¢ and moidores, then we must have 
21" + 27y = 20000, 


whichis an impossible equation; the first side of it 
being divisible by 3, but the other side not. 


PROP. IV. 


162. To find the values of 2, y, ate and the 
number of solutions of any equation of the form 
ax + by + cz=d. 

In the first place, we may observe, that, if any 
one, or more, of the coefficients a, 6, or c, be 
negative, the number of answers is indefinite. 

For, let 6 be negative, then the equation may 
be put under the form 

|  axtes=d+t by, 
in which, by means of the indeterminate y, an in- 
defmite number of values may be given to the second 
gide of the equation; and, consequently, also to, 


$28 Indeterminate Problems 


x and z: we need, therefore, only consider equa~ 
tions of the form above given, in which the quan- 
tities;are all connected together by the sign +. 

Now, in this equation, as in that in the two 
foregoing propositions, if @, 6, and c, have each a 
common divisor, which d has not, it becomes im- 
possible; but if only 1 two of them, as a and b, have 
a common flivisor, the equation is still possible; but 
it requires, in this case, some other considerations, 
which shall be explained at the conclusion of this 
proposition: we shall, therefore, in the present in- 
stance, limit our investigation to the case in which 
two, at least, of the coefficients are prime to each 
other. . 
The solution of the equation 

ax +by+cz=d 


depends, like those in the foregoing propositions, 
upon the solution of the equation 
ay—bp=1; 
for let onevof the three terms, as cz, be transposed 
to the other side of the equation, then we have 
ax + by =d—cz, 
in which the values of « and y, as determined in 
the preceding proposition, will be 
a= (d—cz)q—mb, and y=ma—(d—cz)p;.-» 
that is, by substituting (d—cxz) for c; which is the - 
only respect in which this equation differs from that — 
of the last problem. And here the only limits to be 
observed are, - . 7 
Ist, C2 mids 2d, mb< (d—cz)q; 
3d, ma>(d—cz)p; 
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by attending to which, all the possible values of x, 
y, and z, may be obtained: but as these questions 
generally admit of a great number of solutions, the 
object of inquiry is not so much to find the solu- 
tions themselves, as to determine, a priari, the 
number that the equation admits of in integers. 
Now we have seen (art. 161), that in the equation 


ax + by=c; 


the number of solutions 1 is generally expressed by 
the formula g 


; ¥ 
s 7 8g.. eR : 
TORS gy 
L . 


g and p being first determined by the equation 
ve ig bye 1 7 
~ If, therefore, in the equation 
ax + by=d—cz, 
we make successively 2=1, 2, 3, 4, &c, the 
number of solutions for each value of z will be as 


below; viz, 


i 


(d— c)g (d— c)p 


ax+by=d— c, num. of sola. ——__—*—-—.—- 


b a Nae 

») A ae — (d—2c)q (€—2c)p . 
ax + by=d— 2c, “Sik vee SRPMS Bok coe A gn? 
Pgh igs ) (d—3c)q (d—3c\p 
ax+by=d—3c, - - - - eerie St gt 


we &e. &e, 
‘The sum of which will be the oti Thurber that 
' the given equation admits of; and, therefore, in 


order to find the exact number of solutions in any - 
equation of this kind, we must first ascertain the 


s 


a 


ove 


¥ 


Fd 
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sum of all the integral parts of the arithmetical 


y series, 
(d (a nehge (d— 20) hee Beg) (d— 40, ee 
, a ey te b b ’ b. 
—¢) ]— 2¢ l— 3 
(d e\p (a veel! Nr SA Seip (d— 4c)p Hing og 
ore Qa ‘ a 


and ‘the difference of the two will be the exact 
pumiler of integral solutions, 

Now, in both these series, we lind the first 
ble last term, and number of terms; for, the ge- 
neral terms being 


‘d—cz\p 
4 (dg: ee) and ae oP = P 


3 
: 
we shall have re extreme terms by taking the ex- 


: ; d ‘ 
» treme limitsof 27; thatis, z=1 and s< mt which 


last value of z also expresses Aya number of terms 
in the series. 

Hence, then, having the elements of the pro- 
gression giv en, we readily find the sums of the two 
whole series; and if, therefore, we also find thie 
sums of the fractional part of the terms in each, we 
shall have, by deducting it from the whole sum, 


_ that of the bntegr: al part is the series, as required. 


The latter part of this problem is readily effected ; 

. for, the denominator i in each term being constant, 

-the fractions will necessarily recur in periods, and 
the number,in each can never exceed the denomi-. 
nator: it will, therefore, only be necessary to find. 
the sti of the fractions in one period, which, being’ 
multiplied by the number of periods, will give the. 
‘sain of the fractional part of the terms, and these, 


ee 


a 
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taken from the total sum, will give the sum of the 
integral part of the series; then, from what has 
been before observed, the difference of the two 
suins will be the number of solutions required, It 
should also be observed, that, when the number of 
terms does not consist ’of an exact number of periods 
of circulation, the remaining terms, or fractions, 
must be summed by themselves, which is also 
readily effected, as they will be the same as the 
leading terms of the first period: and it must also 
_ | 


- 


be remembered, that — is to be considered as a 
: aad 


b 


ays ine as 
fraction in the first series, but not Ze the second, 


as is explained at page 325. 
Ex. 1. Let there be proposed the equation 
bat Ty +11ls=224 
to find the number of solutions which it admits of 
in integers. 


oe 224. 
Here the greatest limit of g<77 is 20; also 


in the equation . 
A ls set 

we have g=3, p=2, a=5, and b=7; and, there- 
fore, the two series of which the sums are required, 
beginning with the least terms, will be 


fy 3x4 3.15 3.26 3.37, 3.113 
Ss MSET A wea bike Bight 2 5 aa “ 
en 4 7 7 Y 7a 

2". 15 2,96 2.37 2.113 
2d, teu, aor stench meen EK hes ; 


3.11 
; ti oD. ‘ 
The common difference in the first being —-—, and 
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: bs ie | ; | : 
in the second Ete and the number of terms im 


each 20; whence we have 
930, for the sum ofthe first, and 
868, for the sum of me second. 


Also the first period of fractions, in the first 
series, is 


and, in the second series the first period of frac-: 
tions is, i, i 


f being considered as a fraction in the first 


5 
(art. 162), but not = in the second. 


Now the number of terms in each series being 20, 
we have 2 periods and 6 terms of the first series, 
=2.4+ the first 6 fractions =11, for the sum of: 
all the fractions ; and, shihuetave: 930—11=919, 
which is the exact sum of the integral terms, first 
series. And, in the second, we have 4 periods, 
=4.2=8: and, therefore, 868 —8=860, the sum 
of the integral terms of the second series: and 
hence, according to the rule, 

919—860= 59 
is the number of integral solutions. 

Remark. | This example is the same as 
prob. 11, page 191, Simpson's Algebra, where — 
the number of solutions is said to be sixty; but, 
wpon examination, it appears, that one of the 


, 
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psi which he has given cannot obtain; that is, 

=14, v=10, and y=14; which error being 

eccted, gives 59 for thdfauitiber of solutions,.as 
above. 

Ex. 2. Having proposed the equation * 

7v + OY + 23% = 9999, 
fis required to determine the number of its solu- 
tions in positive integers. 


9999 


Here the greatest limit Of 8 SS 4A; alse 


in the equation ay 

79 We Op = ry 

we have g=4 and p=3, a=7 and b=9; also 
9999 —23.434=17:" 

therefore, the series whose sums are required are as 

follow; viz. ? 


~ 4.17 4.40 4.63 4.9976, @e 
Ist, gr a ie pow &e. ae 
3.17 3.40 3.63 3.9976 


+f +f +, &e: 
ERMA ace: alt,” 


The common difference in the first beitig 


od, 


4-23 _ 10%, 
9 Gg’ 
and, in the secggds 
3.23 Aes 
* iy a 


also the number of terms in each, 434, that being 
the greatest limit of x. 


Hence we have the sum of, | 
¥ 


First series, = = 9637 B95 # 


Second series, el 


. -» 
” 


®% 


a 


: JS 


3 ¢ 
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Also. the’ first period _ of fractions in the 
series, 


pilog kth amg 871.3 
—$—4+—4—4— Para +—-+4+—=5; 


me 8 OD % FY, 9 9. 9 9 
A434 | 
and a= 48 or 48 periods and two terms | 
is ed Seca 
a ae 


“And, in the second series, the first period of 
* fractions will be 


24440 (SEP - of 
tet: KE esG eon 4 cai 


434 


and = = 62, ¢ or 62 periods: therefore, 


62. 3 = 186, 


aoe : 
 “” Hence, 


, of solutions that theequation 


3 3 . 
3769-~— 241-= 635284 
9837 or tdg = 9 | 


ries; and 
929349 —186 = 929163 4 


Whence the 
difference, 


geries. % 


+ 


i = 3.4368, 


ais the number of i integr ral soluionggentinel 


m 163. Cor. We aed at present only considered the 


first 


integral terms, first se- 


integral terms, second 


case in which two, at least, of the’given coefficients 


are prime to each other; and; when this is not the. 


case, the following, transformation will be requisite, 
and. which will be better expipingt by a partial 


than by a general example. 


Let it therefore be proposed to find the number 


J an . 
e. 


% 
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1224+ 15y + 20%=100001 
admits of in positive integers. 
_ By transposing 20z,.and dividing by 3, we have 


v+5y==33334—* ‘, we 
a an re, ae 4 
. gd 
and as this last must be an integer, put e 


or 2=3u+1, and i being substituted for 2, the 
above equation becomes ) ' 


=U, 


12x + 15y + 20(3u +1) = 100001; 


* ory dividing by 3, and transposing 


5 Ax + 5y + 20u= 33527, 
the number of solutions in which will be the same 


as in the original one, but m this uw may become 0, 
as we shall in that case have <= 1. 


- S 
Now here, the greatest limit of | | ial 
3332 
ip pose CTA “ae 7 
and the equation. : | x & 
| 3 5q—Ap=1 * 
gives q= 1 and p=1; whence'the series will eactr st 
consist of 1667 terms, becaus se. may =O, and their: 
sums will be wae > , 
| : M 
BAL Ae ape 333.27 L. 
5 Ea ey Po eR 4597 2- 
ae 4 A 3 972 rl 
7 27 A7 67 33307 — al , 
ad, -+— &e, ——* = 5556777- 
ie 5 Bs" 5, i 5 eee 
of 
and the fractions of the first series will be 
Binh : 
— _— 4 Cc . 
4 A see : 
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where, each term having the same fraction, the 
gum will be » 

AR eee 

— x 1667 = 12507. 


Wy ss te: 
> a d b “— . é Ri 48 
In the sécond series the fractions aré 


the sum being 
2 Cty ae 
; — x 1667 = 666-; 
5 Pree. 
and hence*we have hee 


I Bn A, 
6945972 — 12507 = 6944729, 


5586777~— 666 == 5556111. 


Whence the total number ) | 
of solutions, \ = 1388611. 

, When there are four or more unknown quian- 
titles, the number of possible solutions is found in 
a similar manner. 
4 PROP. V. | 
_. 164. Having given any number of equations 
‘ ‘Tess than the number of unknown quantities which 

enter therein, to determine those quantities. 
Let there be proposed the two equations 
‘Wantby+cz=d,; 
wax+by+ec%= d’;* a 
to find the values of x, y, and x. i # 
» Multiply the ‘frst by a’ and the second by a, 
whence, by subtraction, we obtain 


A §; 
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(a’b—ab’)y + (a’c—ac’)z=a'd—da; 
or, dividing each of these known coefficients by 
its greatest common divisor, if they Raye any; 
and representing the results bY B04 a’; this 
equation becomes 
b’y + c’s=a". 

Find now the values of y and z in this equation, 
and these being substituted for them, in the equa- 
tion | 
_ d—ca—by 


=o 
a 


~ will give the corresponding values of «; of which 
tffbse’ that are fractional must of course be rejected, 
and also those that render (cz + by) >d. 
Ex. 1. Giving 
324+ 5y+ 7%=560, 
Or + 25y + 49% = 2920; 
to find all the integral values of x, y, and x. 
Multiplying the “fir st by 3, we have 
Ox + 15y + 212= 1680, 
Ox + 25y + 49% = 2920, 
whence, by subtraction, we have 
10y + 28% = 12403; 
or, 
5y + 142=620: 
and here the values of y and x are found to be, 
y¥=110; 96, 82, 68, 54, 40, 26, 12; 
= 5, 10, 15, 20, 25, 30, 35, 40, 


And of these the only two that give 


a ny 
\ 560—72—52 
¥ « quart eee es 4 
3 
an integer, are the following; viz. 
Z 
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| Z=15, and y=82; whence r=15, 
%=30, and y=40; whence r=50. 

Remark. 'Though this method of solution 
never ‘fails of giving all the possible values of x, 
y, and z, in equations of this kind, yet we may. 
frequently shorten the operation in particular cases, 
in the following manner: 

Having obtained, as above, the equation 

5y + 14% = 620, 

we have, by division, 


Y= 124+ 32——, 


* 


so that x must be a multiple of 5; make, then, 
%=5u, and we obtain 
y= 124—14us 
which values of y and x, substituted in the first 
equation, give 
34—35u= —60, or. 3%=35u—60, 
whence w must be divisible by 3; take, therefore, 
u= 3t, and we obtain | 
ew=35t—20, y=124—42t, and z=15¢: 


the value of y limits ¢ not to exceed 2; assuming, 
therefore, #=1 and 2, we have exactly the same 
solution as above. 


PROP. VI. 


165. To decompose a given numeral fraction 


having a composite denominator into a number of 


simple fractions having prime denominators. | 
This is in fact only an application of the fore- 
going propositions to this particular case; for let 


ee em 
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bn 
ry be the given fraction, and suppose, i in the first 
instance, that its denominator consists of two prime 
factors; or »=ab, it will then be to find 

MED Bide 

wee ag Ob 

aba wv 

aq + bp=m; 
in which equation, having determined’ the values of 
g 
b 
quired; and as many different ways may any such 
fraction be decomposed into others, as the above 
- equation admits of integral ee 


for the fractions re- 


p and g, we shall have and 


If the given fraction bei, then we may first 


= , 
resolve it into two fractions; and one of, these into 
two others; thus, let 
MS eg 

€ 
then we have 

abq +cp=m; 

and having, from this equation, found the values 


of p and q, we shall have 


m _—?p ee 
abe abc 
Again, let 
3 Yee doer 
aba wv 
whence we obtain | 
as+rb=p; 
Z32 


$40 Indeterminate Problems 


find r and s in this equation, so shall we have 


WTR TE Se 
c 


as required. And we may proceed in the same 
manner to decompose any given fraction having a 
composite denominator. 

Ex. 1. Find two fractions, the denominators of 


10 #2 ; 19 
which are 5 and 7, whose sum is equal to =~ 


35 
Make 


which furnishes the equation 
Sp +7G=19; 


1 
and here we have p=1 and y=2: therefore, 5 and 


2 
~ are the fractions required; for these give 
oO 


Lagi epi! | 
Ld oD 
Dat th ag Se 
Ex. 2. Find three fractions, the sum of which 
re AO! 
shall be equal to ——. 
315 


Having first found the denominator to be equal 
to the product of the three factors 5.7.9, it follows 
immediately, that these three numbers must be 
the denominators of the fractions sought; and if 
the given fraction cannot be decomposed into three 
fractions, having these denominators, it is in vain) 
to seek the decomposition in any others. 

Supposing, then, in the first place, 
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we have 
Op + 35q=401; 
which give g=4 and p=29, whence 


401_ 29 4 
315 35 9 
And now, in order to decompose saa iP must 
have 
PF _ 29 rage 
—+-——-=—-, or 59 +/9 =29; 
yi kia baa em os 
which gives g’=2 and p’=3, whence 
IG Se Ot ao Sd Na 
Wah, Ale 315.517 9) 


as required. 


PROP. VII. 


166. ‘To find the least number that is contained 
under two, three, or more given forms; or, which 
is the same, to find the least number which, being 
divided by given numbers, shall leave given re- 
mainders. 

Let 

N=am+b=an+l'=a'p+b’= &e. 
it is required to determine the least value of nN, that 
fulfils these conditions. Or, it is required to find 
the least number n, such that, being divided suc- 
cessively by a, a’, a’, &c., the remainders shall 
be 6, 6’, b”, &e. 

isin since am+b=a'n+b’, we have 

am—an=b’—b; 
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find, therefore, in this equation, the least values of m 
and 2 (by art. 160), then will am+b, or a’n+0’, 
express the least number that fulfils the first two 
conditions: let, now, this number be called c, then 
it is evident, that every number of the form aa’q+¢ 
will also fulfil these conditions, and we must pro- 
ceed to find 


aa’'g+c=al'p +b”, or aa’q—a’p=b" —¢; 
that is, the least values of g and p in this equation, 
so shall we have aa’q + ¢ for the least number that 
answers the. first three conditions, which, being 
called d, we shall have aa’a’’r + d, as a general ex- 
pression for all numbers of this latter "olbees > and 
thus we may proceed to any required extent. 

Ex. 1. Find the least number which, being di- 
vided by 28, 19, and 15, shall leave for remainderg 
respectively 19, 15, and 11, 

Here we have _ 

28m + 19=19n+ 15=15p+ 11; 
now, in the equation 
19n— 28m =A4, 
the least values of m and n are (as determined by. 
art. 160) m=8 and n=12, whence 
28m +19=19n+15=243; 

and we have now to find 

28 .19g + 24: =1op +11, or 532g —15p= — 232, 
in which equation p= 512 and g=14, whence , 

532q + 243 =15p+11= 7691, 

which is the least number having the required con- 
ditions. 
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MisceELLANEOUS EXAMPLES. 


i. Find the least values of « and y that fulfil 
the conditions of the equation 
19¢—117y=11. 
Ans. 56 and 9. 
2. Find all the values of x and y that the 
following equation admits of in integers: 
1342+ 14y=200. 
i Ans. 10 and 5. 
3. Find the integral values of # and,y in the 
equation 
27X + 39y = 7432; 
or prove there are no such values. 
Ans, Impossible. 
4. ‘To find whether the equation 
(2+ 13y=71 
is possible or impossible. Ans. Impossible, 
5. Find two fractions having 5 and 7 for de- 


: ; 2 
nominators, whose sum is equal to as 


1 3 

Ans. .—and -. 

Migr et? 

6. Find three fractions having prime denomi- 


276 


— 


385. 


nators, whose sum is equal to 1 


oe 8 711 

7. What number is that, which, being divided 
by 9 and 13, shall leave for remainders 5 and 12? 

Ans PR 

8. Can 100/. be paid exactly in the present gold 

coin of this kingdom? Ans. Impossible. 
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9. Required such values of « and y, in the 
indeterminate equation 3 
7x + 19y= 1921, 
that their sum x+y may be the least possible. 
Ans. x=3 y=100, 
10. Find how many solutions the equation 
52 +74 +11z=4000 
aarciie of in positive integers. 
11. Find such values of a, y, and zg, in the 
equation 
‘  b&+ 11y +132 = 2000, 
that their sum «+y +2 may be a minimun. 
12, Find the least number, that, being divided 
successively by the nine digits, 
1, 2, 3, 4, 9, 6, 7, 8, 9, 
shall leaye respectively for remainders the digits 
0, I, 2, 3, 4, 4, 6, 7 8, 


CHAP. Il, 


On the Solution of Indeterminate Equations 
of the Second Degree, 


PROP. I. 


167. ‘To find the values of x in the inde- 
terminate equation 


ax’ + bxr+ es 2% 


Though this problem fall under the general 
form of equations that are investigated in the fol- 
lowing propositions, yet, as there are some con- 
ditions of the coefficients that render the solution 
more simple than others, it will be proper to state 
a few of those particulars, without, however, mul- 
‘tiplying the rules too much, which would only 
lead to embarrassment, as it is by far better to em- 
ploy one general method, that embraces all cases, 
although the operation may be a little longer, than 
to givea number of particular rules, suitable only to 
as many particular conditions. We shall, therefore, 
consider, in this place, only the’three following 
cases; viz. when 


es. OF. Oi i-t.ae set et 
a=nm, or ma+bet+e =32°; 
Lesh neion a +ba+m=2 
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168. Case1. To find the value of x in the 


indeterminate equation 
ax’ + br = 32", 
Here we may assume z= ay, and heace we obtain 


ax’ + be=x*y’*, or ax+b=xy’. 


4 3 . 
W hence oe which will become more ge- 


neral by making y 6: and, substituting this value, 


we have 
bg 


) 23 
p—aq 


> mee 


in which expression p and g may be taken any ins 


tegral values at pleasure. 
Ex. 1. Required the value of x in the equation 


D7 te ee 
Here, since a=5 and b=7, the value of x bes 
comes 
i Fi 
i cain 
in which p and g may be taken any numbers what- 
ever: by assuming p=3 and g=1, we have 


a= 


r=f, which fraction will be found to answer the 


required conditions. 
Ex. 2. Required the value of 2 in the equation 
Qe —- Bre 


Since a= 2 and b= —3, we have 
—3¢ 3g 
ie aig OL Die ras 


 pi—2q 
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And, by assuming g=4 and p=5, we have 
48 ; - é 

eT: which fraction will be found to answer the 


required conditions. 

In both these examples we Have arrived at frac- 
tional results; but integral ones may, in all cases, 
be found, at least whenever 4 is positive; for, in 
that case, the denominator is always of the form 
p —agq’, which we have seen (art. 150) may be made 
equal to unity; but, when bd is negative, this con- 
dition is not always possible, because the equation 


aqg’—p’=1, or p’-ag’= —1, 
is not always resolvible (cor. 1, art. 150). 
Ex. 3. Find such integral value of 2 as will 
render the equation 


132° +723 
yational. 
Here we have from the general solution 
/ be 2 
c= ee Lalit 
p-i3sg’ 


and, therefore, we must find such values of p and 
q, that will give 


p-is¢=1, 
which, by art. 151, are found to he p=649 bd 
g=180, whence 
/ Bangi 180° = 226800, 
which is the least integer having the required con- 
ditions. 


169. Case 2.. To find the values of a in the 


andeter manate equation 


mx 4+- bx +e=3', 
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Assume 2=ma+y, then we have 
e+ baet+c=ma?t+ Q2mary+y’. 
Whence, by cancelling ma’, 
ban 
~ b—2my y 


Or if, in order to generalize, we make y = this 


becomes 
pa ey 
~ bg? — 2p 
In which expression p and gq may be assumed at 
pleasure. 


Ex, 1, Required the value of x in the equation 
Ox" + 72 +5= 5 a 

Here, since m=3, bD=7, c=5, the values of 
# are contained in the expression 


ny ran ; 
7g — 6p ? 
in which, by assuming p=4 and g=2, we have 
4 ] ; - stake 
oo) Og: which fraction answers the condition 


of the equation. 
Ex. 2. Required the value of x in the equekian 


Ox +4=2". 


Here m=3, b=0, c=5; wenger; the general 
value of x is 


p—5¢? 5g —p° 
Se oe als OLY ee ote 
— Opq Opq 


By taking g=1 and p=l we have =a, which ° 
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fraction will be found to answer the required con- 
ditions. 

170. Case 3. To find the value of x in the 
indeterminate equation 

ar bx m= 2. 
Assume :=m-+ ay, then we have 
ax + bo+m =m + 2mxry + avy’. 
W hence | 


ya : 
Which is exactly the reciprocal of the expression 
deduced for the value of x, in the preceding case, ex- 
cept that we have a instead of c; and if, in order to 


. / p . 
render it more general, we make y= it becomes, 


bq?’ — 2mpq 
P aq 
which latter equation may always be resolyed in 
integers, because 


oh 


| cath! ii 
is always possible (art. 150); and this is true 
whether b be positive or negative, as we have only, 
in the latter case, to make either p or g negative; 
or, which is still the same, assume %=m—ay in- 
stead of z= m+ xy. 
Ex. 1. Find the integral value ofw in the equa- 
tion 
be 7r+1 =. 
Here we have a=5, b=7, m=1, whence 
SRO Maes 2, 
p—5q 
Now, in order that we may have 
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p—5g°=1, 

we find, by art. 150, p=9 and q=4, whence x= 40; 
which number will be found to answer the required 
conditions. . 

Ex. 2. Find an integer value for x in the equa- 
tion 

7H — 52 +1 = 2’: 
Since a=7, b=—5, and m=1, we have 


peice a By 

§ Pleo | 
And, in order that this denominator may be 

equal to unity, we must find, by art. 150, the values 

of p and q, such that this condition may have place, 

which are p=8 and g=3; whence is obtained v=3, 

which makes ) 


7.3 —5.341=7'; 
as required. 

Hence it follows, that when integral values of 
x are required, we must have particular values of 
p and q, obtained by means of art. 150, or of the 
table subjoined to this volume; but when only 
fractional values are required, then we may assume 
p and g equal to any numbers at pleasure. 

171. Cor. The foregoing solution will hold, whe- 
ther be known or unknown; in fact, when m’ is 
indeterminate, it may, m the expression 

__ bq’ — 2mpq 

ay page | 

be assumed at pleasure; and the solution is still 

more general, if m also enters into the middle term 

with «; thus, for example, if we write y for m, 
the equation under the latter supposition will be 


3 
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ax’ + bry +y? =; 
which may always be found in integers by assuming 
; x= 2pq + by’, 
YRiP mags 
- in which expressions p and gq may be assumed 
at pleasure; and, consequently, integral values 
obtained for x and y ad libitum (art. 101). 

Ex. Find the values of x and y in the equation 

32° + bay ty? =". 

Here a=3 and b=5; therefore, 

v= 2pq + 5g", 
y= p —3q. 

And, assuming p=3 and q=1, we have r=11 
and y=6, which values, substituted for 2 and y in 
the proposed equation, give 

3). DE Sidhe Ge 97°. 


And other values may be found by changing those 
of p and q. . 
If b=0, and the proposed equation be 
AX" ae y — ws 
then the values of « and y are 
f 2= 29, 
| y= pe —agq’. 

Which is exactly the result obtained at cor, 2 
art. 54. } 

Remark. A few other partial rules might have 
been added here for particular cases or conditions 
of the coefhicients; but, as the principles explained 
in the following propositions embrace every pos- 
sible form of equation, a multiplicity of rules for 
conditional equations seems ta be both unnecessary 
and improper. 
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PROP. II. 

172. Every indeterminate equation of the second 
degree, containing two unknown quantities, may 
be reduced to the form 

wu —al=B. 

Let 
ax* + bry + cy’ +dxe+ey+f=0 

represent any indeterminate equation of the second 
degree, in which x and y are the two indeterminates, _ 
and a, b, c, d, e, and f, any known integers posi- 
tive or negative, or zero; then I say, that this 
equation may, in all cases, be reduced to the more 
simple form 

u—Aal’=B. 

For, first, multiply the proposed equation by 4a, 
which makes 

Aax* + Aabxy + Aacy* + Aadx + Aaey + 4af=0; 
add b*y* + 2bdy +d’ to both sides, and transpose: so 
shall we have 

(2ax + by +d)’ = (by +d)’ —Aa(cy? + ey+f); or 
2Qan+by+d = vi (by+d)’—Aa(cy?+ey+f)}. 

And, in order to abridge the latter expression, let 


v\ (by +d) —Aaley+ey +f)\= b 


BD? — AAC - mom mi me a ae A, 
2b\d—4Aae- - - - - - =2g, 
d>—Aaf- - - - - ~ = Ah; 


that is, a will represent the multiples of y*, 2¢ the 
multiples of y, and # the absolute quantity which 
contains no indeterminate letter. Now these sub- 
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stitutions will furnish the two following equations; 
viz. 
j 2an+by +d=t, 
Ay? + 29y+h=F. 
Multiplying this last by 4, we have 
Avy’ + 2agy+Aah=al; | 
adding g*, this becomes 
(ay+g) =A(P—h) +, or 
(Ay+g)’—al=g° ans 

Substituting again ay+g=u, and g*— Ah=8, 

we have 

i — At = B: 
and, therefore, the proposed equation has been 
transformed, as required. 

And it is obvious, that the values of # and y in 
the proposed equation will be immediately deduced 
from the solution of the transformed equation 

w—Al=B. 

For we have- 


U— of 


ayt+g=u, org= a and 
2axr + by+d=t, or ae 


2a 


or, substituting for y, in this last, we have 
_(¢-d)a= (u—g)b 
vi 20a j 
And since, in the transformed equation, uw and ¢ 
enter only in the second power, we may take ¢ 
and wv, in these hist expressions, of the values of 
xand y, either positive or negative, at pleasure; 
2A 


- 
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and when the solution of the proposed equation ig 
required only in rational numbers, it is obvious, 
that we shall have it immediately from any rational 
values of ¢ and wu in the equation - 
4 ~— Al’=B; 

but if the proposed equation is to be ar in m- 
tegers, then we can only employ such values of ¢ 
and was, when substituted in the expression for x 
and y, render these quantities integral; in conse- 


quence of which restriction, the solution, in these. 


cases, is generally very tedious, and frequently im- 
possible. 
Ex. 1. Let it be proposed to transform the 
equation 
3a° + Say —3y* + 24 —5y=110, or 
| 3a° + 8xy —3y* + 2x —5y —110=0, 
to another of the form 
u—At =B. 
Here | 
a=3,b=8,c=—3,d=2,e=—5, f=—110. 
Whence 
bd—2ae=g=46 
d° — saf=h=1324 
b*— 4ac=a=100 
g—ah =B= — 130284; 
therefore, the transformed equation is 
u— 100 = — 130284: 
and, if we had the values of ¢ and w in this equa- 
‘tion, those of x and y in the original one would be 
readily obtained by means of aa formulz 
ge 8, and ‘ost lie wae 


oa ? 


~ 


and 
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but the solution of the equation 
, Ue—he ab 


belongs to the following proposition, the trans- 


formation being all that is required in the present 
case. 


Ex. 2, It is required to transform the equation 
5x + 3a +7 =y", or 
5° —y? + 3a+7=0, 

to another of the form 


al 


w— at =B. 

Here a=5, b=0, c= —1, d=3, e=0, Y deat 

Whence we have 
bd—2ae=g=0, \ Ase b*—A4ac=a= 20, 
d* —4af=h=—131, g—ah =B=655; 
therefore, the transformed equation is 

u?— 20f°=655: 

and the values of w and ¢ being found in this equa- 
tion, by the method explained in the following pro- 
position, we shall have those of x and y in the one 
proposed from the expressions 


u—g t—by—d 


= and «= 
y Att 2a 


Remark. ‘The general equation above given in- 
cludes every possible form of an indeterminate equa- 
tion of the second degree, and we’ have seen that 

this is always reducible to the form 


u—AP=B; 


and, consequently, on the solution of this last 

depends that of every possible case which can arise 

in indeterminate equations of this dimension: but 
242 
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it should be observed, that, in the solution of the 


equation « 


u—al’=B, 


we may have ¢ and w fractional, as w=— and f= 


o 


r2 [88 


2 


whence the above becomes 


+ i ide: gine be 
—~—A-—=B, O1 * 
x — Ay? = Be” 5 


an equation in which the indeterminates x, y, and 
z, are all integral, as well as the known quantities 
a and Bp; and as all possible cases are reducible to 
this form, the solution of it becomes the more 
particularly interesting. | 


PROP. Ill. 

173. In all cases in which the equation 

x — Ay? = BE 
is possible, it may be transformed to another of the 
form 

a” — yy”? = CZ”. 

We have already (at art. 53) given a rule for 
judging of the possibility or impossibility of every 
equation of the form 3 

| x“ — ay =Be", 


or, more generally, of the form 

| "Ad — By = C2"; 
but, in that place, we were not able to show the 
absolute possibility in those cases in which the 
given equation fell under a possible form; we shall, 
however, by means of this proposition, show, that 
every equation falling under a possible form is 
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really resolvible, and the contrary when it falls 
under an impossible, which latter part is in fact 
proved in the article above mentioned. 

Having, therefore, first ascertained the possibility 
of the equation 

Lv + ay’ = Bz", 
by the proposition above mentioned, the trans- 
formation of it to another of the form 

xc” — y= Cz” 
will be effected in the manner following: but, before 
entering upon this subject, it will @e proper to 
make a few preliminary observations; viz. 

1. The indeterminates 7, y, and z, may be con- 
sidered as being prime to each other, as appears 
from lemma, art. 47. 

2. The given quantities a and B may be sup- 
ge bl to have no square divisor; for let a=a’h’, 

and B= B’l’, then the equation becomes 


—a'(hy)’=B Oe 


ty AYO = BS 
by making ky=y’, and [z= é: we may, therefore, 
always consider 4 and B as containing no square 
divisor. 

3. The indeterminate y is prin to B; for if y 
and B had a comimon divisor, x must necessarily 
hesame; and, therefore, « and y would not 
be prime to each other, which is contrary to. what 
has been already demonstrated: and the same 
reasoning 1s equally applicable to a and z. 

A. The quantities a and B may always be sup- 
posed positive; for if they be not both positive, the 
equation may always be transformed to another 
similar one, in which the resulting quantities, re- 
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presented by a and B, will be both positive: thus, 
the only possible cases are the four following; viz. 
Ist, A positive, B positive. 
2d, A negative, B negative. 
3d, A positive, B negative, ~ 
Ath, a negative, B positive. 
Which give the following four equations; 
Ist, a —ay’= + BR’. 
2d, 2° + ay? = —B2?. 
3d, a°—ay’= — B2’. 
 @ Ath; a tay? = + Be’. 

Now, I say, that the three latter equations are 
impossible, or reducible to the first form, in which 
A and B are both positive. | 

For the third and fourth equations are aractly 
similar, by only transposing the quantities ay*, and 
B2°, and each of these is reducible to the first 
form; for multiply 2° +ay’=8z° by B, and trans- 
hie then it beeps ¥ 

B’2"— aby’ = Ba’, 

which is eto the form of the first; and the 
second is evidently impossible from its nature. 
Hence, therefore, it appears, that if in the pro- 
posed equation A and 8 are not both positive, it 
may (if it be a possible equation) be transformed to 
a similar one, in which the resulting quan ities, re- 
presented by a and 3, shall be both ‘pone 

We may, therefore, in what follows, consider 
-A and B as being both positive, as containing nei- 
ther of them any square diyisor; and the three in- 
determinates 2, Y> and 2, as integers prime to 


each other; also y prime to B and x prime to A: 


which being premised, we shall proceed to the 


— 
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transformation of the given equation, as announced 
in the head of the proposition. 

174. Transformation of the equation 

x — ay’ = Bz 
to the form 
xv? — yy” = 0%” 

In the first place, let us suppose B>a, for, if it 
were otherwise, we should have only to put the 
equation under the form ; 

x — B= ay’, 
in which we have a>s% so that we may always 
suppose the coefficient of the second side of the 
equation to be the greatest of the two, unless in - 
case of equality, which case forms a separate pro- 
position. 

Let then, in the given equation, 

vw — ay’ =B2’, 

B>A, and since we have y prime to B, by the- 
foregoing article, we may make r= ny — By’ (cor. 1, 
art. 40), 2 and y’ being two indeterminates; which 
expression being substituted for x, in the above 
equation, it becomes 

n'y? — InByy’ + By” — Ay’ =Bz'; 
or, dividing by B and transposing 


nn — 


and, since B is Yuck to y, it is evident, that n°—a 
must be divisible by B, for otherwise the equality 
could not obtain, all the other part of the equation 
being integral; in fact, our rule for ascertaining 
the as of the proposed equation (art. +53) 
depends upon the condition of the equation 


a — 2nyy’ + BY” = 3°; 
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being an integer: let, then, 


n—A 


27-2 
= ge 


B 


k? being the greatest square contained in the quo- 


SENGRAMAL oa" ; ; 
tient of ze and this value being substituted for 


9 { 


n mre A - . e 
— in the above equation, gives 


B’h°’y’ — 2nyy’ + By” = 2°. 


Now we have before shown (art. 44), that all 
squares are of the same form to modulus B, as the 
squares 


1D ord bt Oc Coy CB lak 


and, therefore, the least value of » will never ex- 
ceed 48: we shall, therefore, be sure, by trying all 
the intermediate numbers from 1 to 18, to fall 
upon the possible values of m between the limits ] 
and +B, that render the aboye expression an in- 
teger. | 
Suppose, then, we have found one or many values 


of n within the above limits, which have the required 
: | 


£ 


conditions of rendering rae i | intecemlimre must, 


with each of these values, continue the transforma- 
tion in the following manner; viz. 
Repeating again the equation 


B ky? — Qnyy’ + By” = 2", 
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Bkty’ — np‘ k’yy’ +B’ BR y?) =e’, or 

(B’h°y — ny’)? + B’BRy? — ny? =Bhs; 
and, since n?’—a=B’Bh’, this becomes 

(B’hty — ny’)? — ay = BEES; 
or, making B’h°y —ny’= 2’, and /*°z°= 2”, we have, 
for the transformed equation, 
af? — ay? = Be? 
which is exactly similar to the equation first pro- 
posed, except that in this B’<is, for n< 4p, 
therefore n*— a <8’; and, consequently, since 
9 
a Bh’, 

we must have B’ <8. 

We have, therefore, transformed the given 
equation to a similar and dependent one, of which 
one of the coefficients is less than in the equation 
proposed; and if, in this new equation, B’ be equal 
to unity, or to any square, the equation is trans- 
posed as required. And the values of 2’, y’, and 2’, 
being determined in this, will give us the values 2, 
y, and z, in the original, For we have 

Ist, r=ny — By’. 
2d, a’ =B’ Fy — nv’, 
Sh ox seks, 
From the second of these we have 
a’ + ny’ 
Ar Bie? 
which therefore thus becomes known. 
And the first gives 


a’ + ny’ ‘ 
v=— nN — By’. 
B’k 
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And the third reduces immediately to 


Zz = ae 
k 
But if neither of the above conditions have place, 
that is, if B’ be neither equal to a square nor to unity, 
we must first ascertain whether pb’ be still >a, and 
if it be, we may proceed in the same manner to 
transform this last Ue to another similar one, 
— AY = BR”; 
in which last B’<tn’: proceeding thus, by suc- 
cessive transformation, we must be finally brought 
to an equation in which B’” or c <a. 
Having arrived at this equation, by transposing, 
we phew ve 
r= Cet ee Ad tt 
in which now, we have a >c. 
If, then, we represent this new equation by 
2 De 2 
we may, by proceeding exactly as above, reduce 
this to another similar and dependent equation, 
22 PP 8 SUS 1 OO 
a — cy? Same”; 
or, calling a” =p, to this, 
/ ps #2 
xe? — cy? =Dz", 
in which a”, or D<c; or, by transposing, 
he ar Dien /2 
xe? — Ds? = cy”, 
in which c>p. Representing this anew by 
x — Dy’ = C2’, 4 
we may proceed to reduce itin a similar manner tothe 
preceding one. Since then, at every step, we reduce 
the coefticients, so that a<B, C<a, D<c, &e., it 
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is obvious, that we must finally arrive at one that. 
is equal to unity; for it has been seen that these 
coefficients are always positive, and they can never 
become =0. Now it is impossible for a series of 
integers to go on continually decreasing, under 
these conditions, without one of them becoming at 
last equal to unity; and hence it follows, that 
when the equation | 


9 Q 


x°— Ay =B2 


is possible, it may always be transformed into 
another equation of the form 


RN me te 
Gm YOST, 


which last equation is always resolvible (by 
art. 54); and, from the values of the indeter- 
minates in this last equation, we may proceed by 
successive steps to those of x,y, and z, in the 
original one proposed, by means of equations 
analogous to those in the preceding part of this 
proposition; viz. | 

| x + nyt 


j= ain 
’ 4 Bie 


a’ + ny’ , 
= ———n — By’. 
om Bie oY 

Y 
s= ; 
oe 


175. From what has been explained in the 
above article, we derive the following simple 
method of arriving at the final equation, without 
absolutely performing the operation, which it was 
necessary to explain in order to show the principles 
en which the transformation was effected. 
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It appears from what has been said, that, in 
order to effect the successive reductions, we must 
make the following calculations, 


W =A. 
v—ay=B 2°, —_——- =p’ F’, 
B 
/2 
nn —A é 
xr tu Ay” =_ B’ Ke ; — ie hips 
B 
WQ f 
x oka ay? eb B” 2, " 8 B’” tial 
&c. &c. 


x’ —ay=B” 2", or C2’, 


till we have c< a; then, transposing, our calcula- 
tion must be carried on again in the same manner 
as above: thus, 


42 2. 2 
xn —CY=A &, 


A 7— cy = - » bs 


Hse ’ 


Bi cy 


x —cy’=a™2°, or D2’, | 


in which expressions f°, 7°, &c., are the greatest 


Ai athe G ; 
integral squares in the quotient ae which re- 


-ductions and transformations must be continued, 
till we arrive at the equation required; that is, in 
which one of the coefficients above represented by 
A, B, C, &e., becomes unity; and having found 
the value of the indeterminates in this last, we shall 
arrive at those of x, y, and z, in the original equa- 
tion, by means of equations analogous to the 
following: 
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a’ + ny’ 
Re oF 
L=ny— By’. 


a 
~ 


ie 

In the above forms, the accents of a, y, and z, 
ure omitted, to avoid confusion; but the reader will 
be aware that these letters are not of the same 
value in any two of the preceding equations. It 
may also be proper to add, farther, that though, 
in order to show the successive transformations, 
we have employed several forms, yet there are few 
practical cases in which these are numerous. 

Ex. 1. Its bein to transform the equation 

—5y°=112° 
to another of the pel 
e?—y" =Cz 

and hence to determine the Alaes of 7; i) ane 
in the equation proposed. 

Here we have 


Jape 


11 
by assuming n=4, whence B’=1; and, therefore, 
the transformed equation is 
ie, i. (er 2— 5y" = aecor 
a? — gf 5y”, 
Now the general values of w and y’ in this equa- 

tion are (by art. 54) 

v= p +5m’=14, 

2’ _ Pp 

y = 2pm =e Os 


(n= iS 
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that is, by assuming p=3 and m=1; whence thos¢ 
of x, y, and z, in the equation proposed, are 

x+ny  14+24 

y= = 


0 ane 
x=ny — By =4.38—11.6=86, 
x 4 A 
aie Neale hae 


which numbers answer the required conditions, for 
86 588" = 17. 4°: 
And, by giving different values to p and m, various 
other integral solutions may be obtained. _ 
Ex. 2. Required the values of x, y, and 2%, in 
the equation 
x —12y°=132". 
First, 
nm —12 
13 
by assuming 7=5; whence we have, for the trans- 
formed equation, 


SAB ae TS 


a —12y? = 2?) ora? — 2° =12y", 


in which we readily find 2’ =4, z’=2, and y’=1; 
whence ; 


Cae ny. 445 is | 

ROB RT at Se mit 

r=ny— By =5.9—13.1=32, 
7 

ey, ly bony 

Bi! He Nigh 5 ore 


which numbers answer the required conditions, for 
32° — 12.9 =13'. 9°: 
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In these two examples, we have arrived at the 
equation required by the first transformation, in 
which cases we readily find mtegral values for w, 
y, and z; but if two or more transpositions be re- 
quisite, then we must be satisfied with fractional 
results, at least we cannot always obtain integral 
ones, under those conditions. 

Ex. 3. Required the values of x, y, and x, in 
the equation | 

x — 104° = 312°. 
First, 
moO 
31 | 
by assuming 2=14, and thus we have B’=6./°=1 
so that the transformed equation is 


| we? —10y"= 62”, or 
f2, 


?— 62?= 10y”. 


Then again, 
rf -2 7 
n”* — 6 
rie 0: bares 
10 : | 
by assuming n’=4, whence c=1, and the new 
transformed equation is 
472 He J aes 772 e 
! eee = "4, OF 


a”? a i = 6 of? : 


in which last we find readily «”=5, y”=1i, and 
%’=2. And having thus obtained the values of 
the indeterminates in this equation, we readily 
deduce those of w’, y’, and 2’; and hence again 
those of x, y, and zx, in the equation proposed. 


Thus, 


368 Indeterminate Problems 


BENS ob +A,D 


6 SO ae = 13, 

\: cl? 1 , 

se YR Ge" NS ey. 2 SF, 
+f 1 

y= =— aval 
l i 


which numbers answer the conditions of the equa- 
tion 

x” —10Y° = 63" 5 
and hence again we have 


vtny  32+14.1 23 
y= = = 
Bi? 6 foe 
Syrin Aegis eee 
a= Vaaa q = 6) eee ek: ° To we 
- Lasitid 3 ae 
Barns 13 39 
s=— =— =13, or —; 
k 1 f 3 


and these fractions, or their numerators only, will | 
answer the required conditions; for 
229° —10.23°=31.39°. 

it will be readily observed here, that the first 
set of equations, whence we derive the values of 
a’, y’, &, are exactly analogous to the last, from 
which we find #, y, and x; the only difference 
being, that <” and y” stand respectively in the 
place of y’ and x’ in the preceding one, as must ne- 
cessarily be the case, because the equation we trans- 


/ 


formed was 

ted ob Sa CN. yh 
in which x’ oceupies the place that is given to ¥ in 
the first. 
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PROP. IV. 


176. ‘To find the values of x, y, and z, in the 

equation 
aw — ay = az, 

In the foregoing proposition, we have always 
supposed one of the coefficients to be greater than 
the other; and though we may still make use of a 
similar principle when they are equal, and thus 
include both these propositions under one, yet, as 
the present admits of a simple process, it will be 
better to consider it separately. 

Since then 

u—- Ay = Az’, 

it follows that a is divisible by a, and as we may 
always suppose A to contain no square factor, there- 
fore x= Ad’, or x =ax”"; whence we have 

A’x” — AY” = AZ", OF 

y 4 2? = Ay’: 
and since here a contains no square factor, a’, Ys 
and zx, may be considered as prime to each ates 
because, if they had a common measure, the whole 
equation might be divided by it, as we have before 
seen: this then being the case, make 
YY =N%— ay’, whence 


\ 


n +1 


oo one +ay?= 


therefore n*+1 must be divisible by a, for other- 
wise the equality cannot obtain: let tlien 


n+i1 


=a‘hk?, or 2? +1=aa'k’, 


2B 


iT paniee 
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which substitution gives 
A’k’x? — Qnzy’ + ay? =x". 
Multiply both sides by 4’k*, and we have 


Q ee) 


A°K Ss? — 2a’nk’zy’ + (n+ 1)y" =a’r"h*, oF 
(ak?z— ny’)? + y? = a'ek? ; 
or, for the sake of abridging, make 
Vez ny =z, and a?P=2”, 
and our equation becomes 
ol? 4 y” sia! a”, 

which is exactly similar to the equation proposed, 
except that, in this, a’<ta; and if a’ be now 
unity, the equation is resolved, as we have, in that 
case, only to find 
J } 3g” +y” =i, 
the solution of which is given cor. 3, art. 54. But if 
A’ be still -> 1, we must proceed in the same manner 
to reduce it again to a similar equation, in which 
A’ <ia’; and it is manifest, that, by thus con- 
tinually decreasing the values of a, a’, a”, &e., we 
must, at last, arrive at a term equal to unity; and 
then the equation will be transformed, as required. 
And from the values of the indeterminates in this 
last equation, we arrive, by successive steps, to 
those of x, y, and z, in the equation proposed, 
for in each of these we shall have analogous equa- 
tions to those first obtained; viz. 


=n% —aAy’, whence z ii Ets 
TIM Ay’, whence 2 =——>;. 
‘ Y > A’k? ’ 
x’ =alls—ny’, - - - y =nz—ay’; 


er 


x 
FEE tan piece a and #= an’ 


: 
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Ex.1. Find the values of x, y; and x, in the 
équation 
xe —13y? = 132". 
F irst, making x=132’, the above equation 
becomes, after division, 
yt+2=132"; also 
n+) 
13 
by assuming n=; whence a’=2; and #*°=1 » so 
that the transformed equation will be 


oo Ae aig yt 


y+ 8 = 2a". 

Now here we have a known case, namely, when 
y=1, x’=1, and #’=1; whence again 

&+ny 145.1 


ba —* =='5 - 

Ak’ 2 ‘ 

y =nz—ay =5.38—-13.1=2; 
at’ | 

Sane a =1; 


and, consequently, e= 13a = 15, Y= 2, andiz = 3, 
are the values of x, y, and 2, required for 
ie 1842) 13. 8: 

177. Scholium. This problem may also be 
resolved upon principles entirely different from the 
foregoing; for it is demonstrated (art. 105), that the 
sum of two squares can only be divided by num- 
bers that are also the sums of two squares; and, 
consequently, when the equation is reduced to the 
form 

yf aN oF = Ae 
it is evident, that both a and 2” are the sums of 
two squares, because y*+ 2° is divisible by each of 
2B 2 
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those quantities; and, farther, it has been shown 
(art. 91), that the product of two numbers, each 
the sum of two squares, is of the same form. 
Hence, then, we have the finns solution : 
assume A=p'+q’, and a’ =p”+q”, then will 


(p+ 9°) x (p+ 9") = (pp + 9g’) + (pd F PQ)’ 
that is, 
(mp qq)’ + (py F pg) = ans 
and, consequently, 
{ y= pp + ay’, 
Pig a tale ah 
In which expressions p and g are known, being 
the roots of any two squares, of which a is the sum, 
and p’ and gq’ must be such, that p’+q”°=a”, any 
square; that is (by cor. 3, art. 54), 
p=m—n, 
g = 2mn, 


with which values any equation of this kind may 
be solved; and it is obvious, if a be not a number 
of the form p’+q’, that the proposed equation — is 
impossible, either in integers or fractions. 

Ex. 1. Required the ani of &, 4, and 2, in 
the equation 


From the foregoing formule we have 
Y=PP x97, 
| Br tage of Pegugt AE 
Also, : 
65=8'+P=7?+4°; 
therefore, p= angen or p=7 and g=4. 
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Again, 

p =m —n=3,% 5, &c., 
qg=2mn =A, 12, &c.; 
by assuming m=2 n=1, m=3 n=2, &c.. 
Now these values, substituted for p, q, p’, 7’, in 
the above formule, give the following results: 
Y= 28,2205 375.9 5 42) 128,, Kei 
4. 82299 35 AO 402 91, LOLs cc) 
| igs PUSS raise ay edd 23 Mg We WR Gost 
_Each of which sets of numbers will answer the 
required conditions of the equation. ) 

Cor. 1. The same principle is equally ap- 
plicable to the solution of certain other forms of 
equation; viz. to the following: 

e+ ims Az", 
xv? + 2y° = a2’, 
vw — IP =Axr’, 
x + BY" = Az, 
x — by’? = Az. 

For as these formule can only be divided by 
aumbers of the same form as themselves (art. 105, 
et seq.); therefore, when any of these are possible, 
A is.of the same form as the first side of the cor- 
responding equation, 2° being likewise so; and then 
again, the multiplication of twa formule of this 
kind, as 

(pet aq’)(p" + ag”) Ba" ay’: 
that is, they give a product of the same form. 

Hence, then, representing the above equations 

by the general form 
xv + ay’ = Ad", 
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the solution may be obtained as follows: Find . 
p + ag? = At 
yr XE ag’ =z", 
the latter of which equations is readily found by 
art. 54, and the former is always possible if the 
equation be so; and having thus found the values 
of p, g, p’, and q’, we shall have 


(p' + aq’) (p™ + ag®) = az’ = 
(pp + agq’)’ + a(pg’ + pg) 
Whence again we derive, by comparison, 
| w= pp + aqq’, 
YF PI TE 
Ex. 1. Required the values of a, y, and 2, 1m 
the equation 
a 4 2y? = 62°. 
Here, a is of the form a* + 2y’, for 
AS OSH 201% 
therefore, p=2 and g=1. 
_ Also, assaming 2°= 3°, we have 
s=3°=14+ 2.2"; 
therefore, p’=1 and q¢’=2. 
Whence, 
x= pp’ + 2qq'=6, or 2; 
UY=pa Ft gp =3, or 5. 
Which numbers answer the required conditions ; 
for, 
62+ 2.3°=6.3°, 
2°+2.5°=6,3°, 
And various other values might be found by 
assuming any other square for z*, which has the 
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form p”*+2g”; and this may always be done by 
squaring any number of the same form. 

Ex. 2. Required the values of a, Y> and %,. in. 
the equation 


Here, a being of the form a*— 5y’, or 
A= 1) = 4°57 1"; 
therefore, p=4 and q=1. 
Also, assuming 2?= 2°, we have 
= 2?=3°— 5. 1°; 
therefore, p’=3 and qg’=1. 
Whence, | 
v=pp' + 5qq’=17, or7; 
Yy=Ppr4 QP= 7, ort. 


Which numbers give the following results : 


f 172 5.7% 11.27, 
Be BY Toms 1d, 3% 
And various other values might be obtained, by 
assuming other squares for 2°=ap”— 5q”. 
It will be observed here, that the ambiguous 
signs in the compound expressions for 2 and y are 
and + in the first example, but + and + in 
the second; that is, the ambiguous signs are + 
and +, when the connecting sign is + in the 
proposed equation, but + and + + when that sign 
is —: the reason for which change will become ob- 
yious by considering the nature of the two products. 
Cor, 2. In the above equations, we know im- 
mediately, from the form of a, whether the equa- 
tions proposed be possible or linpossible; as in the 
former case, A must have the same form as the 
first side of the equation with which it is connected, 
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at least with an exception in the two last, when a is 
even (see art.108 and 109). And thus far these equa- 
tions may be considered as forming a separate class, 
but in other respects the same principles may be 
employed for any equation whatever; that is, when 
A is of the same form as the first side of the equa- 
tion in which it enters; but when it is not of that 
form, it does not imply the impossibility of the 
proposed expression, as is the case in those we 
have been considering. | 


| PROP. V. 
178. Every equation of the form 
x — Ay’ =B2", 


Q 2 
., mB WA : 
in which - —, and ———, are both integers, is 
A , 


resolvible in rational numbers. 

We have before investigated .this theorem 
(art. 53), but it will be observed, the rule thence 
deduced, although perfectly correct, is deficient in 
this, that it is not demonstrated, when an equation 
falls under a possible form, that it admits of a 
rational solution; the only certain conclusions being 
with regard to impossible forms: it is therefore 
proposed, in the present proposition, to supply this 
defect, by demonstrating the absolute possibility 
in the former case, the truth of which, or of the 
above theorem, results as an immediate conse- 
quence of the transformations effected in the pre- 
ceding propositions, and the demonstration of 
art. 52. But in order to render the investigation 
as simple and conclusive as possible, it will be 


~ oO 
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proper to resume here the forms of reduction, as in 
art..175; viz. 


: 4 n —A 2 
—ay=B ez, a ——— = Bh, 
B 
n” — A 
xv Ay’ = B's", ease es 
. B 
&ec. &e, 


2° — ay’ =B™ 2°, or C2’, 


in which last equation, B™, or c< 4. 
Then again, : 


n —C 
x —cy?=a 2, ——_— =a'T, 
A 
| Nn”: —C 
hig oY cy” — A’, . = Atel s 
&e. &e. 


x — cy?=a™s°, or D2’, 


till we have p<c; and so on, as has been before 
explained,’m art..175, (hy kh, &e., Py 1?) &e.; 
being, as in that article, the greatest squares con- 
tained in the respective quotients, arising from the 
division of n°—a, n?—c, &c., by B, A, &c. And 
it is to be demonstrated, in the present proposition, 


g Q 
m —B Ten A 


that, if it be possible to find , and Fea both 


integers, that all the other above analogous forms 
are also possible in integers; and, therefore, that 
the equation 
xv — sy’ = BR” 
is reducible to a dependent equation of the form 
Le —Yy” =CR, 


in which last form the solution may always be ob- 


- 
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tained, and whence the values of 2, y, and 2, in 


the original equation, also become known. 
Now, first, if 


sarees ay ea 
/ — So k 3 
B 
we have evidently, by transposition, 
g 
nw —A , 
-=BF; 
B 


A 


2 
e i) ER e ° . e 
but if , be an integer, so likewise is 


(n—uB’)>—A 
ame eee 

where the indeterminate « may be so assumed, that 
(n— UB’) < 13’; 


therefore, calling (n—wB‘) =n’, we have 


72 é 
1? iA ’ 
a Bk”; 
B 
and, consequently, 
42 
nn” — A 
B” Wana Bk”, 


an integer; and here again we have also 


(n’—uB’)?—A 


Be 3 
an integer; or, making n’— usp” =n”, 
#72 
uA — pj” 
; B’ Boast 4 3 


an integer, and so on, for as many transformations 


2 
ee @ \ e a ii) —A 
as are requisite; that 1s, if 


gives an integral 


quotient, so likewise will all the other analogous 
forms 
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n—-A We—-A 


pee. Sa 
eae g 4/ 


POL, 
B B 


till we arrive at 


2 
ema 
BRB” og 


=C. 


And it therefore now only remains to be shown, 


mv —B m—e€ , bistinits 
rail be an integer, -— A 38 so likewise ; 


that, if 


for, this being demonstrated, it will follow, from 
what is shown above, that the analogous forms 


m’?—c m”°—C & 
—_—-, ——,_, &e. 
Af 2 All b) 
will also give integral quotients; and, therefore, 
that the possibility of the original equation de- 
pends upon the two conditions of 


i & m —B 
A 


being integral. 
In order to demonstrate this, let us repeat again 
our first equations, 


2 2 ff, 
ona 8 Pos pet ie 
———-=pB’k*, whence ——————-—-= 1; 
B A 
72 42 / Af 42 
WA eye n” —B Bk jet 
Ry aie ML ic ke eg kee Mane rye 
7/2 , 472 47 AtS JT A72 
nin res ng a abr 
oC EE cai, | aa ie 
&e. &e. cal un me &e. &e. 
poms pe —B” ck 
Ree Ce wt Uh Th al ae epee more ae 
A 


and, consequently, BBA’, B’B’k”, B’B’’k’”, &c., are 
found amongst the remainders of the squares 
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wen Fh, Sec. 
to modulus a; that is, 
pat BB’, p'a+s’B’k", &c. 
are all possible forms, when compared with a as a 
modulus. But we have demonstrated, ‘that the 
product of a possible and impossible form always 
produces an impossible form (art. 52), therefore, 
B and B’ must be of the same kind, with regard to 
possible or impossible, to modulus a; for if B was 
a possible remainder to modulus a, and B‘ an im- 
possible, then would sBp’/* be also impossible, as is 
evident from the proposition above quoted: but we 
have seen that BB’A* is a possible remainder, and, 
consequently, B and B’ are both of the same kind, 
as to possible or impossible, to modulus a. And, 
in the same way, we shall have Bs” of the same 
kind to B’, and, therefore, also to B; and the same 
of the other quantities B”, B’’, &c. to c: therefore, 
._. mW—B i 
if "Ta ea be an integer, or 
mapa + B, 
we shall have also | 
Be pAtC ; 
and the same reasoning will apply to every trans- 
formation.- Now, since the solution of the pro- 


posed equation, 
a — ay? = B2’, 
depends upon its transformation to the form 
72 


x” — yf” = CB” 


and this transformation depending upon the pos- 
sibility of the integral quotients above stated; also. 
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these having their possibility involved in those of 
the two conditions | 


yee’ 4 m —B 
3 A 5 


being integers: it follows, that when these two 
obtain, the solution of the proposed equation may 
always be obtained in rational numbers.—a. E. D. 

Cor. And in the same manner it may be shown, 
that the equation 


AX — BY = CR" 


is always possible, if it falls under a possible form, 
according to the method employed at art. 53. 


Lemma. 


179. We have, in the foregoing propositions, 
given a general method for solving all possible in- 
determinate equations of the second degree, and of 
ascertaining their impossibility when they admit 
of no rational solution; and, in the following 
article, it will be shown, how, from one known 
case, an infinite number of others may be obtained; 
but, before we proceed to this, it will be advan- 
tageous to the reader to collect, under one point of 
view, all that has been demonstrated in this and 
the foregoing chapter relating to the equation 


ve —nyp= +A. 
First, then, it has been demonstrated, in 
art. 105, that the equation 
x“ —Ny’ = +1 
is always resolvible in integers, providing N be not 
an exact square. As to the equation 
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a —ny= —1, 
it is only resolvible in certain cases; that is, when 
the fractions arising from yn recur in periods, 


consisting of an odd number of terms. Also the 
equation 


g— Ny’ = +A 
is always possible, if a be found in the denominator 
of any of the complete quotients arising from the 
/N; but the equation 
x —Ny = —A 


is only possible when a is found in the denominator 
of one of the complete quotients, that occupies an 
even place; and, consequently, the corresponding 
fraction an odd place. In all these cases, however, 
if there be one solution possible, there are an inde- 
finite number of others; and, in the following pro- 
positions, it is proposed to find general expressions 
in which the values of # and y are contained for 
each of the above cases. 


‘ PROP. VI. 

180. To find the general values of x and y in 
the equation ~ 

‘ x — ny’ = +T, 
from the valucs of p and q in the equation 

p—ng=+1. ; 

~ The present problem divides itself into three 
cases, on account of the ambiguous sign +, which 
are as follow; viz. To find the values of # and y in 
the expression 2°— ny’, under the following con- 
ditions: 
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ist, 2°— ny’ =1, from the knowncase p’—ng’= 1; 
Sees — NYT eae en Pi NG’ = — 13 
Baya NY el) - apr ee wih Sy ge Ng’ > 1. 


Case 1. Resolve the two equations 
p—xg=1, and 2°—ny’=1, 
into the factors 
(p+q vN)(p—q vN)=1, 
(w+y /N)(@—y VN)=13 
then we have also 
(p+q vN)"(p—g vN)"=1"= 1: 


equating these with the factors in w and y, we obtain 


™ 


e+y J/N=(p+q /N)"; 
r—y /N=(p—q VN)”. 
Whence again, by addition and subtraction, 
(p+q /N)"+(p—q VN)” 
RT PI es RC IRE, 
ye TIN = (Pg VN)” 
J 2./N f 
which values of x and y will always be integral, 
and will, therefore, be the general values sought; 
and these are evidently infinite in number, because 
mis indefinite. 

Case 2. The same method may be followed 
here as in the preceding case, except that the 
powers represented by the exponent m must be even, 
in order to convert —1 into +1, as is obvious 
from inspection; and, therefore, the general 
values of x and y, in this case, are 


apie ANI 4 LPG NY 
2 
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_(p+9-vs)"=(p=9 vs)™ 

2 /N } 
Case 3. Here again we have evidently thé 
same result as in the former cases, except that 
the powers of 2 must now be odd, for every odd 


power of -1=—13 therefore, the values of # and 
Yy eal x how 
pe (PAG VEO + (Pog vs) 
nl: 
_(pt9 vey (p-9 vy 
- — : 


The number of values of x and y being indefinite, 
as in the former cases. 
Let us now illustrate these rules by a few ex- 
amples. | 
Ex.1. In the equation 
p —14q°=1, 
having given p=15 and g=4, to find the general 
values of w and y in the equation 
v—14y°=1. 
Here, making m=2, we have 
15 +4 v14)4+ (15 —4 v14)? 
ay a ee 
_(154+4 yv14)°—(15—4 1/14) 
ai 2/14 


= 449, 


a2 £205 


which give 
449’ —14.120°=1; 
and other values may be found by assuming any 
other power instead of the second. 
Ex. 2... Given ae and g=1, in the equation 
ae leg alee 
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to find the values of x and y in the equation 
x“ —17y= +1: 
Here we have again 
PO Sod om Sosa 


5 33, 
(4+ v17)*—(4— v17)* 
CO esclee aeig gx arprce 7 hc oem rest eam 
Bit l fs 


whence 
85° —17°8°= 1 
and other values may be found by assuming any 
other even power instead of the second. 
Cor. This method of deducing the values of 
x and y in the equation 
‘ x —ny’=1, 
from those of p and q in the equation 
Pe NG — 13 
is very useful in finding those values of « and qy; 
being much more ready than continuing the ex- 
traction by continued fractions; because, whenever 
the minus sign arises, it always happens before the 
plus sign; this will be evident from the following 


example. 
Ex. 3. To find the values of x and y in the 
equation | * 


x —13y°=1. 
We find in five terms, proceeding by continued 
fractions, that, in the equation 
p —13¢=—-1, 
p=18 and g=5; therefore, without pursuing the 
extraction any farther, we have, by means of the 


above formule, 
2-C 
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weil (18+5 ./13)°+(18—5 v13)’ 
| 2 
(18 +5 /13)*— (18 —5 4/13)" 
a 2 Ag 
which, as we observed above, is a much readier 
method than carrying on the extraction, as in ex. 3, 
art. 151. 
Ex. 4. Given p=4 and q=1, in the equation 
Piplig =A, 
to find the values of x and y in the equation. 
x —17y= —1. 


= 649, 


=180; 


Assume, 

4+ /17)+(4— 17) 

pl sats nba ee EAE V8) 

2 

Cath OYE Bag) rel SONY Vee 

yp see te rt 

2/17 
whence 


268° —17.67*= — 1: 


and other values may be found by assuming any 
other odd powers instead of the third. 


PROP. VII. 
“181. To find the general values of x and y in 
the equation 

a —Ny = +A, 
A being < YN. 
We have already shown how the first values of 
x and y are to be obtained (art. 154), and shall 
therefore now suppose that these values are known, 
or that we have found the values of m and n in the 
equation | 
mans +4; 
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and also those of p and q in the equation 
p-ng=Htl. 
Then it is obvious, that 
(p°—Nq*) x (m?—Nn*) = +43 
but, by art: 95, 
(p*— sq) x (msn) = 
(pm +Nqn)? —N(pn+qm)*, or 
(pm —Nqn)*—N(pn—qm)*; 
whence we have, for the values of x and y, 
x=pm+ngn, 
| y=pn + qm. 
But the general values of p and q in the equation 
PNG = £1, 
are, by the foregoing proposition, 
,_ (p+g VN)" + (p= vay” 
Piss 2 2 
,(P+q vs)"— (p—g vy)” 
: oo 2 /N : 
m being even or odd, as the ease requires; which 
general values of p and q, being transferred to the 
fermule 
| L=pm-+ NQn, 
y=pn £ qm; 
will furnish the general values of 2 and y in the 
equation proposed. 
Cor. Hf the known case be 


9 


pe -—Ng = — A; 

and we wish to deduce from this 
XL — NY = + Ay 

we must find p and gq in the equation 
p-—xg=—1; 

and then i 

2072 
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xc=pm+nqn, 
y=pn rqm, 

will be the values of x and y required. 

And generally, if the known case have a dif- 
ferent sign from the equation proposed, then we 
must employ the equation 

p-x¢g=-—l. 
But if it have the same sign, the equation 
) p-xg=t+l 

is that from which the general values of x and y 

are to be obtained. 

Ex. 1. Having given the values of m and # in 
the equation 

ne —7n=2; 

viz. m=3 and n=1, to find generally the values 

of « and y in the equation 
x — Ty =2. 
First, in the equation 


Paras 


we have p=8 and g=3; whence the above formule 


pive 

L=pm + Nn, that's, L=3, or ®=45; 

y=pn +qm; y=i, ory=17; 
and it is obvious, that, by finding the other values 
of p and g in the equation 

p-7q =1, 

we should readily deduce those of x and y in the 
equation proposed; but it is perhaps as well to 
consider the values of w and y just found, as new 
values of a and m, and then we have immediately 


—_ 
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x=pminxgn, | o. edie 

Y=pn cgqm; Y=>271; 
and so on for other values, ad infinitum. | 
“Ex. 2. Find the general values of « and y in 


the equation 
xv —13y° = —3; 
having given those of m and » in the equation 
S ‘ 


ee 
r=) 5 


m —13n 
’ Dis; 
mz. m=A and n=]. 
In this equation, since the absolute quantity has 
a different sign from the known case, we must em- 
ploy the equation 
p —13q°= —1, 
which gives p=18 and g=5; whence 
L=pm+- Nn, that is, vx=7, or lois 
YyY=prneqm ; y=2, or 38; 
which are two of the values sought, for 
rhe P dago lye ee 
) 1387°—13.38°= — 3; 
and other values are readily found, as in the fore- 
going example, 


PROP. VIII. 

182. To find general and rational values of » 

and y in the equation | 
a —Ny= +A, 
A being any number whatever. 

In this case we have no direct method of finding 
integral values for # and y, as we had in the fore- 
going propositions, unless. a fall within the limits 
prescribed in the last problem, in which case the 
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solution belongs properly to that article, and we 
have, therefore, in this place, only to attend to 
the case in which a> ,/N. 

Now if a, though greater than yn, be made up 
of any number of factors, as a’, a”, a’”’, &c., each 
ef which is less than the yy, the solution of the 
equation | 

ax* —N2 UP +A, 
when it is possible, may be deduced from those of 
the equations 


m —Nv =a’, 
mn? —nn” er + AM, 
mn” Done n/”? ae of ieee 
&ce. : &e. 


because the continued product of factors, each of 
the above form, is itself also of the same form 
(art. 95); and we shall therefore have 
(m* — nn*)(m” — Nn”) (m'? — Nn’) =a? — Ny? = $A, 
where the values of x and y will be always deter- 
minate, and integr al functions of 
Wh, Rts IN, Ws Te 4 Wh ORO 
For, by the same article, 
| (m* —Nn*) x (m® — Nn”) = 
(mm’ + nnn’)? — N(mn’ + mn)’. 
And making now 
mm + Nnn’=P, 
mn’ +m'n =e, 
we have 
(m? — nn’) (m’? — nn”) = P? — Na’. 
Again, » 
(P*— na’) (m’”? — xn’) = 
(pm” + Nan”)? —n(Pn”’ + am’”)’; 


- 
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making, therefore, 
| Pm” +Naen” =a, 
Pn” +am’=y, 
we have 
(m*— xn*)(m? — nn’) (m’* — wn”) =e — Ny = HA, 
Also, substituting for p and a, in the foregoing 
values of x and y, we obtain 
+ =m” Gan’ + Nnn’) + xn” (ma! +m’n), 
yn" (mn + Nn’) + m”’(mn’ +m’n). 
Whence x and y are determinate and integral 
functions of . 
MN, hs Ms hs Mn: OC, : 
which are known integral quantities. 
Having thus found one integral value of x and y 
in the equation 
“—ny= +A, 
we shall have the general values of those quan- 
tities from the e(uanoe 
p—ng= +1, 
as in the foregoing propositions; that is, calling 
the values of x and y, found as above, m and n, 
the general values of w and y will be 
L=pmxt NQqn, 
YyY=pnrnxrqgm; 
the general values of p and q being expressed by 
»_ (pta vn)” + (pg VN)” 
Se eee ee 
pe (Pg wh) bag wi)" 
Ape Sorat halt ii 
the indeterminate power, m being even or odd, as 
the case may require. 
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Ex. 1. Required the values of x and y in th¢ 
equation . 

x —13y7° = —9. 

First, having resolved —Q into the factors 
+3x —3, we must find the values of m and », 
and m’ and n’ , in the two equations 

7 —13r = +3, 


) m?—13n" = —3; 
and also the values of p and q, in the equation 
Pp Ey 13¢° —_ 1% 


and then the general values of 2 and y may be de- 
termined as above; thus, in the present case, we 
have, from example 2 of the foregoing proposition, 
m=4 n=1, m’=7 n'=2; whence the first values 
of x and y are 
c=mm' +nnn’=2, or 54; 
y=mn + mn =), or 15. 
And by means of these values, and those of p 
and g, in the equation 
plage rt, 
an indefinite number of other values may be ob- 
tained, as in the last proposition. 


PROP. IX. 
183. To find rational values of # and y in the 
equation 
v—ny= +a, 
in those cases in which a cannot be resolved imto 
such factors as was supposed in the last article. 
- When in the equation 
ape e—Nny= +a, 
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\ 
Ais > /N, and cannot be resolved into factors, 
each of which is less than ./N, we have no general 
method of solution for integral values; in fact, 
the equation will not always admit of such values, 
although there may be fractional ones that will ob- 
tain, which is not the case if A< ,/N, or resolvible 
into factors that are < yn. We must, therefore, 
in this case, employ a different method of solution; 
that is, we must find the values of ¢ and wu in the 
equation 
?— Nw = + Ar’, 


by art. 176, and then, dividing the whole by 2°, we 
have 


tee u : 
pr, making —=m and —=n, this equation becomes 
pres a ae } 


MW —NW= HA; 


and, calling this the known case, we shall have 
the general values of « and y, by means of the 
equation 
as in the foregoing article; that is, 

C= pm+ Nn, 

yY=pu Lp 
only in this, the general values may be fractional 
instead of being integral, as in the former case. 

Hence it appears, that in all cases when one 

solution is given, as many others Jmay b be deduced 
from it as we please; and when. the given case is 
integral, all the other solutions will also be mtegral; 
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and when the first is fractional, all the other de- 
pendent solutions will be fractional likewise. 

Cor. The methods that have been explained, 
in the preceding proposition, for finding the general 
values of x and y in equations of the form 

L—NY =A, 
are equally applicable to equations of the form 
| x — Ny? = Az’, 
as is evident; because this equation being mul- 
tiplied by 
| 1 MEAN fo-agt 
will leaye the second side of it the same as at first. 


PracricaL EXAMPLES. 


}. Find the least integral values of x and y in 
the indeterminate equation 
a —5y°=1. 
Ans. £=9; y=A4. 
2. Find the integral values of xv, y, and x, in 
the indeterminate eae 
— 52 ye = ae 4 
or prove that ral are no such values. 
Ans. Impossible. 
3. Required to ascertain the possibility or im- 
possibility of the waar 
(60H TY 7. 
Ans. Impossible. 
A, Find the least integral values of x and y in 
the indeterminate equation 
| x —7y =), 
and also in the equation 
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x maT Ty _ - 1 i 
if the latter be possible. 
Ans. x=8, y=3, 1st equation, 


‘U Impossible, 2d equation. 
5. Find the two least integral values of x and y 
in the equation 
a —13y°=1. 
. x=649, 842431; 
“th { y= sk 233640. 
6. Find the least values of 2 and y in the equa- 
tion 
x —13y° =A. 
c=11 
Ans. ss oe 
7. Required the least integral square that, when 
multiplied by 113, shall exceed another integral 
square by unity. 
xv = 1204353, 
Ans y= 99296. 
8. Required the least values of x and y in the 
equation 
3 79x° —101y°= 1, 


CHAP. IV. 


On the Solution of Indeterminate Equations of 
the Third Degree, and those of Higher 


Dimensions, 


PROP. I. 


184. ‘To find rational values of x in the equation 
ax’ + ba’ + cx + d=’. | 
It is only under one partial condition of the ab- 
solute term d, that this equation admits of a direct 
solution, that is, when d is a complete square, as 
d=f°, in which case the equation becomes 
ax’ + ba? + cat firs’; 
and, when this condition has not place, we have no 
other method of proceeding but by trial; and even 
when it has, we can find but one solution at a time, 
which is obtained in the following manner: 
1st Method. Assume 


Cc 
g=ft of? 


then, by squaring, we have 
Q 


c 
ax’ + ba*+ce+fr=f? + cet Tea, or 


2 
ax’ + bx’? = dates whence 
v u =. Af? 5 2 
2 b 2 
c —Abf 
O 8 


daf 


Indeterminate Problems, &c. 397 
Ex. 1. Required the value of x in the equation 
ve+ar+3xr+1=2". 
Here a=1, b=1, c=3, and f=1; therefore, 
c—Abf? 5 
Pe tgs 


Aaf A 


. b : 23 
which value, substituted for a, gives 2°= WOU. as re+ 


L= 


quired. 
2d Method of finding the value of x in the 
equation 
ax’ + be? +catfr=x. 
Assume 
s=f+gut+ ha’; 
then, by squaring, we have 
ax? + ba’? + cx +fP= 
SF? + 2fge t+ (g° + 2fh)x’ + 2hga’ + hx. 
Now make 
OY ape mee 
{ a ofh=b, 
and there will remain 
ax’ = 2hgx + h’x*; or 
week Je 


But the two preceding equations give 


Which values, being substituted for h and g, in 
the above expression for x, give 
8af*— Abcf? + & : 


C= 
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Ex. 2. Required the value of x in the equation 
3 —52°+62°—4Arn+1=2". 

Here we have a= — 5, b=6, c= —4, and f=1; 
which values, substituted in the above expression, 
give x= —1, which number answers the conditions 
of the question. | 

If we employ the formula obtained by the pre- 
ceding method; viz. 

c°— 4bf* 


rT lon 


| Ba ae ys \ ; 
ive find t=, which also answers the required con- 


ditions. a | 

Remark. It should be observed, that though 
these two methods generally give different results, 
yet, when one of them fails (as is the case when 
b=0 and c=0 at the same time), the other fails 
also; and we must then have recourse to the 
method that is explained in the following pro- 
positions: but even this cannot be employed un- 
less we know one case in which the equation ob- 
tains. 


PROP. Il. 
185. Having given the value of m in the equa- 
tion | 
am’ + bn’? +em+d=f? 
to find the values of x in the indeterminate equa- 
tion 
ae’ + ba + cxr+¢-d=2". 
Assume y+m=-x, then we have 
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if ay + 3amy* + 3am’y + am’ = ar’, 
- - by?+2bmy + bm'= be", 
- - - = - cy+cm =ca, 
Whence, 
ay + (3am + b)y? + (Sam® + 2bm + c)y +. fP = 
Or, writing 
OE a SREY OW 205 
(3am+b6) - =D, 
(3am* + 2bm+c) =c’. 
We have 
ay +by+cy+ frre. 
Which being thus reduced to the form of the 
equation in Ha preceding case, its solution may be 
obtained by either of the methods there given; viz. 


c’ — Ab’ f? 
I AGF or ° 
BOP AU GF £07 ie Ig 
| ye 
And having found the value of y in this last, we 
shall have x= =y+m; and, therefore, x, in the 
proposed equation, will thus become known. 


Ex. 1. Required the value of a in the equation 


P+3=2", 
Here the known case is m=1, which gives 
ee i oe 


therefore f=2; alsoa=1, b=0, c=0, d=3. 
And, applying these values as above, we have 
Qt F) sD9-WIS Neigh hs, 
(3am +b) - =H=3, 
(3am* + 2bm+c) =e =3. 
Whence the new equation is 
y + 3y°+ 3y+4=2". 
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And the value of y, by the first formula of the 


preceding hehe e oe 


ee ae ee ee 

Be Age rio rig e Mee. 
Therefore, 

age Coe Os 


OS Pee ee, etn Be 


the value sought. 
Ex. 2. Required the value of x in the equation 
32° +1=2". 
Here we have a known case, m=1, which gives 
38m +1=f°=A, 
therefore f=2; also a=3, b=0, c=0, andd=1; 


and hence 
BE Sa SN = 
Sam +b - = bag; 
3am’? + 2bm+c=c’ =9: 
Whence the new equation is 
3y’ + OY + 9Y+4=2. 
And here the value of y by the first foriiula 
(art. 184) is 


And, consequently, 
21-8 
r=m+y=1+——- ie 16° 
Which value of x will be found to answer the 
required conditions of the equation proposed. 
If we had employed the second formula instead 
of the first, we should have found 
— 1952 4 — 629 


ig RRS I OR | M = Caarerp immer 


1323 1323 
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And it is obvious, that we might now consider 
either of these results as the value of m in the 
known case, and thus proceed to find other values 
of x, providing the equation admitted of more 
answers. But this is not always the case, as it 
often happens that from one known value of # we 
cannot derive another; and _ this is still not owing 
to any defect in the method we employ, for it is 
demonstrable, that some of these equations admit 
of only one answer; such is, for example, the equa- 
tion | 

Dike Fe" 
which obtains when x=2:; but there is no other 
value of x, either integral or fractional, that will 
fulfil the conditions of the equation, as may be 
demonstrated on similar principles to those em- 


ployed in Part I. chap. v. 


PROP. III. 


186. ‘To find rational values of x in the inde- 
terminate equation 


ax’ + be +.cx° + dx t+e=2*. 


This proposition, like the preceding one, only 
admits of a direct solution in particular cases; viz. 


ist, When e is a complete square, as e= f°. 
2d, When a is a complete square, as a= m’. 
3d, When both the foregoing conditions obtain. 


And when no one of these circumstances has 
place, a direct solution cannot be obtained, there 
being, in fact, no other means of proceeding but 
by trial; if, however, in this way, one solution is 

2D 
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found, a variety of others may commonly be deduced 
from the one known case, as is shown in the fol- 
Jowing proposition. 

187. Case 1. To find a rational value of x in 
the indeterminate equation 

ax* + ba’ + ca + de+fP= 2. 
Assume 
S=px+qrt+f; 


then, by squaring, we have 


put + Ipga + (q+ If a? t+ 2g fr t+ fi = 


a ee iat oca in da f?. 
And now, by inaking 
vt 2g f 
Ug +f =e 
we have 


peu’ + Ipgqa® = ax* + ba’, or 
(p’— a)a* = (b— 2pq)2”. 
Whence, from the latter equation, 
b—2pq 
Misi i 


But the preceding equation gives 


id, mm 


l gp 
(= 5p and p=- dor 


Mt) cag 
Die gf 
Which values being substituted in the foregoing 
expression for x, we have 
al SOF Shc UST toe.’ dual 
waabos* — 64af® — 8c — 8cd°f? + d* +d? 
and this formula will always render the proposed 
equation a square. 


\ 
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Ex. 1. Required the value of x in the equation 
a+et+ae+at+1l=2. 


Here, since a=1, b=1, c=1, d=1, and f=1, 
we have | 


~ AD" a & 
CS a real 
595 1] 
which fraction, being substituted for a, gives 
101 
ee oe 2. 
12] 


as required. 
Ex. 2. Required the value of « in the equation 
2x*-—3L2+1=2". 
Here we, have a=2; b=0, c=0, d= —3, and 
f=1; whence 


which fraction, being substituted for x, will be 
found to answer the required conditions. 

188. Case 2. To find a rational value of x in 
the indeterminate equation 

mx* + bx? + cx? + dx+e= 2’. 
Assume 
Z= ma + pe+q; 
then, by squaring, we have 
mat + 2mpx° + (p? + 2mq)a* + Wqe+ G= 


ma+ bet cae t+ dr+e: 
And here, making 
2mp . =), 
p+ 2mg=c, 


there remains ss 
Qpgu + g=drt+e. 
2D 2 
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Whence, by tr anspositign and division, 


PS kepais 
~ d—=2pq’ 
Also, from the preceding equations is obtained 
2 
pe ae and g =? , or 
_ Acm* — 
pO Bent. 


Which values of p and q, being substituted in 
the above expression for x, we have 
16c°m* — 64em® — 8cb’m? + b* 
= (8dm‘ — 4cbm?>+ b°)8m> 
Ex. 3. Reqnired the value of «x in the equation 
| xt — 3+ 2= 3°. 
Here m=1, b=0, c=0, d=—3, and e=2; 
whence 


which fraction, being substituted for x, will be found 
to answer the required conditions. 

Remark. It will readily be observed, that the 
above formula fails, as does also that obtamed in 
case 1, when the second and fourth terms are 
wanted, that is, when =O and d=0, for in this 
case the denominator becomes zero, and the value 
of «infinite, so that in equations of the form 

me + cx +e= 2, and 

ax’ + 6x? + fP= 2, 
we have no methed of solution, although they fall 
under the form we have been considering; and in- 
deed it frequently happens that such equations 


_ ee a ee a 
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are impossible, as may be demonstrated on other 
principles: thus, the equation 
e— e+ 1=2° | 

is impossible, either in integers or fractions, and 
several others. But in many cases @ has a real 
value, though we have no other means of arriving 
at it but by trials; and in this manner we must 
proceed under every form of the general equa- 
tion. except those of the three cases pointed out 
in the leading part of this proposition. © 

189. Case 3. To find rational values of x in in- 
determinate equations of the form 

m’a* + ba? + cx* + du +f? = 2°. 

This equation belongs to each of the foregoing 
cases, and may therefore be solved by either of the 
formulz above given, and it also admits of other 
solutions, distinct from both of them, which are as 
follow: 7 

ist Method of solving the indeterminate equation 

"t+ bx’ +cx° + dx +f? = 2", 

Assume 

g=mue + quetf; 
then, oy squaring, we have 
ma* + 2mqx + (gq? + 2mnf a’ + 2g fe+f?= 
mat+bx + ca + dxtf?. 

Where, by making d=2qf, or q= 7 there re- 
mains 

bx + cx = 2mgqu’ + (gq? + 2mf x’. 

Whence, 


24 “+ 2mf—c 
Bis amg 
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| ae a 
Or, by substituting for g its equivalent of this 


expression becomes 
_ d+ 8mf* —Acf* 
oS tin ~—Amdf ” 
_ a — 8mf* — cf" 
m7 i >+4mdf * 

Here the last formula arises from supposing f~ 
negative, which may always be done, because it enters 
into the original equation only in the second power, 
and thereto J itself may be either + or —. 

Ex. 1. Required the value of x in the equation 

At* + 324+1=2". | 

Here we have m=2, b=0, c=0, d=3, and 

f=1; therefore, > | 
d+ 8mf*—4cf* —25 


td AE Sond tae esa” 
_& —8mf* —Acf* hse 
Abi +4mdf 24’ 


both of which fractions answer the required con- 
ditions, the former making 


2. (926). 
= G76)? 
and the latter, on the same principles, giving 
las 
a= Ga 


2d Method of solving the indeterminate equation 
mx! +: bx + ex* + da fi =z", 
Assume ita 
s=mx+ qx f, 
as before; by which means we have again 
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mx’ + Imga’ + (gq? + I2mnf ja’ + 2gfat fr= 
mix* + \ ba “oer cat+ drt f?. 


And now, making b= 2mq, or g= Bea ee have 
7. 


cx’ + dx = (9g? + 2mf )a* + 2g fr. 
Whence, 
_d—29f 
Ce, 
g +2mf—c A 
| ; | 
Or, by substituting for g its equal oR this 


formula becomes 


Amd — Ambf 
~ BP E8m fF Am 0? 
Anvd + Ambf 
b° — 8m f — Am*c? | 
the second formula being obtained as before, by 

supposing f negative. 
Ex. 2. Required the values of x in the Saeton 


or 


ve —38R+4= 2". 

Here? m=1,° b= 0, c=0,).d=—3, and f=2 

therefore, | 
Amd — Ambf 

b+ 8nf — Amc an 
_ Amd+Aambf — +3 
b—8mf—Am'e” 4? 
either of which fractions, substituted for v, will be 
found to answer the required conditions. . 

Remark. It will be observed again here, that 
the formule which we have thus found, all fail under 
the same circumstances as before; viz. when b=0 
and d=0:; we must, therefore, in all such cases, 


c= 
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endeavour to find one value of x by trials; and, if 
this cannot be done, then it is in vain to attempt 
the solution of the equation, which, as we before 
observed, may not admit of one; but, if one value 
can be found under any circumstance, then we may 
deduce others from this one, as in the following 
proposition. 


( 


PROP. IV. , 

190. Having given the value of m in the equa- 
tion 

am‘ + bm? +cm?+dm+e=f’, 
to find values for x in the indeterminate equa- 
tion 
ax* + ba’ + cx*+dr+e= 2°, 
Assume y+m=wa, then we have 
ay’ + Aamy’ + Gam*y’ + 4am’y + am‘ = a2", 

by’ + 3bmy’* + 3bm’y + bm? = ba’, 


-~ - = = 7 cy? +2cmy + cm’= cx’, 
- =-.- - - = - dy +dm=dr 
- - - - = = = baad oP) e =—€. 


And now, writing 
‘ , 


a ~ -_ -_ - Ss - —_ = = =f 3 
Aam+b - «= ~ we «© = & =B, 
bam + 8bin + C4, = Jean eh et eee 


4am’>+3bm?+2em +d - - - =d’, 
am'+ bm’+ cm?+dm+e - =f, 
we have 
ax'+bx+cx+drt+e =2°*, or 
ay +by+cy+dy+ frase. 
And now, the last term of this formula in y 
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being a square, we have, by case 1 of the pre- 
ceding proposition, 
(8b F* —4c'd'f? + d”)8f? 
Si 16c°f*— 64a f° —8c'df? +d 
and, consequently, since e=y+m, we shall have 
the value of x as required. 
xx. 1. Required the value of x in the equation 
ba* —-1= 2", 
the known case being m=1, which, in the equation 
5m‘ —1=f?, 
gives f* = 2°. 
Here we have a=5, b=0, c=0, d=0, and 
e= —1; therefore, a’ =5, b’=20, c’ =30, d’=90, 
jf=2;3; whence 
(sb’f* — — 4c'd'f* + d”)\8f? —24 
I~ 16c°f* — 64a fs — Be Bcd: Je rer Ee 
and 


ca 


— 24 —13 
Dee oY Sth = ee ae iv 


And, since # enters only in the fourth power, 
we may likewise take x positive as well as negative; 
and, therefore, the valye of x sought is 


which fraction will be found to answer the required 
conditions, making 


B= “bat 
121 
Ex. 2. Reqnired the value of « in the equation | 
27% — L= S 


Here we have a known ease, viz. m= 1, and f= 1; 
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thereiure, since a=2, b=0, c=0, d=0, f=1, and 
m=1, we have a’=2, b’=8, c’=192, d’=8, and 
J=1; whence 
en") (BOYS acd Richi ) BY 0 Ce xa 

a 1667 1 BAA SoBe d fd Any 
and, consequently, y +m, or @=124+1=13; which 
may be taken either + or —1, because only 
the fourth power of «w enters into the proposed 
equation, and this number answers the required 
conditions for 

2.13*—1=(239)’. 

We might now, in both the foregoing examples, 
consider these known values of x as new values of 
m, and thus proceed to find others; but it is ob-. 
vious that we should soon be led to very compli- 
cated fractions, which would render the practical 
operation very laborious, , 


- PROP. V. 

191. To find rational values of x in the indeter- 
minate equation iy 

ax’ + bx’? + cv+-d=2°. 

This equation, ip its present general form, will 
not admit of a direct solution, this being only ob- 
tainable under the three following conditions; viz. 
_ Case 1. When d is a complete cube, or d=”. 

Case 2. When a is a complete cube, or a=m’. 

Case 3. When both these conditions have place. 

192. Case 1.. To find thevalue of x in the in- 
determinate equation. 

av +be + cat fi= 2. 


‘of the Third Degree. All 


Assume 
prt+f=s; 
then, by cubing, we have 
pu s+ 3pfe + 3pfret+ fr = 
an+ § ba? + Ci f*: 


: . C 
And now, making 3pf*=c, or p= af? we ob~ 
tain 
ae + ba? = px’ + “pi or 
3 ons 
pe dad 
a—p 


And, by substituting here the above value of p, 
this expression becomes 
_(e—3bf)9f° 
PgeZZOpscd Cgy 
Ex.1.. Required the value of x in the equation 
3a + 2H+1=2. 
Here a=3, b=0, c=2, and f=1; whence 
_(C=3bf)9f? _36 
Bie rahe! ier ied 
which fraction answers oy required conditions for 


(2a) + 26a) $1 = (Ly. 

Ex. 2. Requited the ert of x in the equation 

| “—5x-1=2., 

Here a=1, b=0, c= — 5, and f= — 1; therefore, 
_(e—3bf*)9f? — 225 
yon re mae 

which fraction answers the ao conditions, 
making 
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193. Case 2. To find the value of x in the in- 
determinate equation 
mu’ + ba +cxt+d=2". 
Assume 
S=ML+Ps 
then, by cubing, we have 
mx? + 3m'px + 3mp x + p= 
me+ ba+ ca+d. 


And now, making 3m’p=6, or pas there 


remains 
cx +d=S3mp*x + pr. 
Whence 
nerk nd 
~ ¢—3mp*" 


ai ' b 
Or, substituting for p its equivalent 3m We have 


ae — 27dm* _ 
~ (30cm? — 6°)9m? * 
Ex. 3. Required the value of x in the equation 
e— 3° +H=2°. 
Here m=1, b= —3, c=1, and d=0;; therefore 
5 — 27dm* 1 
(3sm—6)om 3’ 


. ‘ , 1 : 
which fraction gives 2° = (5) as required. 


Ex. 4. Required the value of x in the equation 
, VEL — 7 = 2. 
Here m=1, b=0, c=1, and d= —7; therefore, 
b° ~ 27dm* 
a (3em — b)9m°> pp ue 
which is the value of wv required. 
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194. Case 3. To find the value of x in the in- 


determinate equation 
ma + br? +cr+ fP =’. 

Under this form the equation belongs to each of 
the foregoing cases, and may therefore be solved 
by either of them; it also admits of another so- 
lution on the following principles: 

Assume 

Samer +f, 
then, by cubing, we have 
nev + 3mefx? + 3mfr +f, 
ma+ vbxe+ cx tf. 
Whence, 
bx? + cx =3m'fx? + 3mf?x, or 
_ 3mf*—c 
~~ — 3m 
We have, therefore, for indeterminate equations 
of this form, the following distinct solutions; viz. 
2 2 M) 3 
By case 1, pili aA ba : 
27m f° —c¢ 

b — 27f?m 

Gant Bom 


R 3mf?—e 
‘case b=. 
y vi b—3m°f 


By case 2, r= 


That is, by writing m’ for a, in case 1, and f° for 
d, in case 2. 
Ex. 5. Find three values of x in the equation 
vv —-S5x+1=2". | 
Here m=1, b= —3, c=0, f=1; whence the 
three values of xv, as determined by the above 
—] 


2 
formule, are r=3, r= 3? and «= = 
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Ex. 6. Required the values of x in the-equation 
er —3r—- = ee 
Since m=1, b=0, c= —3, f=~+1; therefore, 


—3 —1 


5 SITE and 


the required values of x are, x= 


t= 2. 

Remark. The above are the only cases in 
which the proposed equation admits of a direct 
solution, and even these all fail when 6 and c are 
both zero at the same time; that is, in equations of 
the form 

ax’ + d= z*, 

which are, in fact, frequently impossible, as we 
have seen in Part I. chap. v. But if in any proposed 
equation of this kind one solution is known, others 
may be deduced from the known case, according 
to the following proposition. ) 


‘ 


PROP. VI. 
195. Having given the values of m in the 
Seon 
am + bm? + poe 
to find the values of x in the indeterminate equa 
tion ? 
ax’ + ba® +cx+d=2°. 
Assume 
wey; Y+M=X; 
then we have 
ay’ + 3amy* + 3am’y + am’ = ax’, 
~ = by? +2bmy + bm? = bx’, 
- - - = = cy+em =ca, 


Stal anne crte Cag 
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‘And now, writing 


Aa) pe thd dh te ile |) a’, 
3am +6 -) -°-“ eye) =, 
3am? +2bm4+ce- 0 - = =e, 
am+ bm+cm+d - =f, 


we have 
avt+bxeicrt+d =, or 
vy + by +cy + fr =2'; 
which last equation being of the form of that in the _ 
first case of the preceding proposition, we have 
_(e—3bf of 
I ape 
and, consequently, since r=y+m, the value of 
this quantity will also become known. 
Ex. 1. Having given m=1 in the equation 


2m? —1= f*, 
it is required to find the values of x in the equation 
| 277-12. 
Here, since : 
IM? —-1= 1°, 


we have m=1, f=1, a=2, b=0, c=0, d= =1; 
therefore, a’ =2, b’=6, c'=6, and f=1. 
W hence 
{c? — 3b’ fof? 
7 a 27a’ f° —c? 
so that s=y+m=—1+1=0, or x=0; that is, 
we cannot find a second value*of the indeterminate 
equation: and this is no imperfection in the rule, 
for the proposed equation is impgssible, except in 
the particular case of m=1, as may be readily de- 
monstrated by the principles contained in art. 69. 


=-—], 
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Ex. 2. Required the value of # in the equation 
V+ U+L=, 
the known case being m= — 1. 
Here a=0; b=1,.c=1, d=13; and, therefore, 
by the foregoing formula, we have a’=0, b’=1, 
c= —1, sas La ; whence 


= sb fof? 18 _ 


whence c= —18—1=—19, which number will be 
found to answer the required conditions for 
19’—19+1=7". 

We shall here conclude our investigations with 
regard to those indeterminate equations in which 
there enters only one unknown quantity, and pro- 
ceed to those in which two or more indeterminates 
are concerned, which, notwithstanding their ap- 
parent difficulty, frequently admit of general so- 
Intions, as will be seen in the following propo- 
sitions. 


PROP. VII. 
-196. ‘To find the general values of x and y in 
the equation é: 
x + ary + by’ = x. 
We have demonstrated (art. 100), that if m and 
n are the two roots of the quadratic equation 
b’—ad+b=0, 
the product of the two formule («+my) and 
(x+ny), will be equal to 
we & + ary + by’; 
or, writing ¢ for a, and uw for y, we have 
(£+ mu) x (¢+nu)=P + atu + bu’. 
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[t also follows from art. 101 (retaining ¢ and w 
instead of w and y), that the product of any number 
of factors of the form ¢+4+mu is also of the same 
form; thus 


(¢+ mu)(f + mv’) =T + mv, 
by making t= ¢t’—buw’, and v=tu'+tu+t au’; 
and, in the same manner, we have 
(r+ mu)(t’ + mu’) =T + m0’, 
where 1 =?” —buw”’, and v’=tTu’+t’u+auu"’; 
whenee again, 
(é+mu)(t’ + mu’)(t’ + mu”) = + mv’, and 
(E% nw) (t’ + nw) ‘cA +n’) =T'+nv’: 
and, therefore, the continued product of these six 
factors gives 
(7+ mu’). + nu’) = 7? + atv’ + bu", 
Now if in the above six factors we make 
ba ha hang ie he 
our product will become 
(f+ mu) (¢ + nu)’ =T? + aru’ + bu”, or 
(+ atu+ bu)? =1?+ aru’ + bu’; 
that is, we shall have 1?+ at’u’ + bu” a complete 
cube; and it only remains to find the values of 71’ 
and u in terms of ¢ and 2. 
Now, for this purpose, we have 
T= tt’ — buw’, and u=tu’+tu+auw’; 
or, since f= =t’, and u=w'=w’, these become 
T= — bu’, “and vu. =2tu + aw: 
But we have again; 
T =1t! — bun’, and v’= Tu” tu + ave”; 
and making ¢” =¢,w’’ =u, and substituting the above 
* value of fT and vu in this expression, we have 
25 
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T =f — 3btu? — abu’, 
U = 3fu + Batu’ + (a — bj’. 
Hence, then, we have the general solution of 
the equation 
T°? + aT’u’ + bu? =2", or 
x + ary + by’? = 2°, 
For we have only to assume 
x= — 3btw — abu’, 
y=3tut 3atw + (a —b)u’; 
and in these expressions we may give any values at 
pleasure to the indeterminates ¢ and w, and we shalk 
thus have | 
x= (t+ atu + bu’)’. 
Ex. 1. Required the values of « and y in the 
equation 
x + 3ry + by? =. 
By the above formule, we have a=3 and b=5, 
whence 
x= E — Tht Orbe, 
y= 3fu + Otu’ + 4u?. 

And here, if we assame ¢=1 and w=1, we have 
®=1 and y=16; but if, in order to obtain a dif- 
ferent value for x, we take t=5 and w=1, then 
the formule give «= 35 and y=124, whence 

“+ 32ey + by? = 45°; 
and it is obvious, that we may thus obtain an inde- 
finite number of values of « and y, by only chang- 
ing those of ¢ and w. 
Ex. 2. Required the values of x and y-in the 


equation. 
xy + 2y? = 2, 


baie ma apc . 
Pade 2 at gt “pn ee a © ” 


» 
rs 
es 
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Here we have d= —1 and b=2, so that the 
general values of x and y are 
x= f — 6tu? + 20’, 
y =30u—3tu’—w. 
And here, assuming £=3 and uw=1, we have 
w=11 and y=17, whence 
| a — ry + 2y°=8". 
Ex. 3. Find the values of x and y in the equa- 
tion 
x my Ty" — as 
Here we have a=O and 6=—7, whence the 
general expressions become 
r= + 21tu’, 
y=30ut+7u. 
Assuming now ¢=3 and u=1, we have r=90 
and y=34, which gives 
re 7y? = 93. 
And an indefinite number of other values of # 


and y may be found, by changing the values of ¢ 
and w. 


PROP. VIII. 
197. ‘To find the general values of 2 and y in 
the equation 
x + ary + by’ = x. 
By the foregoing proposition, we have 
(¢+ mu) =T' +mv’, and 
(¢+ nu) =T +nv’. 
In which expressions we have 
T =? — 3biu? — abu’, 
u’ = 3fu + 3atu’ + (a’ — b)u’. 
2b 2 
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Now, from what has been before demonstrated, 
(T’ + mu’) (¢+ mu) =v" + mv”, 
(1’+ nu’) (€+ nu) =T’+nv”, 
in which we have | 
T’=7T't— bu’u, and v”=T'u + tu’ + auu; 
and since 
(¢+ mu)’ =T'+mv’, and 
(¢+ nu)? =1 + nv’, 
we have 
(1’ + mu’) (¢ + me) = (t+ mu) =” + mv”, 
(7’ + nu’) (€+nu) =(t+nu)* =T’ + nv”. 
And hence (by art. 101) we obtain 
(¢+mu)*(é+ nu) =T” + at’u” + bu”, or 
(f+ atu+ bw)? =7'" +ar’v” + bu”. 
It therefore only remains to find the values of 
rv’ and vu” in terms of ¢ and wu. 
Now we have 
T’=Tt—bu’u, and vu” =T’u+ tu’ + av’u; but 
tr =f — 3btw —abu’, and 
| vu’ =3fu + 3atu’ + (a —b)w’; | 
and substituting these values of T’ and vu’ in the 
avove expressions, we have 
T’ =f — 6beu —4abtu — (ab — b’)u*, 
u”’ =4fu+ Gat + 4(a — b) te + (@ — 2ba)u'. 
Hence, then, we have the general solution of the 
equation, 
ve? + aru” + bu’, or x’ + ary + by’ =2*; 
having only to assume for a and y, as above; viz. 
r=t'— 6btu —sabte®— (a°b — b°)n', 
y =Abut Gaba’ + 4(a — b)tw + (a& — aba), 
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in: which expressions we may give any values at 
pleasure to the indeterminates ¢ and w, and we shall 
thus have 
x*= (+ atu + bu’)*. 
Ex. Required the values of x and y in the equa- 
tion 
V+ 7y =z. 
Here we have a=0 and b=7, whence the gene- 
ral values of x and y will be 
v= t'— 42? + 49’, 
y= APu — 28tu’. 
‘And as it is indifferent whether x and y be 
negative om positive, we may assume ¢=1 and 
%=1; whence x=8 and y= 24, which gives 
Y+7y =8". 
And it is obvious how other values may be ol 
tained by changing the values of ¢ and wz. 


_ PROP. IX. 
198. To find the general rational values Oh x 
and y in the equation 
a + ary + by=x". 
As the quantity 2° + avy + by’ is formed from the 
product of the two factors, 
(x+my)(x+ ny), 
in order that it may become a power of the dimen- 
sion fk, each of its factors must be also complete 
powers of the same dimensions. 
Let us therefore make 
(a+ my) =(¢+ mu)", and 
(v+ny) =(é+nu)". 
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From the development of the first of which ex- 
pressions, we have, by writing 1, «, 8, y, 3, for the 
coefficients of the expanded binomial, 

(¢+ mu)'=x2+ my= 

t* + @.t"-'(mu) + BE"-*(mu)? + yt"-8 (mu)? + &e. 

Now, since m is one of the roots of the equation 

o°—ad+b=0, 
we shall also have 

| m —am+b=0; 
therefore, 

m=ma—b, m=m'a—mb= (a —b)m—ab, 
because a=(m+n), and b= mn, whence 
(2 —b)m—ab=m; 
and, in the same way, we find 
m' = (a@ — b)m*? — mab= 
(a —2ab)m—a@b+b°; 
and so on for the other powers of m. 

We shall therefore only have to substitute these 
values in the preceding formula, and then we shall 
find that the expression will be compounded of two 
parts, one wholly rational, and the other a multiple 
of m; equating therefore the first with x, and the 
other with y, we shall obtain the general values of 
these quantities. And if, in order to simplify the 
result, we make 


A’ =1, ‘ART ts 

A’ =a, B=, 

A OA Bae  B”’=as” — bp’, 

aY® =aa’”’ — ba”, BY’ =ap’” — bp”, 
AY SgrAavin Dale ap ana Ja 


we shall have 
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m =A’ m—B’, 
m =a” m—B”, 
m= A’m — B”’, 
m= A mB, 
&e. &e. 
Therefore, substituting these values, and com- 
paring, we shall have 
v= t" —at*—'we’ — Bt*-*u'p” — yt" ua” — 
| dt*~*e*BY — Ke. 
1 y =at* ua! + Bt *w'a”’ + gt! aba’! + 
Ot*-*ata + Ke. 
i,a, B, y, &ey representing, as before, the coef- 
ficients of (¢+.)*. 

And, as the root m does not enter into this ex- 
pression, it is evident that, having 

e+ my =(t+mu)", 
we shall likewise have 

x +ny=(t+nu)*; 
and, consequently, multiplying these two equations 
together, we obtain 

a + ary + by? =(t + atu + bu’)'; 

and the values above found will be the general 
values of x and y in the equation 

a’ + ary + by? =x". 

Cor. When the coefficient a, in the above 
formula, becomes zero, and the equation takes 
the form 

a + by? = 2", 
the above values of x and y become more simple, 
the alternate terms being destroyed; and we have 
then 
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c= SBP web Stet! whi Ske, 
yal u— yt! wh t et wl? — &e. 
Ex. 1. Required the values of x and y in the 
equation | 
x + Qry + 3y° = 2°. 
Here a=2 and b=3; therefore, 


? 


tga a | = 1s BacO a 0, 
AY = ¢ Ba 5 tee ong tea a B 
al = aA bal ey) A a By BBY eer? | Oy 
a’ =aa’’— ba” = — 4,  —an’” bp’ = _ 3, 
Aven pal cpap ees A te Be eat cee e. 1D, 


Also the coefficients of (¢+4)’, being 
ps 102 10> Bea 
we have a= 5, 6=10,7=10, 0=5, <=13; whence 
the general values of a and y become 
x= —10.3F uv —10.6F%¢ — 5.3% + 120, 
y=5t'ut+10.2Pu'+ 10.1fw—5.4tu'— 110’. 
By assuming ¢=1 and w=1, we have «= — 92 
By g ¢=1 and ls h 9 
and y=4; whence 
p+ Quay + 3y°=6". 
Ex. 2. Required the values of a and y in the 
equation | 
v+ y a oy 
Here a=0, b=1, k=6; and, therefore, we have 
a=—60, P=15,) 7=960," 015) 80,6 aesor the 
coefficients of (¢+ 4)’. 
Whence, by the foregoing corollary, 
veal —15fu?+15Fut—v, 
y = 60 — 200 w + btw’. 
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Assuming here ¢=2 and w=1, we find r=117 

and y=44, which gives 
t+y’=5%, 

as required. And other values may be found by 

changing those of ¢ and wu. 


PROP. X. 


199. To find the general values of x and y 

in the equation 
aw + aa°y + bay’ + cy? = 2°. 

This is one of the most difficult problems we 
have yet attempted, and is deserving of particular 
attention, not only on account of its difficulty, but 
because a general solution would be obtained with 
very great difliculty, if indeed it be at all possible 
to arrive at it by any other method. 

Here we must consider the product of these three 
factors 

(f+ mut mew)(t + nu + new)(t + pu + pw), 
m, n, and p, being the three roots of the cubic 
equation 
b—ae’?+bo—c=0; 
and, consequently, 

mt+n+p=a, mar+mp+np=b, and mrp=c. 

Now by the real development of the above fac- 
tors we obtain 

(£+ mu + mw) (t+ ne + nw) (E+ put pew) = 
P+ 
(m+n+p)iu+ 
(m+ n° + p*)w + 
(mn + mp + np)iu’ + 
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(m'n+mp+nrm+n°p+ pm +t pn)tuwo + 


(mn? + m*p* + n'p*)tw* + 


(map) + 


(m>np + n’mp + pmn)u'w + 
(m?n®p + m*p'n + n°p*ni)uw* + 


(m'n’p’)w°. 


And, since 


mt+nt+p=a, m+mp+np=b, and mnp=c, 


we shall find that 
Ee Neglect, ete AI Ee 


(m+n+p)- .- 
(mit n+p) > = 
(mn+mp+np) '- 


(min + mp +n’m + np + p’m + pn) =ab—3c, 


(mn Ps mp ik n°p*) 
(mnp) - .- = - 
(avnp + n°’mp + p*mn) 


(nn p +m pn + n’pm) 


(w'nipt) = = - 


— 


= 6 — 2ac, 


— C; 


Therefore, making these substitutions, the product 


becomes 


t+ atu + (a°— 2b)t*w + btw* + (ab — 3c)tuw + 
(b° — 2ac) tw" + cw + acu’w + beuw* + cu". 


‘But any two factors of the form 


(+ mu + n’°w)(t + mu’ + mw’), 


always produce a product having the same form as 
each of those factors; and, therefore, the above 
formula will have this property, that, if we multiply 
together as many similar formulz as we please, the 
preduct will always have a similar form. 
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Suppose, for example, that it were required to_ 
multiply the above by a similar formula, | 
f° + at?’ + (a*— 2b) t?w’ + btu” + (ab— 3c) uw’ + 
(0° — 2ac) tw” + cu? + acu?w’ + bew’w”? + cw”. 

Since this last may be supposed to be generated | 
from the multiplication of 

(t+ mu’ + mw’) (U + nw’ + n°w’)(U + pu’ + pew), 
we have only to seek the product of the six fol- 
Jowing factors, | 

{ (£+mue+ m'w\(t+nu+nw)\t+ pu+ pw) 
(t’ + mu’ + miw’) b+ nu’ + n'w’)(U + pu’ + pw’): 
and, first, let us take two of them; viz. | 
(£+ mu+mw)(f + mu’ + mw), | 
the product of which is 
/ tt’ + m( teu’ + ut’) + m°(éw’ + wt? + we’) + m2? (uw’ + 
wu’) +miww’. 


| 


Now, mm being one of the roots of the equation | 
| o —ad?+ bb—c=0, 
we have 
m> —am* +bm—c=0, or 
m = am — bm +c; 
whence 
m= an’ — bm? + me = (a? — b)m? — (ab—e)m + ac; 
so that substituting these values, and, in order to 
simplify the result, making 
T =tt’+cluw’ +ww’)+acwuw’, 
u = tw +ut’ — b(uw’ + wu’) —(ab—c)ww’, 
w= tw’ + wl’ + uw + aus’ + wu’) + (a — b)ww’, 
we shall have 
(£+mu+mw)(f + me’ + mw’) =T+ mu + nw; 
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and, in the same manner, we obtain 
(£+ net nw) 0 + nv’ +n°w’\=T+ nu +n'w, 
(¢+ put prw)(t’ + pu’ + pw’) =T+ pu +pw. 
And, therefore, the product of the six foregoing 
formule is the same as that of the three; 
(r+ mu + 2'w)\(T + nu +n?w\( T+ pu + pw) = 
TP tary + (a — 2b)rw + bru? + (ab—3c)ruw + 
(b°— 2ac\rw’ + cu’ + acu’w + beuw? + cw’. 
Now, making t=’, uw=w’, w=w’; this last 
formula becomes equal to the product 
(+ mu + mw) t+ 20 + Pw) (E+ put poy’, 
and is therefore a square, and the values of T, U, 
and w, before determmed, new become 
T =f 4+ 2cuw+acw’, 
u = 2tu— 2buw —(ab—c)w’, 
W = 2fw + + 2auw + (a? — byw’. 
We have, therefore, the general solution of the 
equation above given; viz. 
T + aru + (@ — 2b)r°w + bru’ + (ab —3c)ruw + 
(6° — 2ac)rw* + cu’ + acu’w + beuw* + cw* = 2”. 
But in order to make this apply to our equation - 
x +ax°g + bry’ + ey’ = 2°, | 
we must take w=1T, y=u, and O=w, which re- 
duces it precisely to our case. 
Therefore, when it is required to find rational 
values of x and y in the 5a 
x + ax’y + bry? Ley = 2°, 
we must have, first, 
—2twt+ue+ 2auw + (a —b)w=0; or 
uw + 2auw + (a’— byw” 


== «oe Fa TERRI RN TE aN REP EMETT 


2 
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Then we obtain, by writing x and.y for rT and vu, 
| v= + Qcuw +acu”’, 
y = 2tu — 2huw — (ab—c)w", 

in which expressions « and w may be assumed at 
pleasure, but the value of ¢ will depend upon the 
equation 
uw + 2auw + (a? — b\w” 
ete ene poe 


a ee 


Cor. When any of the coefficients a, 6, orc, 
become zero, the result is much simplified; thus, if 
a=0 and b=0, or the equation takes the form 


etop=z2, 7 
then the values of 2 and y will be expressed by the 
formule 


ue 


f= — —, and 
20 
v= + 2cuw, 
Yy = 2tu+ cw; 
or, by substituting for w, we have 
? § 


aod CU 


"iment 4 Rare? 


4 


y = tu +— or : 
x= 4t*—Acwt, 
Ly=8Put cu’; 
the last formule being found by reducing the two 
first to the common denominator 4¢, and then re- 
jecting it in both the values of x and y. 
Ex. 1. Required the values of x and y in the 
equation 
a +y° — 2, 
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Here we have c=1, and therefore the values of 
x and y are expressed by the formule 
} x= 4t'—Au't, 
y=8Fu+ua, 
where ¢ and 2 may be assumed at pleasure; if we 
take ¢=1 and u= —3, we have r=112 and y=57, 
which gives 
a + ofasis*), or P12? +575 = T961*; 
and other values of w and y may be found by 
changing those of # and zw. 
Ex. 2. Required the values of « and y in the 
equation 
gL — 3y? = 2. 
Here c= —3; and, therefore, the general values 
of x and y may be represented by the formule 
! x=Ati+ 128, 
y =8Pu— su’; 
where, by taking ¢=2 and w=1, we have r=88 
and y=61, which give 
88° —3.61° = 23°; 
and if we had taken ¢=1 and u=1, we should 
have had ¢=16 and y=5, whence 
it’ —3.5°=61"; 
and an infinite number of other values may be found 
for x and y, by changing those of ¢ and w. 
Ex. 3. Find the values of a and y in the 
equation 
byl aa 2, 


Here c=5, and hence the general values of z 


and y are 
x= 4 — 20 t, 
—y=8ut bu; 


SS 


of the Third Degree. A31 


by taking ¢=2 and w=1, we have v=24 and 
y=69, whence 
24° + 5.69°=1287°; 
and, by changing the values of ¢ and w, an infinite 
number of integral values may be found for x and y. 
Ex. 4. Find the values of « and y in the 
equation 
x + Qa°y + Qey’ + y? =2". 
Here we must have recourse to our first ies 
of x and y; viz. 
_ w+ 2auw + (a? — b\w" 
genus ise rt ey eeeamaige 
{ x= + Qcuw + acw*, 
y = 2tu — 2huw —(ab—c)u”. 
In which expressions we have a=2, b=2, c=1, 
and w and w indeterminates that may be assumed 
at pleasure; by taking u=1 and w=1 we have | 


Pea De Ly 
f= —-— eS, 
2 2 
9 La 49 a 
foe =—, 
+ A” 
y=7—-4-3=—14; 
which values of a and y answer the required con- 
ditions of the equation, as will also the integers 


2=65 and y= — 56. 
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Practica Exampces. 
1. Required the value of x in the equation 
+3 = 27, 
93) 1873 
RG Ysevain Pe 


2. Required the value of x in the equation 


Ans. &= 


CY ae oan aa . 
mae 5 8 — 62 
Ans. T=; OF => OF eee 


*" 


3. Required the value of x in the equation 
2° — 32° 4+2=2, and a —2°4+1=2', 
or prove that such values cannot be found, except 
in the obvious case of 
L= +1. 
Ans. Impossible. 
4, ‘To ascertain the values of x in the equation 
e+ 8a°+1=2". 
Ans... £&= 2, OF sh or Ebley 
28’ 2911 
i Required the values of ‘x in the equation 
r+ Oe. 
383 
1000" 


Ans. £2=5, or 


6. Required the possibility or impossibility of 
the equation 
2+1=3’, 
except in the known case of r= 2. 


Ans. Impossible. 
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7. To find the values of w in the equation 
3 +3= 2. 


— 20 
Ans.. “x= 2; or ; 
17 
8. Required the values of x in the equation 
L +A= 2, 
— 1090° 
Ans. “w= 11, or BEES 
| 27 
§. ‘To find the value of & in the equation 
VET =e: 
| 36 
UAnSis a= scot 
144 


10. Required the integral value of x and y in 
the equation 
a+ (ry + by? = 2: 
11. To find the integral values of z and y in 
the equation 
xr ae Ty — Paw 
12. Required rational and integral values of x 
and y in the equation 
v “A. Ty — ee 
13. Find integral values of # and y in the equa- 


tion 
5 


20° — Ty? = 162°. 
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CHAP:.V. 


On the Solution of Indeterminate Equations of 
the Form a°—b=m(a). Or the Method of de- 
termining «x, such that a*—b may be divisible 
by a. 


PROP. I. 
200. ‘Te ascertain the possibility or impessibility 
of every equation of the form » 
x” —b=m(a), 


and the number of solutions in the former case, @ 
being a prime number. 

First it is obvious, that, if b=a, or any multiple 
of a, the equation admits of an infinite number of 
solutions, by assuming «=a, or any multiple of a; 
we shall therefore only consider those cases im 
which 6 is prime to «. 

Let, then, b be prime to a; and suppose, first, 


that nm and a—1 have a common measure w; that 


is, suppose 2=n'w, and @¢—1=a'w; then I say, 
that, if the equation admits of one solution, it will 
also admit of w solutions, and no more. 
For, if the equation be possible, we shall have 
x” —b=M(a). 
But, since a is a prime number, 
a” —1=M(a) (art. 87). 


h 
: 
; 
4 
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} And now, if by art. 159 we find two other num- 
bers, p and qg; such that 


np— aq=1, or n'p =a’qt+l, 
we shall have, by means of this and the foregoing 
equations, which, by rejecting the multiples of a; 
may be written thus, 
| Ree. arid wh? tn 1 
the following results; viz. 
BP cel? ope yh OY oe BP Ow OF y 
whence 
£6? = m(a). 

Therefore, when the equation is solvible, « must 
have such a value that x”, when divided by a, shall 
leave the same remainder as b” divided by a; but 
(by cor., art. 87) the equation 

i” —¢=M(d), 
will have w different solutions, and no more; and, 
consequently, when the proposed equation is pos- 
sible, it will have also w solutions, and no more. 

Now, with regard to the possibility of the equa- 
tion, it will depend upon that of 

a-1 
b” =~t=mM(a); 
; : hs . 
that is, if b® —1 be divisible a, the proposed equa- 
tion will be. possible, but otherwise it will not. 
For, since 2’=86 and a""=21, we have 


Gta gh Pe 1” be Toni sel; 


* This character indicates, that 2” is of thé same form as 
6 to modulus a, or that their remainders are equal when divided 
by a. 
22°F 2 
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but a—1=a’w, therefore v= ; and, conse- 


ay 
oes 
quently, 6” =:1, or 


a-1 


—— 


“—1=M(a), 
which equation must necessarily have place when 
the proposed equation is possible; and, therefore, 
by means of this, the possibility or impossibility of 
the proposed. equation may be readily ascertained ; 
and, in the former case, the number of its solutions 
will be w, as we have seen above, the whole of 
which are contained in the equation 
x” —b?=mM(a). 
. And it is cbyvious that, when one of these solu- 
tions is obtained, the others will be found by mul- 
tiplying the known root by each of the roots of the 
equation | 
x"—1=M(a); 
for if r” divided by a leave a remainder 6, and 
r’” divided by @ leave a remainder 1, then will r’r’” 
divided by a, also leave a remainder 6; therefore, 
if y be one root of the equation 
| x2"—b=m(a), 
and 7’, 7”, r’’, &c., be roots of the equation 
| ji 1 = Ma), 
the other roots of the first equation will be 
MOE jg HE gy AA Ril EB 
“We shall, therefore, after illustrating what. has 
been taught by two examples, proceed to the solu- 
tion of this last equation. | 
Cor.1. If n>a—1, we need only consider the 


4 
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remainder arising from the division of n by Qet'h,, 
For since 


a*-+—1=m(a) (art. 87), 


t— 1 


or, according to cur contracted notation, v"'sa1, 
we shail have 


enn 1)+a th Oh : 


that is, v"“~"*" will leave the same remainder as 
x", when both are divided by a. 

Cor. 2. It follows also frem the above propo- 
sition, that when ” is prime to a—1 the equation is 
always possible. Fer in this case w=1, and, there- 
fore, v6”, the exponent p being deduced from the 


equation 


pn —gla—1)=1. 
‘Ex. 1. It is required to ascertain whether the 
equation 
xv’ —11=mMm(29) 
be possible in integers. 
By the above proposition, if this equation be 
possible, so also must 
a-1 
b” —1=M(a). 
Now, in this case, a= 29, b= 11, and w=7; and, 
therefore, this last becomes 
11*—1=M(29); 
which equation being impossible, the proposed 
equation is impossible also. 
Ex. 2. Required the number of possible solu- 
tions that may be given to the equation 
| a —2=M(31). 
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Here a=31, b=2, and w=6; and since we have 
ea ; 
s ie to M(31), 
the equation is possible, and admits of six solu- 
tions. . 


PROP. II. 


201. To find all the values of x in the inde- 
terminate equation 


( 


«’—1=mM(a), 
a being itself a prime number. 
Case 1. Whennis prime to a—1. 
Here we shall have (by art. 87, and by writing 
r instead of x) r*-'—-1=M(a); and, consequently, 
re-)»_ 1 =Mfa), or (r*"')"—l=m(a); 
and, therefore, 
(7) Sakae OLY age eee 
that is, e=1, which is the only possible solution 
in this case. 
Case 2. Let n be a diwisor of a—1. 
Since we may here make a—1=a’n, we shall 
have (by art. 87)- 
: r"—1=M(a); 
and, consequently, 
iS (ome or aie 7 
where r may be assumed any number whatever 
prime to a. 
If now we make r*se7’, r’ being the remainder 
arising from the division of ‘7° by a, then, since 
Leger 1 =M(q), 
we have also 
vn 1 =M(a); 
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therefore, if r’ be one root, r’” will be another, 
whatever value we give to m, and since the equa- 
tion 

- r—~1=M(a), 
can have but 2 solutions, or roots, these will be 
found, either wholly or in part, in the series, 


/ 7Q 


Pega, 


a/3 ft » gy" =a . 
re Hod CCE ES 


that is, this series, or the remainder of each term 
when divided by a, will furnish all theyroots of the 
proposed equation, if these remainders be all dif- 
ferent from each other, but they will give only a 
part of the 2 reots, if any two or more of them leave 
the same remainder. 

Remark. When the root r’ is such that the 
terms of the above series. leave different remainders, 
then 7” is said to be a primitive root of the equa- 
tion | 

| x"—1=M(a); ‘ 
and as we shall have frequent occasion to em- 
ploy these quantities in chapter vii., it will not 
he amiss to demonstrate here some of the principal 
properties of these roots, after which we will give a 
few examples by way of illustration. 


PROP. III. 
202. Ifr bea root of the indeterminate equa- 
tion 
xv" —1=M(Q), 


n 


and such that r” — 1 be not divisible by a (m being 
any divisor of n), then I say, r is a primitive root ; 
or, which is the same, all the roots of the above 
equation will be contained in the series 
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We aes ay Keats ieee) RATS 
or the remainders of these, when divided by a, will 
be all different from each other, 
For, if possible, let any two terms of this series 
give equal remainders, and let them be denoted by 
rv? and 7’, then itis obvious that we shall have 


r? —ri=mM(@), or 
r?-?_ J} =M(G); 
« (v . 
or, making p—q=s, it becomes 
r—1l=M(a): 
and let the common divisor of » and s be k, which 
will be unity, when 7 and s are prime to each other; 
and if now, as in art. 200, we resolve the equation 
np’ — sg =k, or np'=sq' +k, 
we shall, as in that article, have this result, 
rr? spy th, 
and since, by hypothesis, 
r’—1=M(a), and r’—-1=mM(q), 
we shall have, by rejecting the multiples of a, r"==1; 
therefore, F 
Hattie of gobi Ry coho BE 
that is, 
| r*—_1=M(aq). 
Now, since s=p—gq must necessarily be less 


than », and since & is the common divisor of s 
$ 


n 
and 2, we may make n= mk, or —=h, and s=s‘k; 
m 


and, consequently, | 


n 


r™—1=M(a), 


of the Form a"—b=m(a). 441 


which is contrary to what we have supposed ; there- 
fore, no two of the terms in the series 


a) a2 3 wk n-1 
Pe TAME Tuan Tr *, 


can leave the same remainder, and, consequently, 
y is in this case a primitive root of the proposed 
equation; and, therefore, all its m roots will be’ 
found in the above series. 

Cor. It follows from this demonstration, that, 
if n be a priine number, every root r, of the equa- 
tion 

x”—-1=M(a), 
is a primitive root, and will give, by its successive 
powers, all the roots of the proposed equation. 

Thus, for example, since 

3°—-1=M(11), 
we shall have also 9’—1, 5°—1, 4°—1, each di- 
visible by 11; or, which is the same, 

3 3° Eth? 
or their remainders when divided by 11; viz, 

3, 9, 55 4, 

for the roots of the equation 

x —1=M(11). 


PROP. IV. 

203. If m, p, gq, &c. be diferent prime divisors 
of n, then will the number of primitive roots of the 
equation P 

x" —1=M(a) 
be expressed by the following formula, 
Tan Pi en Gayl 


2X ——— x x ——,, &e. 
m p q 
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For (by cor., art. 88) there are only 2 es of x, 
that satisfy the equation 
x"—1=M(a); 


ry) 
and there must also, by the same article, be’ aa 


values only that fulfil the condition of the equation 


a 
vr" —1=m(a); 


and, consequently, out of the m first roots, there 


n : #: 
are 2——, that will not answer the last condition; 


s n 
and, in the same manner, we find there are Aid 


that will not fulfil the conditions of the equation 


a“? —1=m(a); 
and proceeding thus with all the factors of n, we 
ascertain, finally, from the same principles as those 
employed at art. 24, that the whole number of 
primitive roots is expressed by the formula 


m — r ¥ Pie a Gi 2 
m Veg q 
F @. E. D. 
Cor.1. If nbe a prime number, every number 
that is prime to a@ is a primitive root. 
* Cor. 2. Ifn be any power of a prime number, as 
n==m?’, we must assume such aroct 7 for x, that 


the equation 


a X 


€ 
r™— 1 =™(a) 

has not place, then will the successive powers of r 
be the roots sought. . 


Cor. 3. If 2 be of the form mB we may 


SO a 


of the Form «*—b=mM(a). - 443 


Ss ee eh was in Leet, 
yoake m =p, p =p’, g =”, by rejecting the 
multiples of a, if these quantities are >a, and then 
resolve the separate equations 


, 4; 

a1 =M(@), ¢ 1 =m(a), Gditont =M(@). 

Now supposing the roots of these equations to be 

Pte ae, © : 
the root of the proposed equation will be rr’r’; 
and the other roots will be the successive powers of 
this last quantity. 

Ex. 1. Required the seven vaiues of x in the 
equation | 

x’ —1=M(379). 

Since 379—1=7.54 we have r=r**, where 7 
may be any number prime to 379 (art. 201). 

Assume, therefore, r= 2, and we have, by reject- 
ing successively the multiples of 379, 

7364, 1306) 77893, 7150; 77? 21 25k 
Therefore, r=125; and since the power 7 is a 
prime number, this root is a primitive root, and 
gives, by its successive powers, or by their remain- 
ders, all the seven roots of the proposed equation; 
that is, } 

Beth. Von Poa ee on 195), 1295's of 
2=125, 86, 138,195, 119, 94, +1; 
which last are the seven roots required. 

Ex. 2. It is required to find the values of 2 in 
the equation 3 
2° —1=M(379). 

Since 63 = 7.9 we may (cor. 3, above) resolve the 
two equations 
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x’ —1=mM(379), and 2° —1=M(379); 
the roots of the first being r=125, and of the 
second 7’ =180; and the product of these, rejecting 
the multiples of 379, is 139, which is one of the 
roots of the proposed equation, the others being 
contained in the series 


139, 139%, 139°, 139*, &c. 139°. 


PROP. V. 
204. ‘To find the value of x in the indeter- 
minate equation 
v"’+1=mM(a), 
a being a prime number, and 47 a divisor of a—1. 
Find the general value of a in the equation 
xe” —1=M(a@) 
by the foregoing propositions, and let this general 
root be represented by r”, then will 7”*" be the 
general root of the proposed equation 
xe” +1=M(a), 
where p may be taken any number whatever. 
For, r" being any root of the equation 
on Oa l=m(a), 
it follows, that 7°" is a root of the equation 
‘ } v1; 
because r”, being substituted for x in 
a” —1=M(a), 
is the same as 7°”, substituted for © in the equation 
ve" —1=M{(a). 
Now | 
oe —1=(a2"—1)(2"+1); 
and since the first of these factors has for its roots 


of the Form «"—b=m(a). AAG 


all the even powers of r, there remain all the odd 
powers of 7 for the roots of the other factor, which 
is the equation proposed. 
Ex. Required the values of « in the equation 
xv +1=M(433). 
First, the solution of the equation 
x” —1=M(433), 
by proposition 2, gives c=7r°, because 
433 —1 = 432 =72 xR 
And by assuming r=5, we have 5°=37, reject- 
ing as before the multiples of 433; and, therefore, 
377 =a, 
is the general root in the proposed equation, 
which, by assuming p=0, 1, 2, 3, &c., and re- 
jecting the multiples of 433, we have the following 
solution: 


vad £37, 8, 127, 203, 79, 99, 2, 140, 159, 
128, 133, 216, 35, 148, 32, 75, 54, 117, 


the sign + being common to each of the roots. 


PROP. VI. 
205. ‘To find the values of x in the equation 
x"—b=m(a), 


b being such that b"+1 is divisible by a, and ma 
ae 


. e * a 
divisor of -——. 
n ’ 


This proposition divides itself into two cases, viz. 
first when » and m are prime to each other, and 
second, when these quantities have a common 
measure. 
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Case 1. When n and m are prime to each other 
Find two other quantities, p and g, such that 
pn—gqm=1, or pn=qm+1; , 
then will x= b’y be one root of the equation sought, 
y being itself a root of the equation 
y’—(t1)t=m(a). 
For, by making x=b’y, we have 
a se By” ae by” se by" bs 
and, consequently, 
a” —b=mM(a). 
Case 2. Whennand m have any common divisor w- 


Let n=n’w, and find the values of p and q, suck 
that | 


pw —qm=1, or pr’ =qm+1; 
then we shall have a*=b?y, or 
x” — b’y=mM(a), 
y being one of the roots of the equation 
yf” —(+1)'=m(a). 
For, by making here «”=b’y, we have 
fe ee Oa Se Uy 80s 
and, consequently, 
, | x” —b=m(a). 
Remark. By means of the above proposition, 


we are enabled to convert a number of equations, 


such as | 
x®—b=mM(a) 
mito others of the form | 
+1 =a). 
ft furnishes us also with the means of resolving, 
in an infinite number of the cases, the equation 
x” —b=m(a), 


of the Form x"~b=m(a). AAT 


into 2’ equations of an inferior degree, as will ap- 
pear from the following examples. 
Ex. 1. Required the values of x in the equation 
av +49=M(223). 
" First, since 223-—1=3.74, and 
(—49)*—1=mM(223), 
the proposed equation is possible (art. 200); which 
fact being ascertained, we have m= 74, and it now 
remains to find - 
3p—74Ag=1, or 3p=749q+1, 
which equation gives p= : 
Whence 
x=(—49)”y,. 
y being a root of the equation 
y ah =M(223), 
the general form of which (by art. 201) is y=r”, 
where r may be assumed at pleasure; and, there- 
fore, the required root x, of the proposed equation, 
is 
=(— 49)? .r™, 
the remainders of which, when divided by 223, will 
be the simplest form of the root sought: thus we 
find the required roots are 
Oe 36)2"66) + 109. 
Remark. We should have obtained this solution 
more readily by first solving the equation 
a +7=M(223), 
the three roots of which, squared, would have fur- 
nished the roots of the equation pr oposed. 
And this method may be employed in all cases 
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in which 0 is a complete power; for, generally, if 
r be any root of the equation 
x’—b=mn(a), 
we have 7 for a root of the equation 
| x” — b"=M(a). 
Ex. 2. Required the value of 2 in the equation 
x°+20=m(61). 

First, since 61 —1=6.10, and b= — 20, we have 
(—20)°—1=m(61), or (— 20)°+1=m(61); 
therefore the proposed equation is possible (art. 
200); and since this last exponent 5, or (m), 1s 
prime to that proposed 6, or (x), it follows, from 
the first case of the preceding proposition, that 

x=b’y, p being first found from the equation 
6p—5q=1, or 6Ep=5q+1, 
and y from the equation — 
y" + 17=M(61); 
therefore p=1 and g=1; also (by art. 204) the 
general root of y is 29°"*'; and, consequently, the 
general value of x, in the proposed equation, is 
r= —20.29°'*', 
which, by involving and dividing, gives 
: w= +7, +24, +30. 
Ex. 3. To find the values of x in the equation 
a’? — 5 =m(601). 
Here we find 
6° + 1=m(601), 
and since 10 and 6 have a common measure 2, we 
shall have, by the second part of the above pro- 
position, | 
a“’=b’y, or x*—b’y=m(601), 


of the Form x =b= m(a). 4AYQ 


y being a root of the equation 
y —1=M(601), 

_ the general root of which is y=(— 169)"; and thus 
the proposed equation may be transformed into the 
five following ones of the second degree; viz. ' 

a —120= (601), 2 —154=m(601), 

a“°—276=M(601), 2°—234=mM(601), 

2° +183=m(601). 


PROP. VII. 
506. To find the value of x in the equation 
c”*—b=m(a), 
in which 
b°—1=M(a); 
a-—l 


w being a divisor of 

Let w=r” be the general root of the equation 

2” —1=m(a), 
now; since 8 is found in the series 
r”, rm re cig &e., pie wey 
let the term in which it is contained be r”, then 
will the general root of the proposed eqiation be 
em pot 
For, since r""* =x, we have 
ay” Pus prime +n[h is pil’ pa b a 
7 beer >] 
and, consequently, 
x" —b=m(d). 

It therefore only remains to be demonstrated, 
that 6 must necessarily be found amongst the re- 
miainders of the series 

r”; he "", nr”, &ce.; pw = T)R 
2G 
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Now, because r” is the general root of the equa 


tion 
ve” —t=m(a), 
we shall have 
(r"")”—1L=m(a); 
that is, ris a general root of the equation 
x*—l=m(a); 
and since, also, 
by—1=m (a), 
it follows, that ) must necessarily fall amongst one 
of the remainders corresponding with r™; that is, 
in one of the terms of the series 
TIO ee 9 
Remark. Yhere is no exception to this method 


of solution, but it wilk sometimes be very laborious 


to find b in the above series of roots. 
Ex. Required the value of z in the equation 
x'°— 5=M(601). 
We have already considered this example, and 
-have decomposed it into five equations ef the second 


degree; we shall now attempt the solution on the 


principles of the last proposition. 
Since b= 5, we have, by rejecting the multiples 
of 601, 6 —1 and 6°41; thus w=12. 
Now the complete solution of the equation 
2’ —1 =m(601), 
found by article 201, is r=(—140)”, and, con- 
sequently, x in the Miaiaiia 
x?-—1=m(601), 


is = (—140)""=120"; therefore, b ought to be 


contained in the formul: a 120", and we find this 


of the Form «*—b=m{(a). Ad} 


succeed in taking m=5. Therefore, the complete 
solution of the proposed equation is , 


e=(—140)*", or r= 214.(169)”, 
from which expression result the values 
©=+4+214, + 106, +116, +229, +237. 
Remark. We might have pursued this subject 


much. farther, by finding the value of x in similar 
equations, in which the divisor is any power of a 
prime number; and, finally, for any composite 
number whatever: but what has been said will 
enable the ingenious reader to arrive at the solution 
of these cases, and others that may arise, by the 
application of the rules and principles laid down in 
the foregoing pages. » 

207. Scholium. Tiallthe propositions which have 
been hitherto the subject of our inquiry, we have 
been able to pursue the investigations, and derive the 
results of our operations, by means of certain rules 
and principles, as direct and satisfactory as in any 
‘other branch of algebra; but in-what follows, few 
or no rules can be given, and consequently much 
must necessarily be left to the skill and ingenuity 
of the analyst himself: still, however, the results 
that have been obtained: im the preceding chapter$ 
will be found of essential service in our future 
inquiries, nothing more being requisite than a 
judicious depron? of them to the various cases 
that may occur; and it will therefore be convenient, 
for the sake of reference, to have exhibited here, in 
the form of a table, such of the foregoing resulting 
formule as are most commonly employed in Dio- 
phantine researches. 
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TABLE OF INDETERMINATE FORMULE. 


FORM I. — 
Equation ax—by= +e. 
General value of r=mb+ cq, 
STS Nm OA ECD 


In which expressions m is indeterminate, and thé 
values of p and g result from the solution of the 
equation 


—bq=+1 (art. 160). 


Fr 
Equa. ax + by=c. 
General value of x=cq—mb, 
- - - = = y=ma—cp. 


: c 
Num. of solutions fe es 


The quantities p and q being ascertained as above; 
also m indeterminate (art. 161). 


eo 8 & 
Equa. ax + by + cx=d. 
General value of «= (d—cz)q—mb, 
- - - = - y=ma—(d—cz)p. 
The quantities p and q being found as above; 


| eye d 
also m indeterminate, and xz any integer ue 


(art. 162). 
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TV. 
Equa. 2° —ay’=2", 
General value of «=p*+ aq’, 
= Nea ee on i ees 
- 2 - = ~ g=p’—aq’. 
in which expressions a is given, and Pp and q are 
indeterminates (art. 171). 


Vere D 
Equa. a°+ay’=2". 
General value of «= p’— aq’, 


mit periny mvp st: fared 
- - - = - =p’+aq’; | 
a being given, and p and q being indeterminate¢s as 
above (art. 171). 


VI. 
Equa. ax’ + bry ty? =2". 
General value of x= 2pq + bq’, 
ip cand hence 
- - - - - g=p’+ bpq+aq’; 
p and q being indeterminates, and @ and 6 known 
quantities (cor. 1, art. 100). 


VT. 
Equa. ax’ + bx = 2’. 
b 2 
General value of «= pee 6s 
Pp —a4 
bp 
7s or ote tl B a 
p—aq 
_ when p and g are indeterminates (art. 168), 


—~ 
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VIII. 
Equa. m'a*+br+c= 2". 
Dice’ @ 
bg? — 2mpq’ 
mp + meg — bpq 
bg'—2mpq 


General value of r= 


Pr = ee — -— - S — 
~ 


Here m, 6, and c, are any given numbers, and 
p and q indeterminates (art. 169). 
| : 


IX. 
Equa. ax® + bu+ m=’. 
bq’ — 2mpq 
_ mp" + amg’ — bpg 
In which expressions a, b, and m, are known, 
and p and g indeterminates (art. 170). 


General value of «= é 


om - = - iad 


X. 
Equa. 2° —nxy?= +1. 
(pt+q vN)"+ (p—q vx)” 
ae . 
(pt+q /N)"—(p—q vs)” 
2 JN : 


General value of «= 
- —_ - = - Y= 
Where p and g are determined by the equation 


p-—Ng= +1, 


and m is indeterminate, except that it must be even 
or odd, as the case may require (art. 180). 
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ee 
Equa, a°—wy?= +4. 
General value of w=pm+nqn, 
_ - = - = Y=pnt qm. 


Where the values m and n are first found from 
the equation 

m—NW= +4, : 
and those of p and q from the equation (art. 181) 


p—-ng= +1. 


ere 
Equa, aa? + ba +crt fP= 2. 
eae its 
af 
(Saf* — 4b aperdief 
Diep foe 


All the coefficients, a, b, c, and i prs given 
and determined quantities (art. 184), 


Particular value of z= ——— 


OR 2 wt sel be! er Paz 


XIIT. 
Equa, ax* + bx? + cx? + da + fms", 


160°f* —_ 64af° ae 8cd*f? + qd‘ 


Particular value of x= 


Where a, b, c, &c., are known quantities, as, 
above (art. 187). 
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XIV. 
Equa. m’x* + ba® + ca* + dx + e= 2". 
Pane Me. 6c°m* — 6Aem® — 8cbh’m? + 6° 
rticular value of = ———-_—— 7. 
ibn (8din* — Acbm* + b°)8m-* 


Where, also, m, b, c, d, and e, are determined 
quantities, as above (art. 188). 


ee 
. 


XV. 
Equa. m’*x* + ba’ + cx’ +-dx+ f? =2°. 
d’ + 8mf° — 4cf? 
Abf? + Amdf ” 
_ Amdt Ambf 


Particular value of v= 


Or.=- - «- «w= 


In these expressions m, 6, c, &c., are known 
quantities, but, with regard to the ambiguous sign, 
it must be observed, that when that, in the nu- 
merator, is taken +, the corresponding sign, in 
the denominator, must be — ; and the contrary 
(art. 189). 


AVI. 
Equa. ax’ + ba°+ crt fo =x. 
(C—3bf*)9f? 
27 aft O28 


a, b, c, &c., being known quantities (art. 192). 


Particular value of «= 


a ee 
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XVII. 
— Equa. ma’ + bx* oe : 


= 27 dnt’ 
(3 m — b*) 9m? * 


Particular value of x= 


Where m, b, c, &c., are given quantities, as 
above (art. 193), | 


XVIII. 
Fiqua. max? + ba? +cat fr= 


| PT a Si ah 
Particular value of x= (C—3bf")of 


D) fond Be ls C 4 


Ooi . 
VT a ae Ga (38cm — b°)9m>? 
RL al c 


~ b— 3m anf" 


Where, also, m, b, c, &c., are known quantities 
(art. 194), 


XIX, 
Equa. 2° + ary + by’ = 2’. 
General value of w=? — btu’ —abw’, 
- - 2 + = y=3Fut 3atw’ + (a@ — bu’, 
- - = - - 2=f+atu+ bu’. 
Where a and 6 are known quantities, and ¢ and 
w indeterminates, that may be assumed at pleasure 


(art. 196). 
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XX, 
Equa. 2° + by’ = 2°. 
Gencral value of r= £ — btu’, 


- - + - - y=?-bW’, 
we ee cE Bae, 


Wve, This is deduced from the foregoing one, 
by making @=0. 


XXI. 
Equa. «+ axy + by’ = 2. 


Gen. value of 2=¢ — 600 — 4abtu’ — (@b— Bx, 
PP Ne = { sts Gate 44(e—D) t+ (@ 
eee — 2ab)u’, 
- - - 8=€+atut bu’, 


Where a and 6 are known quantities, and ¢ and 
u indeterminates which may be assumed at pleasure 
(art. 197). 


XXIT. 
Equa. 2°+ by’= 2%. 
Gen. value of’x= f — 6b#'u? + Du’, 
- - - y=4Pu—Abtu’, 
ee pam eb OMe 


Note. This form is deduced from the foregoing 
one, by making a=0. 
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XXII. 
Equa. 2° + by? =2”. 
Gen. value of r=¢"— Bt" *1°b +.8t"-*u'b? — &e., 
. - - - y= at”? a — yt”~°u’b eke 2 O° XC,, 
- - += g=4 bu’. , 

In which expressions 6 and m are known quan- 
tities, as are also 1, a, 2, y, 9, ¢, &c., these letters 
representing the respective coefficients arising from 
the binomial (¢+ wu)”; but ¢ and w are indetermi- 
nates that may be assumed at pleasure (art, 1 98), 


XXIV, 
Equa, a+ cy = 8°. 
General value of x= 4t*—4ctuw’, 
- = = - = y=8Pu+cu, 
- = -~ = - g=+ew. 
Where c is given, but ¢ and wu are indeterminates 
(cor., art. 199). 


XXY. 
Equa, 2° + aay + bry’ + cy’ = 2". 
wu + 2auw + (a? — byw? 
» 2W 
General value of r=#?+2cuw+ acu’, 
- - - = = y= 2tu—2buw— (ab—c)w’. 


Particular value of f= — ’ 


In which expressions a, 6, and c, are any given 
quantities, « and w indeterminates; but ¢ is limited 
by the above equation, and depends upon the values 
of wand w (art. 199). 
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CHAP. VI. 
The Solution of Diophantine Problems, 


PROB. I. 


208. To divide a given square number a two 


other rise numbers. 
Let a’ represent the given sqnare, and 2° aiid yf 


the required squares; then we have only to satisty 
the equation _ 
. Magee or 
o— yP — 7. 


Tn order to which, let us assume 


1 nad 
Gtys—, 
“sae as 
vb 
a—y=—. 
i ©, 


Fre which we go deduce 
HERIEE gE BiG Ie 
g TD PY 
pee Ps ee aes . 
PS) PY 
Whence, by multiplication and division, 
al od 
fe +q° . | 
oe ie —G pga (p= Pe 
7 a a a a 
Where the indeterminates p and ¢, 
sumed at pleasure. 


*. 


may be as- 
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Cor. If @ be the sum of two squares, p and g¢ 
may be so assumed that p*+q°=4, or any factor of 
a, in which case the above expressions will be in- 
tegral; and as many different integer values may be 
found for x and y as there are different ways of re- 
solving a into the sum of two squares, or any of 
its factors. 

Ex. 1. Resolve 65° into two other squares: 


Here 


. Prg 
And, since 65 = 8’+1°=7°+4*, we may take 
p=8 and g=1, which gives x=16 and y =63; 
p=7 and g=4, which gives r=56 and y=33. 
Also, since 13 =3°+ 2° is a factor of 65, we may 
take 
p=38 and g=2, which gives x=60 and-y=25. 
And, again, 5=2°+1° is a factor of 65, there- 
fore we may take 
p=2 and g=1, which gives <= 52 and y=39; 
so that } | 
65° = 16° + 63° = 56° + 33? = 60? + 25° = 52° + 30°. 
Which are the only integral solutions that the 
equation admits of, but fractional answers may be 
obtained ad libitum. 7 


PROB. Ii. 


209. ‘To divide a number that is equal to the 
sum of two given. squares into two other square 
numbers, 
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Let a’ and & represent the two given squares, 
and x and y the two required ones; then we must 
solve the equation 

ie BP=x+y°, or 
a— x =y’— b. 
For which purpose let us assume 


apna Pe”, 


arta 59 sant 


i 


ah P 
W hence; 
aq + qa =py + ph, 
| ap—px=qy — qb. 
Or, 


qe — py = po a9; 

prt gy =qb+ap- 
Now, multiplying these equations by p and 4, 8 SO 
as to eliminate x and y, we have, by the commons 


rules, 
pqe—p'y =p(pb—aq), 
pqe + gy = 49 Ge + ap). 
W hence, 
be +2apq—by 
Rad Peewee a 
; prg 
and, in the same mamner, 
_ Gt 2bpgq — aq aq 
‘ pt+g . 
fe whieh expressions p and q are indeterminates; 
and may be assumed at pleasure. 

Cor. Ifthe given sum a’ + b* be such as to admit 
“OF a révélation into two other integral squares, it 
‘will be better to resolve the given number, or sum, 
into its factors, which, in that case, will alsa be 
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the sums of two squares, then their product will 
give the required squares: thus, if 
a’ + b°= (m* + n°)(m? +n”), . 
then, by art. 91, 

a + b= (mim + nn’) + (mn! F m’ny 3 
therefore, 
rx=mm +nn’, 
yam + mn. 
Ex. 1. It is required to resolve 
85 = 9" + 2° 
into two other integral squares. 
Here 
85=5 x 17 =(2°+ 1°) x (474+1%); 
whence m=2 n=1, also m’=4 and n’=1. 

Whence, 

v=2.4+1. =9, or7;. 

of AIDE ss 2, sor OS 
that is, 
ve 85=9°+2°=7° +6". 

But, if the given number be not resolvible into 
factors of the form we have supposed, then it is 
in vain to seek for integral solutions, and we 
must then proceed according to the foregoing pro- 
position. 

Ex. 2. It is required to resolve 

S241" 
into two other squares. 

Here a=2 and b=1; and, by taking p=2 and 
Pa chats ie Pala | 

= re have.2==—— andy =—- 
q=3, we have v=7% vac 
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PROB. III. 

210. To find three square numbers in enthe 
metical Berson: 

Let 2°, y°, and 2°, represent the three required 
squares; and it will then be necessary to solve the 
equation 

x + 2° = 2y’, 
In order to which, let z=mtn, and s=m—7:; 
then 
| ery’ = 2m? + an’ = oy". 
And it only remains to find 
m+n =y* 
We have, therefore, by form v., 


m =p es q’; 
nm = 2pq- 


Which values, being substituted for m and x in 
the equations z=m+n, and y=m—n, give 
T=p —F + 2Pqs 
1! ard mk Nig fs 
Y.-B td. 
In which formule p and ¢ ey be assumed at 
pleasure. | 
If, for example, we take p=2 qg=1, the three 
squares. willbe 7*, 5°, and 1°. 
Again, assuming p=3 and g=2, we have 17°; 
13°, 7°, for the required squares. 


2d Method. ‘The equation 


Y+ x= 2y? 
may be put under the form 
2y° — es ag" ae Bs :, 


and this again (by art. 97) may be represented by 
(2y +2)*~2(y + a)*=2%. 
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Therefore, by form v., make 
2y + e=p' + 29°, 
Yr x>=2pq. 

Whence, by subtraction, 

{ Yy=p + 2q'— 2p9q, 
w= 4pg — p° — 29", 
Z= p* + 2q°. 

These results ate apparently different from the 
former, but they are readily reducible to the same, 
and will, in their présent form, equally answer the 
required conditions. 

Ex. Assuming p=3 and y=1, we have y=5, 
w=1, and s=7; which is the same as one of the 
preceding solutions, 


PROB. IV. 

211. ‘To divide the sum of three square num- 
bers, in arithmetical progression, into three other 
squares, which shall also be in arithmetical pro- 
gression. 

Let s=a’+6°+c° represent the sum of three 
square numbers in arithmetical progression, and let 
x, y°, %, be the required squares, then it will be 
necessary to solve the equations 


LY+Y + 2=8, 
uv? + 2° = 2y’. 


1 
And here we soon see that f =3S and also 


1 «tr ° 
b=35; therefore y°=0°; substituting this value of 


y, the equation is reduced to that of finding the 
values of x and z in the equation 
x* + 2° = 26%,’ 
2H 
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the solution of which has been given at problem it., 
where we find (by making a= 4), in that article, — 


_ bp + 2bpq—be? _ (p+ 2pq- Gb 


pPt+g ik ale 
oe bp _(g + 2pq—piyb 
p+e pP+¢ 


In which expressions p and g may be assumed 
at pleasure; and thus any number of sets of squares 
may be obtained, which shall be in arithmetical 
_ progression, and their sum equal to the given sum. 

Ex.1. Find three square numbers in arith- 
metical progression, whose sum shall be equal to 


1+ 5° 4+ 7°75. 
Here, since b=5, we shall have, by assuming 


successively 


p=3 q= 2, for the squares > 4 84 (2 “E783 


paag=s, - - - - Goto Drers; 
| DA ho Dt ae + 
deg Ph See ith ah SrA aha sel ig, 
&e;, ee. &e. 


Cor. If it had been required to find three in- 
tegral square numbers in arithmetical progression, 
that should be resolvible into other integral squares 
having the same property, then 6 must be so as- 
sumed that 4° may be resolved into two integral 
squares, which may be done by making 6 equal to 
the product of any ntunber of prime factors, each of 
the form 4n +1, these haying the property of being 
equal to the sum of two squares (cor. 2, art.111), 
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and consequently their product is so likewise (art. 
91); thus, if b=5x13=65, then we have the 
following sets of squares: 

13° + 65° + 91° =12675, 

23° + 65° + 89° = 12675, 

35°+ 65°+ 85° = 12675, 

47°? + 65° + 79° = 12675; 
these numbers being found by the foregoing formule, 
by assuming for p and gq, so that p*+q° may be a 
divisor of 65, as in prob. i. 


\ 


PROB. V. 

212. To find a number such, that two given 
squares being each subtracted from it, the two re- 
mainders may also be squares. 

Theorem. Let a° and b* be the two given squares, 


and resolve into any two unequal factors, m 


and mm’, and — into any two unequal factors n 


and 7’, then is 
| (mv? +n*)(m? +n”) 
be the number required. 
Demonstration. _ For, by art. 91, 


Sa ee », ay . § (mm +nn’)* + (mn’—m’'n)’, 
(ma! + nt) Gat +n) = ' (mm/’ — nn’)* + (mn + m’n)’. 


=nn’, therefore 


: a+ b 
And since =mm’, and 


a=mn +nn’, and b=mm’—nr’; 
and, consequently, the square of each being taken 
from the above product, will leave a square re- 
mainder. 
2H 2 


468 { Diophantine Problems. 


Cor. Hence, when the two. given squares are 
both even, or both odd, the question wil] admit of 
one or more solutions i whole numbers, according 


: ., atb 
to the number of different ways in which net and 


a—b 


, may be resolved into unequal factors. 


Suppose, for example, 18° and 2° were the two 
given squares; here 


18 +2 F 
Me PI es acacia 1x10; and 
18—2 

5 =2x4, or 1x8. 


Then the number of solutions will be four, which 

are as follows; v?z. 
(2° 2°) x (' 54) = 398, 
(2°+1°) x ( 5°+8°)=445, 
(1°+ 2°) x (10° + 4’) = 580, 
(17+1°) x (10°+8) =328. 

Two of which values of the required quantities 
are equal, because the first factors of m and n are 
equal. 

So that, in fact, we have only three solutions; 
namely, 

7 328 — 2°= 18°, 328—18°=2°, 
i —2=21", 445—-18°=11’, 
580 — 2°= 24", 580—18°= 10°. 


But fractional solutions may be found ad Libitum. 


PROB, VI. 


213. To find two integral numbers such that, 
unity being added to each, as also to their sum 


ee a ee ee 


, 
) 

| 
| 
: 
3 
P 
i" 
i 
7 
7 
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and difference, the four results shall be complete 
squares, | 

Let « and y represent the required numbers, it 
is required to find 


a+ tie 
y+1 =n, 
ety+1=r, 
r—-yt1ss. 


Now here it is obvious, that the three squares 
7’, m*, and p*, are in arithmetical progression, 
their common difference being y. 

Let us, therefore, represent these three squares, 
according to prob. iil., by 

Ss =(4pq—p’—2q°)’, 
' m= (p+ 2q° — 2p9q)’, 
= (p’ + 29°)’. 
Then we have, for their common difference, 
y= 4g lapy + Spe 
and all that is required is to find this quantity, 
plus 1, a square, or 
Ap’q—12p'q' + 8pq’ + L=n', 
Assume, therefore, 
n=1+4pq’; 
then we have, by squaring and cancelling the like 
parts, 
Ap’q — 12p*q’ = 16p*q’. 
Whence, | 7 
p=4q' +39; 
in which expression g may be assumed at pleasure. 

And thus the general values of x and y will be 
determined; viz. by first making p=4q°+3q, and 
then 
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ne (pt + 2q°—2pq)"—1, 
y=(1 + 4pq’)’—1. 

By taking g=1 we have p=7, whence r= 1368 
and ¥=840; which numbers answer the required 
conditions: for 

136841 37°. 
840+ 1 == 29’, 
1368 + 840+ 1=47°, 
1368 — 840+1=23°, 
| PROB. VI. 

214. ‘To find three or more numbers, such that 
the sum of their cubes may be a square, and if from 
this sum the square of each of the quantities be 
subtracted, the remainders shall be squares. 

Let x, y, and 2, represent the three numbers, 
then the conditions required are as follows; viz. 

Y+y +2 ="; 

OF =. af Sg P=r+ 2°, 

C-y=s, f or rare 

Ohne tee ge = f+ 2°: 

&e. &e. &e. &e. 
Which, in their present form, appear to involve 
considerable difficulty; they are, however, rendered 
very simple, as follows: 

Assume any square number, a’, and, by pro- 
blem 1., resolve into two square numbers, as many 
ways as the problem requires; thus, 

Aa=a +b’, 
A =a? +b, 
Alen iF 46°, 


&e. &e. 


In which equations all the quantities that enter 
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are known; but these expressions will obtain also, 


if we introduce any indeterminate square m*: thus, 
AD Nate OF 


m me m” 


ae fe? > be 


m mm 
A ar’ b’”? 
m me | ml 
&e coe. 


And these will evidently answer the required 
conditions, if we make 


b? : b” b’” 
s=y 


5S ax" 
Q 2 m 


2 


= 3 3 


2 -——— 
m > m 


providing m be so assumed that 


ee eg Be ete 
set et + &e., 
VEL? LL mM 70 


which gives 
ty Bt bP. 420 P ar &e, 


Ae : 


m 


And thus we have immediately the solution of 
the problem proposed. 
Ex. Assume a=65, then, by problemi., we 
have | 
65° = 63° + 16°, 
65° = 56° + 33°, 
65° = 60° + 25°, 
65° = 52°+ 39°, 
Whence, b=16, b’=33, b”=25, b’’=39, and 
16° + 33° + 25°+39° 114977 
ny 65° yh 42204; 
And, therefore, from the foregoing formule, 


ae 
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ie? 
‘tS 


16x 4225 67600 
~~ 414977.«:114977? 7 
33x 4225 139425 

I~ “T{4977 114977” 
25 x 4225 105625 
“gry “i197 
39x 4225 164775 
~ 114977 ~~ 144977 
Which are four numbers, such that the sum of 
their cubes is a square; and if from that sum the 
square of each be subtracted, the four remainders 
are squares. 

Remark. This solution deserves particular at- 
tention, as it would be perhaps difficult to solve 
the problem in any other way; it is also applicable 
to yarious other questions of this kind. 


CY —_— 
_— 


PROB. VII. 


215. To find three integral square numbers, 
such that the sum of each two, with double the 
other pti may form three perfect squares. 

Let x’, y’, and 2’, represent the required squar es, 
and we Have to aad 


x ty fot, 
2 Ue + BP + ay" iN 
Ye + Qe? =f, 

Since these quantities are all integers, it is evi- 
dent that we may suppose them prime to each 
other; they niust also be all odd numbers, as will 
appear by considering the possible form of squares 
to modulus 4. 


ae 
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Let then, y=x+2p, and z=a+ 2q, and we shall 

have, from the first two formule, 
a+y? + 23°=4a° + 4(p +t 2q)x + A(p* + 29°), 
U+2°+4 2y°= 40° + 4{(2p+q)e+4(2p?+4q°). 

And, by making this first quantity equal to 

A(v+f)*, we obtain 
AE dash! Wine 
ied aan aa 

And, in the same manner, the second formula, 
by making it =4(x+g)’, gives 

i da dimes 
23—2p—q 
which expression must be equal ; a8 nati 
12, Tie eg Ati ie bg 
2f—p— 2g = 2g—Ip— Ne 
from which equations we readily deduce the fol- 
lowing general values of f and g; viz. 
f=+(59 + 5p), 
g=+(5p + 39). 

And by substituting these values for f or g, in 
the above expressions, for 2, we obtain 
Regt BORG NT 7 

8(p+ 4) 

This value of x will satisfy the first two con- 
ditions, and we shall have, by means of this, the 
corresponding values of y and z, because 

y=2rt2p, and s=2+ 29; 
so that, by multiplying each of these quantities hy 
the common divisor 8(p+q), we have 
ip —30pq+ 79; 
y= 23p—14pg+ 79°, 
2= Tp’ —14pq 4+ 23q’. 


ro 


SO 
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And with these expressions, in which p and q 
are indeterminates, it remains for us to fulfil the 
third condition, 

Pre +2 =F. 

Now, in order to simplify, make p= q+ 99, and 

we have 
x=(79"—16d—16)9’, 
y = (230° +32 + 16)9’, 
s=(79" + 16)q. 

And these expressions being squared, and sub- 

stituted for 2°, y*, and 2°, the equation becomes, 
when divided by q’, 

OO tg 429" +29 + i=?. 

Now this equation agrees with our form xv., pre- 

seding chapter, whence 
An’'d + Ambf 
oh: + 8m) f—Am'c 


is 
where m= es b=1)c=2d= 2, and’ f= 1; there- 


fore, 6 = 208, and since g may be taken at pleasure, 
let gq=1, whence p=209; so that the required 
values of x, y, and x, are 

x=18719, ¥=62609, z=18929; 
and it is obvious how other answers might be ob- 
tained by changing the value of q, as well as by 
means of the other fermule in form xv. 


PROB. IX. 

216. To find three such square numbers, that 
each being subtracted from the sum of the other 
two, the three remainders may be squares. 
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Let 2°, 7°, and 2”, be the required squares; it is 
required to find | 


First, by assuming 
L=p +9’, 
Y=P +PqI-Y> 
SSP Pog > 
we shall have 
a +y— x= (p'—¢’ + 2pq)’, 
e+e — y= (p— 7 —2p9q) 

So that the first two conditions are fulfilled, and 
it only remains to make a square of our third equa- 
tion, which becomes, by substituting for x, y, and 
%, as above, | 

Yt e— v= pt— Apg +7 =e. 

Now in order to reduce this to our form xv,, 
make p=(2+ $)q, which, being substituted for p 
in the above equation, we have 

y+ x—v=9'(G'+ 8d + 20G°+ 16> +1). 
Whence, again, from form xv., Pik 
Bede ig Meal 


Abf* = 4mdf 4° 
because m=1, b=8, c=20, d=16, and f=1. 


—15 
But p=(2+)q, or p TOR Po therefore, p=15 


and g= —4: whence 
c= p +'q° = 2A1, 
DT PIED, Tat 29> 
=p — py— 7° = 269. 
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Which numbers answer the required conditions, 
and others might be found, by the ether formule 
given at form xy., as also by changing the value 


of g*, 


Practical DiorpHANTINE PROBLEMS. 


i. To find @+a and a—z both squares, and 
to point out the limits of possibility with regard 
to the jeg of a. | 

Ans. anf +u’. 

2. PORES tS tee a cube. 

Ans. 3°+4°4+5°=6°. 

3. To find two numbers whose sum is a square, 
and also such, that each being added to the square 
of the other shall be a square. 


| By 
Ans. Any two numbers whose sum 1s me 


4. To find three numbers in arithmetical pro- 
gression, the sum of every two of which shall be a 
square, : 

Ans. 1201 1, 8401, 15602. 

5. To find three numbers such, that the pro- 
duct of every two, plus the sum of the same two, 
may be a square, | 

Ans. 4, 9, 28. 


* Ti was intended to have added here the solution of several 
ether Diophantine problems, but this work having already ex- 
ceeded the limits which the author had prescribed to himself, he 
is under the necessity of cancelling the solutions of several 
questions, “and placing them among the following practical ex- 


amples, 
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6. To find three such numbers, that each being 
added to their product shall be a square 


el 


Ans. -—, 2 ai 
oo G5 
7. ‘To find two numbers, whose difference is 
equal to the difference of their squares, and the 
sum of their squares a square. 


4 3 F 
gi 1? 7 or any two fractions the 
sum of which is unity. 
To find two such numbers, that their product, 
added to the sum of their squares, may be a square 


Ans. 5 and 3 


9g. ‘To find three rational right angled triangles 
having equal areas. 


8. 


iTyp. Base 


: Perp. 
58 AO 42 
DS Gai POY Santee dS 


Lay, byh Oy x'gh Lore 
10. ‘To find three squares, whose sum is also a 
square. : 
144 
Ans. 9, 16, —. 
PEs 


To find a quadrangle inscribed in a oh 
of which the sides and area are rational 


Ans. Sides 80, 45, 100, 63. 
To find an oblique angled triangle such, that 
its three sides, perpendicular, and a line bisecting the 
gene angle, may be all rational numbers. 
Ans. The sides are 875, 870, 145. 
To find a triangle such, that its three sides, 
perpendicular, and the line drawn from one of the 


angles bisecting the base, may be all expressed i in 
rational numbers. 


12. 


135. 


Ans. 48@, 299, 209. 
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14. ‘To find two triangular numbers such, that 
their sum and difference shall be both triangular 
numbers. 

15. To find two such squares, that their pro- 
duct added to the square of each shall be a square. 

16. To find three square numbers in harmonical 
proportion. 

17. ‘To find three numbers in arithmetical pro- 
gression such, that the sum of their cubes may be 
a cube. 

18. ‘To find three numbers such, that their sum 
may be a square, and the sum of their squares a 
fourth power. : 

19. ‘To find a cube number, which, acne to the 
suin of its divisors, shal! be a square. 


20. To find a square such, that the sum of its 


divisors being subtracted from it the remainder 
shall be a cube. 

21. To find a square sich: that the sum af its 
divisors being subtracted from it the remainder 
shall be a square. 

22. To find a square such, that being added to 
the sum of its divisors the sum shall be a square. 

23. ‘To find two squares such, that each added 
to the sun of its divisors shall give the same num- 
ber. 

24. ‘To find two square numbers such, that one 
of them, and its divisors, shall be equal to the di- 
visors of the other. 


Se > 


ws 


ATS 


CHAP. VIE 


On the Solution of the Equation a* ~1=0, n being 
a Prime Number; with its Application to the 


Analytical and. Geometrical Division of the 
Circle. 


PROF. I. 


217. . All the imaginary roots of the equation 


uv —L=O 
are contained in the general formula 
Qher 


x2 cos. —-+1=0, 


k being any imteger not divisible by », and = re- 
presenting the semicircumference. 
It is a known trigonometrical property, that if 


1 ar l 
2 cos. ae as 2 COs. ny=L +—> 


a’ 


, . a” e ° 
from which two equations, viz. a 


I 
2 cos. Yur i may 
yi 


2 cos. ay =X" =. 
are readily deduced the two following, 
w= 2.008. y.x +1=0, 
a” — 2 Cos. ny.x*+1=0, 
which must necessarily have one common root, 
being both derived from the same value of 2; and 
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since these are both reciprocal equations, if x be 
asa 

one root, . will be another: they have therefore two 


common roots; that is, the two roots of the first 
equation are also roots of the second; and, con- 
sequently, from the known theory of equations, the 
former is a divisor of the latter. 


Qkhr wit SS 
If, now, we make fr Ok ty 2h, these 
equations become 
: Qh | . 
x& —2 Cos. Oey +1=0, 


x" —2 cos. 2krx*+1=0. 

But the cos. 2kr=1, 2m representing the whole 
circumference; therefore, the latter equation now 
reduces to 
| a" — 22° 4.1=0, or (2*—1)°=0, 
having still for its divisor the other formula 


é 2h 
xv — 2 COs. Fhe FAQS 


that is, the roots of the equation 
(x"—1)?=0, or a*—1=0, 
are all contained in the formula 


4 Qh 
x — 2 cos. Tre 3 


and, therefore, by giving to k the successive values 
k=1, 2, 3, 1(n—1), the following formule will 
be obtained; viz. : - 


u, 27 
wt — 2 cos. 7 ettl=o, 


mer Ar 
a — 2 Cos. et 1=0, 
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55 Lint ge * 
a — 2 cos. —v%+1=0; 
n 


xu —2 cos. ———r+1=0;3 
n 
which contain among them all the »—1 imaginary 
roots of the equation ~~ 
2 LO, 
| Pa esas Ho Qh. sg 
Cor. 1. If instead of making yaa we had 
assumed ny=2k*# +7, our second formula, 
#" — 2 cos. ny." +1=0, 
would have been reduced to 
xu" + 24e"+1=0, or (a*+1)*=0, 
(because cos. (2h + +) = — 1), having for its general 
factor the formula 
j hind ae eh ah 
x.— 2.cos. ial sabia =0, 
n 
which is the other branch of the Cotesian theorem. 
Cor. 2. From the theory of equations it follows, 


27 , . ; 
that 2 cos. 7 is equal to the stm of the two roots 
of the equation 

Lakh Sr isa hee 
v= 2 COS. ——2-F 1 = 0; 
fs 

which are also two of the roots of the proposed 

equation, and it is obviously the same with all the | 


other formule; and hence it is manifest, that the 
2i 
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division of the cirele depends upon the solution of 
the equation | 


a" ‘a0 i — 0; 
and, conversely; by knowing the value of 2 cos. any, 


the roots of the proposed equation may be de- 
termined by the solution of a quadratic. 


PROP. IIs 
218. All the imaginary roots of the equation 
xe] = 0; 
n being a prinie number, are different powers of 
the same imaginary quantity, and all different from 
each other. 

Before demonstrating this property of the roots. 
of the proposed equation, it will be proper to show 
that, when 2 is a prime number, the roots of this 
equation cannot be the roots of any other equation 

RE rz Lire Oy 

'm being supposed prime ton. For, if this be pos- 
sible, let x represent the common root, so that 

Rk" =1 and x" = 1; 
then, also, 

R“ =] and k” = 1, 
whatever integral values are given to a and 6; and, 
therefore, R“=Rr'", or, dividing by rx”, we have 
r“-'™=1; but since @ and 6 are here indetermi-. 
nates, and 7 and prime to each other, such 
values of @ and & may be found, that will make 
an—~bm=1; whence, also, R= 1, consequently these 
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equations can have no other common root besides 
unity. 
This being premised, it will be readily shown, 
that all the i i sc? roots of the equation 
» 
gy ig 


n being a prime ome are powers of the same 
quantity, and different from each other. For let 
R represerit atiy one of these i imaginary roots, then, 
since R"=1, so likewise R"=1, R"=1; R= 1; &c: 
Therefore, if R be one root, so likewise is every 
term in the series 


R, RY, R°, Rr‘, &e; RE 


for each of these quantities, raised to the nth 
power, is equal to unity, which is the condition of 
the equation. | 

And, in the same manner, it ‘may be demon- 
strated, that, if r* be one imaginary root, so also is 
every term in the series 

ey Rn; if’, i, &e., ROA, 
ivhich roots are all different from each other. For 
if any two of them be equal, let them be repre- 
sented by R™; and r™; or R“=R", where p and qg 
are each <n. And, since p and q are not equal, 
let p>g; then, dividing by rR”; we have r?-=1; 
but since a is prime to m, and p—q<n, their pro- 
duct, (y—q)a; is also prime to 2; and, therefore, 
Ri?" = |} 


is impossible ; for otherwise r* would be a root of 

this last equation, and also a root of the equation 

R"=1, which we haye shown to be impossible in 

the former part of the proposition, because (p—q)a 
212 
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and #2 are prime to one another: therefore the fore- 

going series of roots, which belong to the equation 
c—1=0 

_ are different powers of the same imaginary quantity, 

and all different from each other. 

Cor. Since R*=1, it is obvious, that r**'=R, 
rR’? =R’*, and, universally, r’’*?=r‘'; whence it 
follows, that these roots may be more generally 
represented by the series 


R, Rory haa date &e. 
If, therefore, g be such a number, that its suc- 
cessive powers, 
Bef Sous en es 
when divided by n, leave different remainders, the 
same roots may be otherwise represented by 
2 3 ¢ n~1 
under which latter form it will be convenient 
for us to consider them in the following propo- 
sition, because this latter series will have the 
property of returning upon itself, if it be produced 
aye n=} 
beyond the term r& ; for g*-'—1 is divisible by 
(art. 87), or . 
i gaat, 
therefore, g*=:a’n+ g; and, consequently, 


n 
Rea ph SRM: 


hence it is manifest, that mm this series of roots it 


is indifferent which of them is considered as the _ 


first.. 
But if x be one root ®* will be another, pro- 


q 
: 7 
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yiding @ be not equal to 0, nor to , nor to any 
multiple of m: therefore the same roots may be re- 
presented by 


9 3 4 n=3 
@ a a or % 2 
Ba BZ, tad Ry. &C., R ; 


or by 
+2 3° n~@ 
Bs RR Rec aR ns 
nal , n-1 
because g"eana+1,orr® =r, andr®) =R*&e, 


The above periods of roots have, as we have 
seen, the property of returning upon themselves, 
if produced; and, since 7 is a prime number, 2—1 
is a composite number; making therefore n - 1=mk, 
these periods of n—1, or mk terms, may be decom- 
posed into & periods of m terms each, which shall 
have the same property; viz. by. beimg produced, 
the same roots will recur in the same.order as at 
first, as appears from the following proposition, 


PROP. IU. 
219. To decompose the n—1 imaginary roots 
of the equation , 
we”—1=0, ' 
into k periods of m terms such, that each, by being 
produced, shall recur in the same order as at first, 
m and k heing supposed the factors 9f 2—1, or 
n—1=mk. 


The whole. period of roots being 


2 3 4 m(k—1) 
g ne. ee oo) > sh teehop g 
R, RB’, RY, By BR, WY Wa » 


the decomposition will stand thus: ee 
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> Ie Qk 3k (m= tk 

. & g “ 

Tee perigtame ey neo. ae ne See 
} kl Qk+1 3k+1 (m~1)k4-4 
D 8 g g g ‘ 
Od: penigdy ons < BE RE RE in ee ; 

, k+2 Qk-+-2 > $k+2 (m~1)k+2 
j 52 g a"? g shea : 
3d period, R®°, & Vlas Pike Ne xia 2 3 
. k-i 2k-t Sk-1 4h- 1 mk =} 


Bit POrIO SR GRE audi ge Gis MRM ee teen 
Which ase such, that, being produced, they will 
give over again the same periods of roots; for the 
following terms in these periods will be, 


mk n-J 
Ri =r? =r, because g’'shna +1; 
k-+-1 
. =. ys he ry ae b a pe ; 
Re SRE SRM, Decamse g" Rena’ +g; 
&e. a &e. 5 


and it is exactly the same with all the other 
periods. ‘The method of separation is here ex- 
tremely obvious, it being only necessary to write 
the first k terms of the general series, in the first 
vertical column, the second & terms in the next 
column, and so on. | 

Cor. 1. The foregoing period of roots may be re- 
presented more simply in the following manner ; viz. 
by making g*=h, with which substitution they 


become ; 
2 3 m—i 
h h I h 
ee i A ae > 
4 2 8 m1 
g g gh gh gh 
R Ree a tee ag 3 
2 Q 92 Q' 3 2 m= 
h h h gh 5 
BF ig a RS oa ede ; 
Liq 
{ ‘ E 
* ¢: e-1 Sst 4=1 m= 
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Hence again it follows, that any of these periods 
may be represented generally by 


m-! 


2 3 e 
h i h > h 
R’, R° . Ro 4 RB 3 n° ‘ &e.,; Ro . 


Cor. 2, If the number of terms, in this series m, 
be a composite number, as m=in’k’, then may 
each of the above perieds be decomposed into i? 


periods of m’ terms each, as follows: 
kh’ Oh? 
i ah eo 
R ‘ ni i R at’? &C. 5 
kK’ +1 Qh’ +1 
R : RM rR” : &c.3 
2 k’ 4-2 Qh? +2 
R™ ; R™ #™ : &ec; ; 


Which, by making A’ =/’, r’=s, rk“ = 9", Kes; 
becomes 


9”, 8%", gt! , 8 &e.; 
2 22 

s* . o@ a. 5? h’ s” os 5 OG t 
a similar result to the ae and in the same 
way the decompositian may be carried on till the 
number of terms in each peried is a prime num- 
ber, after which no farther decomposition can be 
effected; and all these periods will have the pro- 
perty of returning upon themselves when produced, 
as may be readily shown as above. 

Remark. ‘This decomposition of the imagina 
roots of an equation of the ee « 
v—l= 
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n being a prime number, into periods, and on which 
the solution of the equation depends, is, in prac- 
tice, extremely simple, as will appear from the 
following examples; the foregoing complex ap- 
‘pearance arising solely out of the generality that 
was necessary, in order to have a complete demon- 
stration of the proposition. The only difficulty is 
in ascertaining the quantity g, so that it.may bea 
primitive root of the indeterminate equation 
an nag = M(2); 


for which we might have given a rule, either im 
this place or in Shasta v.; but as one, at least, 
of these roots is found among the first num- 
bers, it seems equally expeditious, or more so, to 


find them by trying the small numbers 2) Bindc. ee 
till we arrive at it, than by any direct general 


rule for that purpose: it may not, Kona be amiss 
to observe, that, if g">z, and g”—1 be not di- 
visible by nm, m being a factory of ae 1, then will g 
be a primitive root (art. 202), w here, likewi ise, it i 
demonstrated, that there are always ‘several such 
roots, except in the case n=3, in which there is 
only one. | 

Ex. 1. Itis required to decompose the four ima- 
ginary moots of the Sein 

x — Le 

into two periods. of two ee: each, which, by 
being produced, shall recur in the same order. 

Here, 2 is a primitive root of the equation, | 

a ih =m(5), 

ecause 2°— 1 is not divisible by 5: the first period 
of roots is, therefore, 
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R, R®, R* oR}; oy, R*, Rt, Rs 
by Bjccting the multiples of 5; and, therefore, the 
required periods are, © 
Ist period, R, R*; 
2d period, B*, R*. 
Ex. 2. Decompose the six imaginary roots of 
the equation 
xv’ —1=0, 
into three per iods of two terms each. 
Here 6=2 x 3, and neither 3°—1, nor 3°—1, is 
divisible by 7, therefore 3 is a primitiye root of the 


equation 


v’—-1=M(7), 
and the powers of the roots of the proposed equa- 
tion will be 
13,738, BY 3.‘ 35. 
or, rejecting the multiples of 7, the roots are 
Hy Al, yh, Bey, Bes 
and, therefore, the periods sought will be, 
Ist period, ®, &°; 
‘ 2d period, R°, rn‘; 
: 3d period, R®, R*, 
Ex. 3. ft is required to separate the twelve 
imaginary roots of the equation 
: S—1=0, 
into three periods of four terms each; and these 
again into two periods of two terms each, which _ 
shall have the property of recurring always in the 
same order. 
Here, 2 being a primitive root of the equation, _ 


a P= M{13), * 
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the powers of the roots of the proposed equation 
will be 
By, 23 27h O®, 21, .2°5°2% 2h, 2, 2°52", atts 
and, therefore, rejecting all the multiples of 15, 
the series of roots becomes 
‘pin’, vw’, ew) nw, ee, wD, RY ey Re RNS Rs 
aad the first decomposition will therefore be, 
Ist period, pn, rR, RB”, RB 
2d. period, x’, vr’, rn", Rr” 
3d period, r*, r°, BR, R’. 
And each of these will be divided into two pe- 
yieds, as follows: 


Rg” i* | ale 
Ist period, ees ae 2 2d period, sy atts 
3 3 


> 


ad period, {* 2 si 


These examples are quite on el for rendering 
the decomposition of the roats of any equation per- 


fectly familiar. 


PROP. IV. : 
220. ‘Phe z—1 imaginary roots of the equation 
g’—T=0, | 

being decomposed mto periods, as m the foregoing 

proposition, then will the product of the suis of 

any two, or more, of these periods, or any powers 

of those sums, be equal to the sums of similar 
periods. 


Let | 


eS 3 
R°+ AR 4 R™ + Ro ayy Rr” 


2 


b oth *' vee, ‘ti 
RoR + sph ol pth 


2 
2 
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represent any two periods of roots, of which the 
product is required, then, since we have seen that 
these periods being produced, give again the same 
roots, and in the same order, in multiplying these 
quantities together, we may arrange the products 
in the following manner; that is, by multiplying 
the whole of the upper series by each term in the 
lower one, only beginning always with that term of 
the upper line, that is over the term by which we 
multiply, and produce the series of the upper ling 
accordingly; thus, % 
m1 


2 $ 7 
a+b 
Rot wi a gt Rn” +5 a Ro +b 4+ &e. a tA 


~ 


2 3 m~. 
ROTOR 4 _ichede 4 _lah +d)h 4 Rie FDR &e. Ri +h 


m—~1 


2 2. 2 2 3 2 g 
(a+b)h (ah+4-b)h . (ah +bd)h (ah +b)h (ah +-b)h 
R Fe RE TE iby al) by Or B 2 


°@ 


° 


™m 
Ror 


j Q m-~i 
a RG +d)k a &e. 
And now, taking the sums of the different vertical 
columns, and writing a’, a”, a”, a”, &c., for a+b, 
ah+b, ah’+6, &c., we have 


1 ™m 
RE Retr 


2 3 m= 
, th th *h ay: th 
Re Re Bee en BE Se. Re, 
f m=-1 


2 3 
R*: + R?* 4+ hes -}- pes of &e. ne* ‘ 


m—t1 
an 


R” +R "4 Re + Re” mec. vs. 
&e. &e. &e. 

Each of which new periods consists of m terms, 
and they are similar periods to those from the mui- 
tiplication of which they were produced; because, 
if'r* be any imaginary root of the equation 
v’—1=0, 


Po 
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R® is another, providing a’ be not divisible by 725 
and if a’ be equal to 2, or to any multiple of x, 
then, because rx“ =1, the sum of the roots in that 
period will be equal tq as, many units as the period 
has terms, as is evident. | 

The proposition, therefore, evict lek demon- 
strated for the product of two periods, it must ne- 
cessarily be true for any number of periods; and 
since there is nothing im the foregoing operation ta 
prevent us from supposing a to be equal , or, in 
other words, that the two periods that we have 
multiplied together are equal, the same is evidently 
true of any powers of those periods; namely, that 
they may always be represented by the sums of 
simple periods similar to themselves. 

Cor. We are thus furnished with the following 
easy method of obtaining those products, or 
powers; viz. 

Let /(R* ), Fi®)s represent the sums of any tw 
periods, as 

S{(R) = RF RTE RTH RT, 
SJ (R’) — R? +. R” a Rr” ee in, 
Under which form we shall have 
SR\V=LR)=aSLR)s 
that is, the sum of the periods is the same, which- 
ever is the leading term, because the periods are 
recurring ones, and the same have place with all 
other periods: then will | 

SR’) x f(R) =f RE) + LLB) + (RE). + Ke. 

which formula will be of particular use im the so- - 


lution of the following examples, the principle of 
which is to subdivide the original period of roots 
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ito two or more periods, as in the preceding pro- 
position; then, if there are only two, the sums of 
these separate periods may be ascertained, by 
knowing the collective sum of the two, which is 
always given, and the proddet of the same two, 
which is obtained from the above formula; anid 
having thus the sum of two quantities, and their 
product, the quantities themselves are casily found 
by a quadratic; if there are three periods, then, 
beside tlie sum of these three, we must know the 
sum of the products of every two of them, and the 
product of all three, whence the separate sums are 
found by means of a cubic equation, and so on. 

221. We may now proceed to the solution of a 
few examples, to illustrate what has been demon- 


strated in the foregoing articles. 
o 


: Sah 360 
Ex. 1. Required the cos. : 


=72°, and the 


imaginary roots of the equation — 
zx —1=0. 

The imaginary roots of this equation being de- 
composed into two periods; by means of their 
powers (as in ex. 1, art. 219), and representing 
the sums of these periods by p, p’; that is, 


S(e)=p =R +R’, 

S(RYHP HRT: 
it will only be necessary to find the values of 
pand p’; that is, the sum of the two imaginary 
roots R+R*, or R°+R*, which is readily obtained by 
means of the foregoing proposition, and the known 
property of equations; wiz. that the sum of the 
roots of any equation is equal to the coefficient of 
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the second term, which, in the present case, is zero? 
so that a 
D4 K+ k* we + RIO, OF 
ptp’+1 -° =0, or 
| ene Pi ay PE eee ee 
Again, by cor.; art. 220; 

SR) x f(R) = pp’ = f(r’) + f[(R') =p +p; 
therefore, p+p’= —1,; and pp’= —1; and, consé- 
quently, the equation which has for its roots the 

“quantities p, p’, will be 


p+p—-1=0. 

Whence we obtain ‘ 
—l+y5... —1- vi 
sh eT RE: and p’ =——~ — ; 


dl 


te) 


which expressions represent 2 cos. , and 
2.360° 
2 cos. ernie therefore, 


cit eR ay eet, 
COS. (Cen rremereaare rt ah i te 
-—1-— V5 
cos. 144° a — °8090170: 


The first of which values. alone is obviously suf- 
ficient for the division of the circle into five equal 
parts. And, having thus determined the values 
of these cosines, we have, for finding the imaginary 
foots of the proposed equation, the two following 
quadratics ; 
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which, with the real root 1, completes the solution 
ofthe equation, = © 


° 


He MEMO Borgo: itty aA Tae 
Ex. 2. Find the cosine of ———, and the imagi- 


hary roots of the equation 
2 —-1L=6, 

Having decomposed the powers of the i imaginary 
roots of ‘thid eqitation; or, which is the same, the 
toots of the indeterminate equation 

a—i= (7) 2 
into three periods of two terms each (ex. “9; 
art. 219), and representing the sunts of these pe 
tiods by p; p’, p”; that is, 
p =R +R’, 
PHB +R, 
py — rR? af R° : 
the ohject of inquiry will be, to ascertain the values 
of p+p' +p”, of pp’ + pp” +p'p”, and of pp’p”; for 
then the cubic equation, having these quantitics 
for its coefficients, will evidently have for its reots 
| P p’; and p. 
First, then, 
p+p'+p"=—~1, 
from the known theory of saiattions, and hy 
€or., art: 220, 
pp =p +p", 
oh duke. 5 
PP =P +P; 
therefore, 
pp’ + pp’ + pp =2(p+p +p") = —2. 

Again, erOTEPLBRE the first of the above /pto- 

ducts by p” gives 
tf hf 


PPP ‘=p'p’ ‘+ pip". 


496 Andlytical and Geometrical. 
Now | 


(pip sph tps 
and, by cor:, art. 220, and 
pp =p +23 that is, = (4) me 
the last of which, viz. f (r’) = = 2, by the same article; 
therefore, 
pp'p" =p+ p ‘fp + 2= 41. ce 
Hence the cubic equation that has p, p’, and p”, 
for its roots, is 
p'+p'—2p— 1=0; 
and, therefore, conversely, the roots of this cubic 
will be the values p, p’ and p”’, whence we find 
p =  1*2469796, 
p = —1°8019376, 
p’=— °*4450420. 


And hence again, | 
aha? ; “4 ‘ 
Cos. BPO “x MAE O90 va *6234808: 
@ 2 
which is sufficient for the division of the circle into 
seven equal parts. 7 
And by means of the above quantities p, p’, p” ‘ 
we shiall have the three following quadraties; viz. 
| x —p £+1=0 
x —p £+1=0; 
x —p"“2+4=0,; 
which confain in them all the different imaginary 


roots of the proposed equation. 
is) 


360 7 
cape and the roots 


Ex. 3. Find the cosine of 


of the equation 
Pet LEXO: 
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The solution of this problem will be effected by 


means of a cubic ‘and two quadratics, or a cubic 

and one, quadratic, so far as*it relates to the di- 

vision of the circle into thirteen equal parts; ob- 

serving, that we must finish with the quadratic, in 

order that we may know the sum of two of its 

roots: the period of roots must therefore be first 

divided into three periods of four terms each, as in 
ex. 3, art. 219: 

Whente, : 

p =R'+R°+RY HR’, 

poHRtR +R +R”, 

pv=Ri+R°4+Ro +R’. 

And here, as in the foregoing example, it will be 
necessary to find the values of 


p+p +p’, of pp’ +p'p’ + pp”, and of ppp”, 
in order to ascertain. the cubic equation that has 
these quantities for its roots. 
Now, 
vie neni! sip bee 
by the theory of equations, and by cor., art. 219, 
pp =p +p +p +p°=p + 2p +p’, 
PPO ee re ee Pe Ps 
PPO LP POPP POY Ip) +”. 
Whence, 
Pp + pp” + pp’ =4(ptp +p") = —4. 
Again, 
| PPP = PP + 2p +P Pp. 
But © | 
pp= pip + p"; 
2p’ p= 2p’ + Ap” + 2p, 
pp = 2p + p +4= f(r) +2 /(R’) + /(R”). 
2K 
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Hence, ik dy 
ppp’ =5(p+p’ Pe —5+4=-1, 
Wherefore the cubic equation, having p, p’, p’s 


for its roots, is- 


Pp tg —4Ap+1=0 
and hence these values become known, each of 
which is the sum of four roots. And now, in order 
to get the sur of each pair of roots, the foregoing 
periods must be again subdivided into periods of two, 
the sums of w hich, for distinction sake, are re- 
presented by g, g’, &c., as follows; viz. 


: : g =R'+R” 
Period p, into ! i Beiuali ; 


: “1 as ae, R” ta 
Period p’, into ! y” puke 


RR 
° we ” . gq” =R'+ R’, 
Period p’’; into { yo = RoE R’. 
Now, 
: q+7 =p, | 
which is known from the preceding equation, and 
| V=P +o =p", 
which is also known. 
Whence, the equation containing the roots q, q’, 
is determined, being 
7 — Pq +p =; 


and the Valine of q in this will be equal to 


° 


S00" 
2 cos. yeu and, by means of this, the roots of 


the proposed equation will be determined. 
It does’ not appear, from what has been done, 
which of these periads ought to represent. the 
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“a ; but this becomes immediately evident 


COs. 


from considering, that the cos. of this angle will be 
positive, and greater than the cos. of any of the 
other angles, 

2.360° 3.360° & 
Wa Teme 
and, therefore, that period g must be assumed into 
which p enters positively: and, in the same way, 
we readily discover the particular period which 
represents the cos. of any other angles, as, likewise, 
the negative from the positive, &c., by which means 
the apparent ambiguity is avoided.— 'These obser- 
vations must be particularly attended to in the fol- 
lowing example. 


9 2) 
—; and the roots 


Ex. 4. Find the cosine of 


of the equation 
a a 1 — oO. 


Since 17 is a prime number of the form 2”+ 1, 
or 17 =2*+1, the roots of the above equation may 


be obtained by four quadratic equations, and the 
ie) 


e 


cosine of 


La 


d 
order to which, the imaginary roots of the equation 


by three quadratic equations; in 


xv’ —-1=0 


must be decomposed, first, into two periods of eight 
terms each, then these into two periods of four, 
aod these again into two periods of two terms each. 
Now 3 being a primitive root of the equation 
r*—1=M(17), 

2K 2 
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‘ 
the whole period of powers will be, | 
{ 1, 3,375 GB 3", 3°88 e 0%. 35 ae O, 
$4) ait) Bi; or , , 
/ 1,3, 493 TO, 13; VSP Alp 26S PA! SPT, 4, 
Me. ; | | 
by rejecting the multiples of 17. . 
Whence (by art. 219) the first two periods will 
be , 
p=R'+Ro +R°F+RP4RVP4+R' +R +R’, 
PHR+RYO+R FR +R°4+R'+R +R. 
Now 
ptp=-i; 
and 
pp=ptp +prptptp +p +p =Alptp)= —4. 
Hence the quadratic equation containing the 
roots p, p’, will be 
pt+p—A=0. 
W hence, 
par-ttevl7, and ps —e—s 17. 
Again, the periods of roots p, p’, must be now de- 
composed into the four following periods, the sums 
of ‘which are, for distinction sake, represented by 


Dy viz. 


g =R' +R°4R°HR, 
Period Ps : gq nas. R? + Rn’? +. R?® aa R’. 
: ” = R? +R? +Rit4R? 
Period a, : (man + R) A R! tbc 
And here we have 
gt+Y=p=—44+4 717, 
gg = q+" 4+ ¢+g=p+p = mes 
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Whence the quadratic equation containing the 
roots g, q’, is 
Tepg > boo 
consequently, . 
g=ip+% v(4+p), and = 4p—4 vUA+p’). 


In the same way, 


g’=ip’+4 V(4 +p”), and Gg =ip—-+ V(A +p”), 
Again, the above periods of g, q’, 9”, &c., are 
each decomposed into two periods of two terms 


each, which new periods are represented by ¢, ¢’, 
, &c.3 viz. 
: : 1e =k PR 
Period q, into ! 4 eas - 


4 . . ; thes =R? + R® 
7 / q 3 
Period q’, into | fl = RY 4 Re 


x tiv = R? cdl Rit 
Period 9”, into ae egg 
Y 3 ft — R” + ee 


Period g’”’, into ! oe i ip : ig 
Now 
t+ =qaipts VA4+p), 
and 
| i =8 48g" HAp th (Arp). 
Therefore the quadr atic equation containing the 
roots ¢, ¢’, 18 
f° —qt+q"”=0. 
Whence, 
Me 4q+4vV(F—49"), 
vaig i v—4y’) 
The first of these is the greatest positive root, 
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fe) 


e 


and is, therefore, the value of 2 cos. ; which, 
by substituting for g and q”, their respective values, 


f 360° 
in terms of p and p’, becomes 2 cos. = 


ry 


ttpt+4v(44+p?)}4+2 viapti v(4t py} 
Aj ip’ +i (4+ p”)}. 


Again, reestablishing the values of p, p’, we have, 
° 


in numbers, 2 cos. ——= 


a Pda 

HHa(-44+4 V17) +4 VEIT — VIZ) + 

. rVia(—ate VIZ) +4 va(17— V7) PF 
Aia(-4-4 V17) +4 Ve(17 + 17) }; 

360° 

| Nea 

whence it is manifest, that, by the construction of 

three quadratic equations, a 17 sided polygon may 

be inscribed geometrically in a circle. 

We might have added here the solution of the 
equations, 

“°—1=0, £7—-1=0, c”—1=0, 
and many others; but they are left as exercises for 
the reader. 

222. Scholium. From what has been demon- 
strated, it appears, that the equations by which 
the circle may be divided into a prime number of 
equal parts », depend upon the factors of n—1; 
that is, upon the subdivision of its 2— 1 imaginary 
roots into periods; so, if n—1 =a%b?cY, then the 
solution will be effected by a equations of the de- 
gree a, 8 of the degree b, and y of the degree c: 
thus, if n=11, then 10=2'5’; and, therefore, the 
solution depends upon one equation of the fifth de- 


which is the true numeral value of 2 cos. 
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gree, and one of the second. For, in this case, 
we can only decompose the ten imaginary roots 
into five periods of two terms each, or into two 
periods of five terms each; and, in the first instance, 
it is obvious, that in order to get the sum of all the 
ps, as p+ p’+p” +p’, &c., the sum of the product 
of every two, of every three, &c., the equation 
must necessarily rise to the fifth degree. And if, 
according to the other division, the roots were re- 
solved into two periods of five terms each, though 
the values of these periods would be found by a 
quadratic, yet this-would be of no use, as we should 
thus have only the value of the sum of fiy 
roots, whereas it appears, from cor. 2, art. | 
it is only by knowing the sum of two roots the so- 
lution of the equation can be determined rationally. 
It is necessary, therefore, in all cases, to manage 
the subdivisions so, that the final equation may be a 
quadratic; that is, so that the number of terms in 
each period, in the last instance, shall not exceed 
two; which may always be done, because n being 
a prime number, n—1 is always even; and thus, 
when n—1 is any power of 2 (as we can then at 
every step divide each period into two others), if 
follows, that the solution of such an equation may 
always be effected by means of quadratic equations 
only: and, consequently, a polygon of such a number 
of sides may be inscribed geometrically in a circle. 
Now, 5, 17, 257, 65537, are prime numbers of this 
form, and therefore each of these admits of a geo- 
metrical constraction. We know also, from other 
principles, that if any two polygons of an unequal 
number of sides, prune to each other, can be in- 
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scribed geometrically in a circle, that thé polygon, 
the number of sides of which is equal to the product 
of these two, can also be inscribed geometrically. 
For let a@ and b represent the number of sides of - 
two polygons, each inscribable in a circle, a and b 
being prime to each other; then it is to be demon- 
strated, that the polygon, the number of whose 
sides is equal to ab, is also inscribable. Now the 
angles at the centre of these polygons, will be 
360° 360° 360° 
ger Cpr rae” yA 
and if it can be shown that the difference of any 
ales of the two first, can be made equal to the 


third, #1 e truth of what is advanced will be evident. 
" '360°n 360°m | 
Let, then, —~—, and mg represent any mul- 


tiples of the angles of the two first, then the dif- 
360° (nb — ma) 
ab 


ference will be equal to , which ts to 


| 360° | 
be equal to —~—; we have, therefore, 


ab 
360°(nb—ma)=360°, or nb—ma=1; 


and, since a and 6 are prime to each other, such 
values of m and m may be found, <a and J, as 
will answer this condition; and, consequently, 
the third polygon, of which the number of sides is 
ab, may be inscribed by means of the two first. 
Also all polygons, of which the number of sides is 
any power of 2, may be inscribed by continual bi- 
sections: and again, all those whose number of 
sides is equal to the product ef any inscribable po- 
lygon, mto any power of 2. And hence we have 
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the following series of polygons, each of which 


admits of a geometrical construction; viz. 


Polygons of less than 100 Sides, admitting of ut 
Geometrical Construction. 


No. of Sides. ' No. of Sides. No. of Sides. 

3 = trigon. 16 = 9* A8 = 3.2% 
4 = 2 hat de Tata oso ins bg .3 
5. St 1 20 sab) 3" 60 =15.2° 
6 ‘= 1203 2 NE Mees Be G4 T= * 9° 

8h =49° SO 12215) /9 68 =17.2? 
10, = 72.05 NECN 80, =. 5..2* 
4 2p = 4352" B4s =ab7'.12 65: VTLS 
THs Os MA RS 5 96 = 3.2° 


To the above, we may add the three consecutive 
polygons, . 
255, 256, 257, 
each of which is inscribable in a circle; for 

255=3.5.17, 256=2°, and 
257=2°+1, a prime. 

The next three consecutive polygons, that admit 
of a geomeirical construction, are the following; viz, 
65535 = 255 x 257, 

65536= 2", 
65537 =2" +1, a prime. 


We shall here conclude these investigations, and 
refer the reader, who wishes for a more general de- 
velopment of the above principles, to the Disqut- | 
sittiones Arithmetic, by M. Gauss; or the French 
translation of the same, under the title of Re- 
cherches Arithmetiques; or to the second edition 


of the Théorie des Nombres, by M. Legendre. 


283 
307 
o13 


331 
337 


397 
373 
379 
383 


397 
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Table of Prime Numbers to 4000. 


547 
se | 
563 
569 
571 
577 
087 
593 
599 
601 
607 
613 
617 
619 
631 
641 
643 
647 
653 
659 
661 
673 
677 
683 
691 
701 
709 
719 
727 
733 
739 
743 
201 
757 
761 
709 
773 
787 
797 
809 
S11 


877 
881 
883 
887 
907 
911 
919 
929 
937 
O44 
947 
953 
967 
971 
977 
933 
091 
997 
1009 
1013 
1019 
1024 
1031 
1033 
1039 
1049 
1051 
1061 
1063 
1069 
1087 
1091 
1093 
1097 
1103 
1109 
1117 
1123 
1129 
1151 
1153 
1163 
1171 
113] 
1187 
1193 
1201 
1213 
1217 
1223 


1229 
1231 
1237 
1249 
1259 
1277 
1279 
1283 
1289 
129] 
1297 
1301 
1303 
1307 
1319 
132] 
1327 
1361 
1367 
1373 
1381] 
1399 
1409 
1423 
1427 
1429 
1433 
1439 
1447 
1451 
1453 
1459 
1471 
1481 
1483 
1487 
1489 
1493 
1499 
a te 
1523 
1531 
1543 
1549 
1953 
1559 
1567 
1571 
1579 
1583 


1597 
1601 
1607 
1609 
1613 
1619 
1621 
1627 
1637 
1657 
1663 
1667 
1669 
1693 
1697 
1699 
1709 
1721 
1723 
1733 
1741 
1747 
1753 
1759 
1777 
1783 
1787 
1789 
1801 
181] 
1823 
1831 
1847 
1861 
1867 
1871 
1873 
1877 
1879 
1889 
1904 
1907 
1913 
1951 
1933 
1949 
1951 
1973 
1979 
1987 


1993 
1997 
1999 
2003 
2011 
2017 
2027 
2029 
2039 
2053 
2063 
2069 
2081 
2083 
2087 
2089 
2099 
2111 
2113 
2129 
2131 
2137 
2141 
2143 
2153 
2161 
2179 
29203 
2207 
2213 
299} 
2937 
2239 
2943 
2251 
2967 
2269 
2973 
2281 
2987 
2293 
2207 
2309 
2311 
2333 
2339 
234) 
2347 


2351 


2357 


2371 
2377 
2381 
2383 
2389 
2393 
2399 
2411 
24.17 
2423 
2437 
2441 
2447 
24.59 
24.07 
24:73 
2477 
2503 
2521 
sie ie P| 
2539 
2543 
254.9 
2551 
2aF 
9579 
2591 
2593 
2609 
2617 
2621 
2633 
2647 
2657 
2659 
2663 
2071 
2077 
2683 
2687 
2089 
2593 
2699 
2707 
ZOa | 
2713 
2719 
2729 
2731 
2741 


2749 
2753 
2767 
Q777 
2789 
9791 
2707 
2801 
2803 
9819 
2833 
2837 
9843 
2851 
2857 
2861 
2879 
9887 
2897 
2903 
2909 
2917 
2927 
9939 
2953 
2957 
2963 
2969 
2971 
2999 
3001 
3011 
3019 
3023 
3037 
3041 
3049 


3061 


3067 
3079 
3083 
3089 
3109 
3119 
3121 
3137 
3163 
3167 
3169 
3181 


3187 
3191 
3203 
3209 
3217 
3921 
3229 
3251 
3958 
3257 
3259 
3971 
3299 
3301 
3307 
3313 
3319 
3323 
3329 
3331 
33.43 
3347 
3359 
3361 
3371 
3373 
3380 
3391 
34.07 
3413 
$433 
3.4.4.9 
34.57 
3461 
3.463 
3.4.67 
34.69 
3491 
3.4.99 
3511 
3517 
3597 
3.529 
3533 
3539 
3541 
3547 
8557 
3559 
3571 


358% 
3383 
3593 
3607 
3613 
S617 
3623 
3631 
3637 
3643 
3659 
3671 
3073 
3677 
3691 
3697 
370] 
3709 
3719 
3727 
3733 
3739 
3761 
3767 
3769 
3779 
3793 
3797 
3803 
382] 
3823 
3833 
3847 
3851 
3855 
3803 
3877 
3881 
3889 


3907 


3911 
3917 
3919 
3923 
3929 
3931 
3043 
3947 
3967 
3989 
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Luable containing the least Values af p and q in the Equa- 
tron p’—Nng?=1, for every Value of x, from 2 fo 102. 


| Pa eae Ne q P 
2 2 8 54 66 485 
3 1 2 55 12 89 
5 |e 9 56 |) 2 15 
6 2 5 57 20 151 
7 3 8 58 2574 19603 
8 l 3 59 69 @ . 530 
10 6 19 60 A 31 
11 3) 10 61 | 226153980 | 1766319049 
12) 2 7 62 8 " 63 
i3| 180] 649 - 63 I g 
14 4 15 65 16 129 
15 ] 4 66 8 65 
17 g 33 67 5967 48342 
18 4 17 68 4 33 
19} 39! 170 69 936 W775 
20 2 9 710 30 Qs} 
21 12 55 71 413 3480 
22} 42] 197 72 2 17 
23 5 24, 73 267000 2281249 
24 } 5 74, 4.30 3690 
26| 10 51 15 3 26 
27 5 26 76 6630 57799 
98] 24| 127 77 4.0 351 
29!1820} 9801 78° 6 53 
30 2 11 79 9 80 
31] 273} 1520 80 1 9 
32 3 17 82 18 163 
33 4 23 83 9 82 
34 6 35 84. 6 55 
35 i 6 — 85 30996 285769 
37 12 73 86 1122 10405 
38 6 37 87 | 3 28 
39 4 25 88 2) 197 
4.0 3 19 89 53000 500001 
41} 320| 2049 90 2 19 
42 2 13 91 165 1574 
43} 531] 3482 92 120 L151 
44) 30} 199 93 1260 12151 
451 24] 161 O4 221064 2143295 
46 | 3588 | 24335 95 4, 39 
47 7 48 96 5 49 
AS 1 7 97| 6377352! 62809633 
50] 14 99 98 10 99 
51 7 50 - 99 1 10 
521). 90} 649 10] 20 201 
53|9100{ 66249 © 102 10 101 
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